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(*) Schroeder, Pellegrini, Chen, (SPC) PRE, 64, 56502 (2001)

Fully quantized many particles model for CRL
                                       R. B., N. Piovella, Proc. FEL conf. 2005
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()221140itaeλλλρ−Δ+−=∝

Linear Theory

 ρ >> 1 classical theory
                  BPN (1984)

If one chose P1 (SPC), 

2()10λλ−Δ+=

2(')10λλδ−+= '1/2δρ=Δ−

Incorrect ordering gives incorrect results



2222;                   24,4iiiiiiiiiiiiipepeppeeppepeppeeppeppepeppepeθθθθθθθθθθθθθ−−−−−−−−−−−−−=−=+++=+=+
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1/qρ=

'/2qλλ=− '/2qδδ=−

()'2''10λλδ−+=

3(1/)jijjPNpeθ−=∑

(*) Schroeder, Pellegrini, Chen, (SPC) PRE, 64, 56502 (2001)

Resonance is not at δ=0 but at
/21/(2)qδρ==

Incorrect ordering → incorrect cubic
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1/20.(a), 0.5 (b), 3 (c), 5 (d), 7 (e) and 10 (f). ρ=

Linear Theory: QM

1ρ>>
Classical limit (a)3/2

1ρ≤
Quantum regime

()izeλ

'max'1/2; width=4Im, gcgcLLLLρρρλρρΔ===⇒=

As if classical rect. dist.
002()1/,  i.2e., () ppkσσρ==h
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(*) Carruthers and Nieto, Rev. Mod. Phys. 40, 4411 (1968)



Momentum – bunching uncertainty relation()2202222(1)   2;     1114if    1     1bunching factor: ();  012()   narrow around          0up to the second order in ;  1      if    1 1iibppbbedebbbpbppbπφφφψφπψφφδφφφδφδφΔ≤Δ≤≤−+Δ→⇒Δ→∞Δ<<⇒<<==≤≤≡−=∫ � ()()22 11(1)                   22bppzzkkδφφφ−Δ→Δ≥ΔΔ≥=� hh
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                         Two Level System (QFEL regime)
Let the Hilbert space to be spanned only by 2 eigenstates 
 of the discrete momentum separated by 
Let the state of the system to be a superposition of these 
 states with probability P1 and P2 such that  P1 + P2 =1.
It is trivial to show that 

Δp has a maximum at = 1/2 for  P1 = P2 = _  

From                        previous uncertainty relation becomes:

i.e., 

All the numerical simulations are in agreement with the above 
 quantum limitation (max bunching = 0.5 independently on        ).

kh

()212111pPPPPΔ==−

211bb≤− 1/20.7b≤�

ρ

221bpb≤Δ−



()()()()min220The solution for  is:        sin,sin,                          Minimum Uncertainty States (MUS):                         expcos;sin0      exp2coszLiiGimGdπψγφψλψφγφψλψψγφλφλφγφφ−+=∂∂−==+===∫()0where   is the modified Bessel function 22   nIIπγ=

224s2cos2(cos1)in(/2)i.e,. for small value of   is a gaussian with ()()  1/2and()(1)111:()22()imPeepPeePeγφγφγφγφφφσφφγσγγγφψππφ−−−∝∝>>∝<<�����



Results from quantum linear theory
(Quantum fluctuation and entanglement in CARL,
PRA, 67, 01387 (2003), N. Piovella, M. Cola and R.B.)()()3†3† †† The classical limit 111   = : max of    199NThe quantum limit 1111    : max of 1      144nneBBneBBNNnneBBneBBNNNττρτρτρρρρρ>>≤=��������

12,0121: the system behaves as 3 coupled harmonic oscilators. oscilators 1, 2: particles with recoil , oscilator 3: photon numberthe state vector (exact)entangled1()!,,:!!1mnmnkmnmnnmmnnψααα∞=±+=++=∑h232212311,       ,    11nnnnnnnα==+++



31,220121,310110,     ,,0110,     ,0,1reduced density operator:1  thermal distribution11nnnnmiimiinnnnnnnnnmmnnψαψαρ∞=∞===+==+=++∑∑∑



