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Introduction. The intrinsic di�culty of the uid modeling of edge plasmas can be illustrated on a single
non-linear heat conduction / radiation equation with strongly anisotropic coe�cients:
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Though this equation has no analytical solution for a carbon-like R(T; x; y), it is known that it can exhibit a
bifurcation of its solutions [1]. We have found that around the bifurcation threshold, the numerical solution
is extremely sensitive to the spatial resolution. Figs. 1a and 1b represent contours of temperature (T ) for
a particular set of parameters on an adaptive, non-uniform structured 2D mesh with 0.1M and 1M nodes,
respectively. Keeping the same parameters, the same boundary conditions and the same unconditionally
stable second order method, one can see that the stationary numerical solutions are entirely di�erent.
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Fig.1.Mesh re�nement induced bifurcation
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Fig.2.Unstructured grid for the C-Mod geometry

Fluid simulation of the edge plasma is a very demanding computational task due to the large range in
both time scales and space scales, and also due to the strong nonlinearities coming from atomic physics
rate constants and the huge anisotropy of plasma transport coe�cients parallel and perpendicular to the
magnetic �eld. The accurate simulation of tokamak scrape-o� layer plasmas in the promising detached
regimes requires the resolution of radiation, ionization, and recombination fronts. These fronts may have
complicated 2-D structure, which is characterized by scale lengths of millimeter order, while simulation
domain has a meter scale. The location of these fronts is a priori unknown, and their spatial structure
requires enhanced resolution in both angular and radial directions. This, combined with the desire to
make simulations on a reasonable time frame, makes edge plasma modeling ideally suited to adaptive grid
algorithms where the separation of grid vertices is inversely proportional to evolving local plasma gradients.
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Unstructured adaptive grid.

The e�ciency of a moving adaptive grid and adaption algorithm will be illustrated on test problems. These
test problems are nonlinear and contain sharp gradients, thus they will exhibit features of the scrape-o�
layer plasma. Known analytical solutions are used as benchmarks.

1st Test Problem. SOL models usually have internal (hot core, T 0
C) and external (cold edge, T 0

E)
boundaries. One example is shown in Fig.2, in which an unstructured triangular mesh for the Alcator
C-Mod (MIT) geometry [2] is shown. We were able to �nd an analytical solution of Eq.(1), which mim-
ics this feature. The solution is characterized by sharp, but still controllable gradients. The 9-parameter
(�; �; a; b; c; xc; yc; T

0
C ; T

0
E) family of positive, smooth stationary analytical solutions is given by:
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p
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where � = ��0:25, and �(T ) is de�ned as follows:

exp(��) =

(
T�+1
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and the boundary conditions are:

T 0
C � T (r = a) = (2(�+ 1)(TE + 2)TC)

1
�+1 � ((�+ 1)TETC)

1
�+1 = T (r = b) � T 0

E

A time-dependent solution of Eq.(1) (c varies with time) was used to study the e�ciency of grid adap-
tion. The results from a temperature gradient front (�=0.02,b=1,a=0.15,T 0

C=T
0
E=100) which was moving

towards the central axis are presented in Fig.3. The relative accuracy was on the order of 10�3. Total number
of elements was about 10K. We note that the boundary might be arbitrary (e.g. like the one shown in Fig.2).
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Fig.3.Automatic temporal mesh adaption to the propagating temperature front

2nd Test Problem. As previously mentioned the radiation front might have an arbitrary shape. In the
divertor it is usually V-shaped. For � 6= � we have found an analytical solution of Eq.(1), which demonstrates
exactly this feature in a box x� y 2 [0; 1]� [0; Ly]:

T (x; y) =

�
0:5e��(yf (x)�y)

p

; y < yf (x)

1� 0:5e��(y�yf (x))
p

; y � yf (x)

yf = yv + r j x� xv j
s;

with free parameters �; p; xv; yv; r; s, and specially constructed radiation sink term R(T; x; y). Examples from
the second test problem are shown in the Figs. 4-6. For a particular set of free parameters, the adapted grid



is much �ner where the slope is sharper (see Fig.4). The gradient of the temperature and grid re�nement
can be easily controlled as follows from Figs. 5 and 6. Total number of triangular elements varied from 2K
to 40K. They were aligned with "parallel" magnetic �eld.