STEADY STATE AND SUPERRADIANT INSTABILITY, 
Long and Short Bunch     (uniform seed) 

R. Bonifacio, B.W. McNeil,
and P. Pierini PRA 40, 4467
(1989)

1/czzvtL=−

Evolution of radiation time structure in the electron rest frame
1izAezAθ−∂∂∂+=∂

4rcFLλπρ=

/gzzL=
4wgFLλπρ=

0.1cLL=

2peakeIn∝

30cLL=

Strong SR

Weak SR



      Classical SASE

Ingredients:
i) Start up from noise
ii) Propagation effects (slippage)
iii) Superradiant instability: (no steady state instability)

Self Amplified Superradiant Emission
(RB, L. De Salvo, P.Pierini, N.Piovella, C. Pellegrini, PRL 73 (1994) 70)

⇓
The electron bunch behaves as if each cooperation
 length would radiate independently a weak SR spike
 which gets amplified propagating on the other electrons
 with no saturation. Spiky time structure and spectrum.



CLASSICAL SASE
 reprinted from PRL 73 (1994) 70

Time structure:

Almost chaotic behavior:

number of random spikes
goes like              .

Spectrum:

is just the envelope of a series
of narrow random spikes

If             a single SR spike.

At short wavelengths
=> many random spikes.

bcLL≤

/bcLL

bcLL>>

()/4cLλπρ=

Total energy does not saturate (at 1.4).



()2121,..2iiiAzzecczθρρθ∂Ψ∂=−Ψ−−Ψ∂∂

2/pheAnnρ=

QFEL propagation model
1(,,)zzθΨ

221011(,,)2iiAAedzzezzπθθθθπ−−∂∂+==Ψ∂∂∫

 matter wave

R. B., N. Piovella, G.R.M. Robb,
NIM A 543 (2005) 645 and proc. FEL conf. 2005

ˆpiθ∂≡−∂

; Q. F. T. by G. Preparata† (Phys. Rev. A, 38 (1988), 233)

10Az∂=∂

FmcpkkγρρΔ==hh
QFEL 

parameter



Canonical Quantization;pHpθρ∂==∂&()iHpAeccθρθ∂=−+=−∂&
zpppkρ==h

()22ipHiAeccθρρ=−−

Quantization[]ˆˆ ;,ppipiθθ∂→=−=∂ ˆHH→

()221ˆ2iiHiAecczθρρθ∂Ψ∂Ψ=Ψ=−−+Ψ∂∂

kzθ=

The QFEL model for the matter wave 
Ψ

Derived from Q-field theory by G. Preparata (Phys. Rev. A, 38 (1988), 233)



Classical Limit:

One can prove that the Schroedinger equation for
the QFEL model reduces to the classical Vlasov
Equation for the Quantum Wigner function in the

limit:
ρ→∞

R. B., N. Piovella, G.R.M. Robb,
NIM A 543 (2005) 645

ρ→∞

In the classical limit, with universal scaling,
no dependence on       

ρ
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1;  22kppρ±±h

Classical limit when   ()()11,,,,,WzzpzzθθΨ→

()()()()11*1,,,,,,,0,,iiWpzzWpzzpAeAeWpzzzpθθθθθθ−∂∂+−∂+∂=∂∂

ρ→∞

Classical Vlasov Equation

Wigner function

ρ→∞

R. B., N. Piovella, G.R.M. Robb, NIM A 543 (2005) 645
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*11()nnnnnciEcAcAczρ−+∂=−−−∂

11*innnAAccezzθ∞−−=−∞∂∂+==∂∂∑

22     22nnpEmρ=

2nc
is the probability that an electron has a momentum 

nkh

The Momentum Representation

QFEL “working
   equations”

()ˆ ; pnk→h



0.1ρ=

0.2ρ=

0.4ρ=

()221104λλρ−Δ−+= 1212nnnρρδδρρΔ=+=→=−

δ

δ

δ 1ρFrequency
separation

Full width 
4ρ

Continuous classical limit
41/0.4ρρρ→≥≥ ()3/241ρ≥

The Discrete frequencies as in a cavity

1ρ

()spδωω∝−



Quantum limit : discrete resonance as in a cavity
22221                  22(1);     2       n0,.21,.1nnnnnpnEpnnnEnnEEnρρδρδρρ−==∝−−∝−=−=∝−