0

0.5

1

0
0.5

1 0

50

100

T: 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Y

X

T

n: 1554
e: 3016

Fig.4.Coarse adaptive mesh with

3K triangular elements
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Fig.5.Contours of model V-shaped

temperature front
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Fig.6.Fine �eld aligned adaptive

grid with 9K vertices (for Fig.5)

Numerical Method. Our approach is of composite nature. Overall it might be described as �nite-
elements / �nite volumes hybrid. Unknowns are de�ned at the moving vertices. However, the scheme is
conservative through the generalized conservation laws. It is also tuned to handle three orders of magnitude
di�erence in the parallel and perpendicular conductivities. Conductive and convective uxes through the
surfaces, as well volumetric sinks/sources are calculated mostly analytically using (i) bi-linear interpolation
of vertex values, and (ii) linearization with subdivision of non-linear coe�cients. The set of implicit equa-
tions is solved either by the using direct solvers for sparse matrices, or by an iterative (relaxation) method.
We intended to use multigrid methods [3] as well. The grid adaption in a 2D domain is performed using the
following quasi-1D procedure. The region is covered initially by a set of lines aligned with the magnetic �eld.
Vertices are distributed along each of them using an algorithm described in [4]. If perpendicular gradients
become high a new set of sub-lines, which are also parallel to the magnetic �eld, is generated locally. This
procedure is then repeated for each of these sub-lines. The approach gives us triangular elements with one
side parallel to the �eld. This property is vital to treat large anisotropy in conductivity.

Grid-free approach.

SOL uid simulations typically discretize a system of partial di�erential equations by a �nite di�erence
method and apply the result on a �xed, commonly structured, grid. Neighboring mesh vertices are �xed and
thus can be illustrated by �xed stencils in a local discretization scheme. Because the edge plasma in fusion
devices demonstrates sharp variation in plasma parameters (as seen in both experiment and modeling),
there is a clear demand for local grid re�nement and hence the transition from conventional to adaptive
algorithms. The price for adaptivity is high, however, because the grids become unstructured, time-varying
and a challenge to manage. Fortunately there are grid-free methods which e�ectively deal with a "cloud
of vertices". Local stencils are determined on-the-y from the stability and accuracy conditions. We study
applicability of one such method to edge plasmas by solving two model problems with di�usion dominance.
Note that a grid-free method can be used as a preconditioner for other (e.g. Newton-Krylov [3]) methods.

Method. We are using the grid-free method proposed by Kholodov [5]. It constructs the di�erence scheme
with positive approximation for a second-order non-linear elliptic equation in an arbitrary closed domain
with several unrelated boundaries. This method is based on the properties of di�erence schemes in the space
of undetermined coe�cients for functions de�ned on a cloud of arbitrary located nodes. It is characterized



by the following features: (i) ideal for complex geometry, (ii) explicit, (iii) unconditionally stable, (iv) high
order accurate. The �rst attempt has been made to apply this method to SOL related model problems.

Model problem I. Quasilinear heat conduction-radiation equation in a box geometry with the following
BC: y=Ly there is a �xed incoming di�usive ux q(x); y=0, x=0, x=Lx the temperature is �xed. The
contours of the calculated 2D temperature pro�le are shown in Fig.7. Number of nodes is about 1000.

Model problem II. Heat conduction equation in a domain with two non-connected boundaries (Alcator
C-Mod like), and with Dirichlet boundary conditions (TC=100, TE=1). The simulation domain is covered
by a cloud of arbitrary placed nodes (about 3K in this run), as shown in Fig.8 for the MIT tokamak. In
Fig.9 the numerical solution obtained using this cloud of vertices is shown.
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Fig.7.Contours of temperature as

calculated using grid-free method

in a box geometry
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Fig.9.Contours of temperature for

the Alcator C-Mod geometry

de�ned on a cloud shown in Fig.8

Conclusions.

i New grid adaption algorithm and corresponding discretization scheme have been employed for the edge
plasma applications. The approach combines exibility of �nite-elements and conservative properties
of �nite volumes methods. Mesh is aligned locally with magnetic �eld, while its resolution takes into
account local plasma gradients. Method was benchmarked on a couple of non-linear test problems with
anisotropic coe�cients and sharp fronts. Total number of nodes required to achieve the same accuracy
as using structured cartesian mesh was found to be almost two orders smaller.

ii Fast and accurate grid-free method was applied to the scrape-o� layer plasma problems. It can easily
simulate regions with complex geometry and with non-connected boundaries. It is not conservative,
but extremely e�cient even for non-linear cases. We suggest that it will be used in conjunction with
other implicit methods as a preconditioner.

iii Exact analytical solutions of non-linear heat conduction-radiation equation with edge plasma-related
properties were obtained. They contain sharp fronts and not connected boundaries. The structure
of these solutions is controllable via adjustable parameters. This makes them very useful for the
benchmarking of various numerical methods being developed for non-linear plasma problems.

References: [1] S.I.Krasheninnikov, Phys. Plasmas 4, 3741 (1997); [2] R.Marchand, private communica-
tion (1996); [3] D.Knoll et al., in these Proceedings (1998); [4] O.V.Batishchev, in these Proceedings (1998);
[5] A.S.Kholodov,Math. Model. (in Russian) 3, 104 (1991).

||||||||{
Author's e-mail, phone: oleg@psfc.mit.edu, (617) 253-5799