1n−

n1ρ≤

11d , ;  40.4 (continuouswidt classical lih =mt)4iρρρρσρ=≥→>

11nnρ⇒≤→−
Only recoil : no absorption

2n−



SASE
Quantum                           Classical

= 0.05  = 5
ρ ρ

Evolution of radiation time structure in the electron rest frame

/30cLL=



Classical behaviour : both n<0 and n>0 occupied 

Quantum behaviour : sequential SR decay, only n<0

Classical regimeQuantum regime
5ρ=0.1ρ=

Simulation using QFEL model: Momentum distribution (average)/30cLL=



0.1  ρ= 0.2  ρ=

0.3  ρ= 0.4  ρ=

[]0,1,...(2n-1)/2 nρ=−



0.1ρ=

0.4ρ=0.3ρ=

0.2ρ=



Conclusions

• Classical description of SASE valid IF
• IF              one has quantum SASE: the gain
bandwidth decreases as            and                           line

narrowing, temporal coherence.
• Multiple lines Spectrum:

– separation           ,  linewidth

• Classical limit: increasing        separation     linewidth
                  continuous spiky classical spectrum.

For experimental setup see R.B., NIM A 546 (2005) 634,
 and proceedings FEL conf 2005

4ρ

1ρ>>
1ρ≤

1/ρ 4ρ

ρ ≤
()0.4ρ≥

1/cLρ∝
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SASE
Quantum                           Classical

= 0.05  = 5
ρ ρ

Evolution of radiation time structure in the electron rest frame

/30cLL=



Classical behaviour : both n<0 and n>0 occupied 

Quantum behaviour : sequential SR decay, only n<0

Classical regimeQuantum regime
5ρ=0.1ρ=

 QFEL Model: Momentum distribution and spectrum
/30cLL=



0.1  ρ= 0.2  ρ=

0.3  ρ= 0.4  ρ=

[]0,1,...(2n-1)/2 nρ=−



0.1ρ=

0.4ρ=0.3ρ=

0.2ρ=



Quantum Classical
0.1ρ= 5ρ=



  Production of an elongated Production of an elongated 8787Rb BEC in a magnetic trapRb BEC in a magnetic trap

  Laser pulse during first expansion of the condensateLaser pulse during first expansion of the condensate

  Absorption imaging of the momentum components of theAbsorption imaging of the momentum components of the
cloudcloud

Experimental
values:

Δ = 13 GHz
w = 750 µm
P = 13 mW

laser beam kw,

BEC

absorption imaging

trap

g

Experimental Evidence of QuantumExperimental Evidence of Quantum
Dynamics Dynamics –– The LENS Experiment The LENS Experiment

2pkΔ=h

R. B., F.S. Cataliotti, M.M. Cola, L. Fallani, C. Fort, N. Piovella, M. Inguscio J. Mod. Opt. 51, 785
(2004) and Optics Comm. 233, 155(2004) and  Phys. Rev. A 71, 033612 (2005)



The experiment

pump
light

p=0 p=-2hk p=-4hk

n=0 n=-1 n=-2

Temporal evolution of the population in the first three atomic momentum states
during the application of the light pulse.



Quantum FEL SASE:
• quantum purification (monocromatic spectrum)
• must use a laser undulator
• reduced cost (106 U$) and compact devise (m)

  Classical FEL SASE experiments (DESY, SLAC):
• GeV linac (Km) and long undulators (100 m)
• Radiation spectrum broad and chaotic (spikes)
• High cost (109 U$) and large dimensions



Ingredients of  QFEL Project:

• electron beam 15-100 MeV, 100 A , εn < 2 mm mrad
• Laser wiggler at 0.8 micron , 10-100 TW (Ti:Sa)

Both under development for SPARC/PLASMON_X

++ ++==>==>



Preliminary parameters list for QFELPreliminary parameters list for QFEL

 

0.03δγ/γ [%]

0.5-1β∗ [mm]

1εn [µm]

40I [A]

20E [MeV]

0.3Pr [MW]

1.7λr [A]

80-300Zr [µm]

0.8λ [µm]

5-10wo [µm]

4Ε [J]

1P [TW]

Electron beamElectron beam
Laser beamLaser beam

QFEL beamQFEL beam



Radiation in QFEL:
• ~1010 photons at λ ~1 Å for some ps
• monocromaticity (Δλ/λ<10-4)

CDR PLASMONX



Preliminar studies are based on a 1D quantum model.

It is necessary to extend the analytical/numerical study of
the 1D model to a 3D quantum model in order to
demonstrate the feasibility of a Quantum SASE
experiment at INFN-LNF





The The Frascati Frascati Laser for Acceleration and Multidisciplinary ExperimentsLaser for Acceleration and Multidisciplinary Experiments

laser pulseslaser pulses: 50 50 fsfs, 800 nm >100 TW @10 Hz, 800 nm >100 TW @10 Hz





Arrivederci nel mio nuovo studio

Thank you and see you in my office in Brazil



[][]()121212,     2     ok   (continuous spectrum);  ,     wrong (??)21           12ˆ ;  ;  (same Hilbert space)      if , periodiczzzimzzzzqpiqpLiLiLLmmmmepLkzkLLφφφφφπφψψψψψψ=ΔΔ≥∂=−=⇒ΔΔ≥∂======hhhhhhh

[]()'','         ''         wrong                                                           '0       why?'''       wrong:  is not HermitianzmmzzmLmimmmmmmimmimLmmmmLφφδφφ=−==⇒==

About angular momentum and linear momentum
Carruthers and Nieto, Rev. Mod. Phys. 40, 4411 (1968)
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Instability in the linear regime

tieA λ∝

2/3
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(a) 1/ρ=0
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(c)  1/ρ=3
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(e)  1/ρ=7
(f)  1/ρ=10

(f)
(e)

(d)

(c)

(b)(a)  

 

|Im
λ

|

δ

In the quantum regime 1≤ρ

3/2ρ

max12ρΔ=

Q.M.

1ρ>>

Gain bandwidth

max3/2max at 1/(2)  (12)/21/2, 3/2,... resonance distance=141  i.e., 0.4          "crititrcal value"ansition to classical regime: nρρδρρΔ=→=−=→≥≥

Classical limit  (a)

3/24()ρ�
3/2ρ

Linear Theory

  ; n=0, -1, ...nδρΔ=+

Δ

sωωδρω−=



1ρ

12ρ

0 5 10
0.0

0.1

0.2

0.3

0.4

0.5

0.6
n=-2n=-1

 

 

|I
mλ

|
δ

n=0

ρ=1/3

 full width 
4ρ�

Continuous limit
(unpublished) 

41/0.4ρρρ≥→≥

()221104λλρ−Δ−+=   ; n=0, -1, ...nδρΔ=+

δ

tieA λ∝



Quantum limit : discrete resonances as in a cavity
2222123/2                  22(1);     0,1,...21213,,...2221  in real units  linewidth   4  if < 0.4. Classical limit 0.4confirmemmmmmrrrpmEpmmmEmmEEmmkkckmmcρρωρωρρρωωωργγωρωρρ−==∝−−∝−∝=−−∝=Δ=Δ===<≥hhd by numerical solution
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ρ
−λδ−λInstability in the linear regime

tieA λ∝
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In the quantum regime 1≤ρ

3/2ρ

3/2ρ

R

p

r0

k
)(mc

ωρ

ω−ω
=δ

ρ

γ−γ
=δ

h
FEL

CARL
ρ

δ
1

max =

Q.M.

1ρ>>

Gain bandwidth

,pRωωω−= mckγΔ=hmax1/δρ=

Classical limit (a)

3/24()ρ�



Quantum Purification and Multiple line
Spectrum

• In the quantum regime the gain bandwidth
decreases as                    line narrowing.

• Spectrum with multiple lines. When the
width of each line becomes larger or equal
to the line separation, continuous spectrum,
i.e., classical limit. This happens when

                      i.e.

3/24ρ

3/241ρ≥ 0.4ρ≥



**1(,,)'exp(2'/)(',)(',)1               'exp(2'/)(',)(',)Wpqtdqipqqqtqqtdpiqppptpptψψπψψπ∞−∞∞−∞=−−+=−+−∫∫hhhh

22(,,)()(,,)()(,,)1dqWpqtpdpWpqtqdpdqWpqtψψ∞−∞∞−∞∞∞−∞−∞===∫∫∫∫

The Wigner function for linear and momentum variable



The rotational Wigner function
J. P. Bizarro, PRA, 49, 3255-3275 (1994), J. Zac, J. Phys. A, 37, L617 (2004)()1/21ˆexp():  2mimpmmmθθπ==

()()/22'*/2222*1(,)'e(',)(',),   (,) has period 2(,)();  (,)();  (,)11(,,),,     2(,,)(,immmmmmmmiqpWtdttWtdWtmtWttdWtWptdqeqtqtWptWpptπθπππππθθψθθψθθθππθθψθθψθθθθθπθθ−−∞∞−−=−∞=−∞∞−−∞=−+====Ψ−Ψ+∂∂+∂∫∑∑∫∫∫(),)11.,,,,022itAeccWptWptθρθθθρρ−++−−=∂

(){}*1/21/21/2onecanshowN.Piovella, M. Cola, R.B. in preparation1as if    ,     (),      NOT intege(,)(,)()(,)(,)0r (?)2iimmmmmmpmWpWWpwtwtmAeAetwWwttϑϑϑϑϑϑρϑρρ−+−±→→±→∂∂+−+−=∂∂



2**00001200               1         14nWWZZπεββσεελγσ===≥=≥

()()()3/2222020230202033/2202332325204.10;         ;         1()114()1124210()25;        ()[]11611671011;         ()wwFnraaKPaFaaFaaEMeVFamIKPFaεηρελρρρηγηρλγλµρρεεηλρλλε−−=+++==+>Δ⋅=≤=++⋅=+=�()()()302330333/2303/24*3203023/2()()(sec)3.310[]0.31183()1[]1.66()gggngnnFaLFapLmcLFaLmFaηλτεµερηρλρηρλρεεεβσµεεγγηρ−==⋅=++=+===

Ν = τΙ/e P = hνI/e

η = ε1
2ε2εn



()ififwEEppkkω=+=++hh
()222222iiwpmcpkkmck+−−++=hh

AABk−−=h 222Apmc=+ 22002()()Bkkpkk=+−+hh

2BBkAABA=+−�h

Resonance condition  in the quantistic FEL

221BAmcωγ<<h�

222200()()              ;   2kkkkkpmcpmcmcmcβγβγγ++−==+=

0rkkkβ≡+ 0()()22rkkkmcγββ+−=hh�



R.B. to be published on NIM                                                                                                              Quantum SASE FE0.2  L with laser wig      pump lasergler at ρλ= =1,10, 0.8 m: 11()                         1                        10                         0.8()               1                      0.15    coherent      1 .34(     nrPTWmmmradmangstromIµελµλ=�-4)                           312                    218                       250()                      25                    250                        20/                       3.410     AEMeVγγΔ⋅-4-40       2.410                3.410 (sec)                        4                     56                          3()                      18                    70                          pWmτµ⋅⋅330915()                      10               1.6 10                      880()                    3.5                    25                          2.3.               710            ZmPMWNphotonsµ⋅10912    10                       510                                1                     10                       0.8                                1                      10                     εε⋅see INFN "Quantum SASE FEL" project design (K=5).     1

1010 1010

4 32.7



Emittance limitations
200001200;;;;2nrrWWZZπεβσεβεεελγσ=====

2124rλεπεε=

If radiation beam must contain e-beam:

If e-beam must contain radiation beam:

1201;1()4rλεεελλπ≥≥⇒≤=

121;1()4rrλεεελλπ≤≤⇒≥=

044rrλλεππ≤≤



 Fully quantized model for CRL

 Linear quantum theory and SS instability:
 Photon statistics and entanglement

 Uncertainty relation for p and θ  with 
periodic boundary conditions (wrong and correct)

 Fundamental limitation for bunching and energy spread

 Minimum Uncertainty State for p and θ 

 The usual Wigner function and the “rotational” Wigner function
 Open problems

POSSIBLE EXPERIMENTAL PARAMETERS


