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Kinetic simulation of plasmas in which equilibrium occurs over ion timescales poses a computational
challenge due to the disparate timescales of the electron plasma frequency (� 109), the ion plasma frequency
(� 107), ion transit frequency (� 106), and the ionization frequency (� 107). To investigate long time scale,
low frequency phenomenon a hybrid electrostatic PIC algorithm is presented in which the electrons reach
thermodynamic equilibrium with the ions each time step, using the nonlinear Boltzmann relationship for
the electrons with a PIC ion source term. These approximations neglect e�ects faster than ion time-scales,
decreasing the computer time used by over an order of magnitude; however, they increase the complexity of
the boundary conditions and the simulation is no longer self-consistent. This method is ideal for bounded
systems in which the density is dynamic, and ambipolar di�usion is important. Previous Boltzmann relation
�elds solves [1, 2, 3, 4, 5, 6, 7] did not evolve in time. This is accomplished enforcing charge and energy
conservation with a modi�ed MCC package based on work by Vahedi and Surendra[8]. The collision cross
section, �(E), can be a tabulated or �tted function; the method is implemented with Xe and Ne cross
sections. Theoretical rami�cations of these approximations are examined including comparisons with full
PIC simulations of an AC plasma display panel (PDP). The PDP is a discharge in a Ne-Xe gas near atmo-
spheric pressure. The comparison is done in both one (XPDP1 [9]) and two (XOOPIC [10, 11]) dimensions,
emphasizing the temporal evolution of the breakdown.

The Boltzmann relation can be derived from the unmagnetized uid equations [12, 13]:

mn(
@u

@t
+ (u � r)u) = �enE�r ��; (1)

where e is the absolute value of the charge of an electron, E, u, and n are in MKS. To arrive at the Boltzmann
relation the following assumptions are made. The pressure tensor is taken to be isotropic, so that:

r �� = rp = kTrn: (2)

We have chosen the isothermal relation for the thermodynamic equation of state; p = n kT , where T is the
uniform temperature. This assumption holds for slow time variations over which the temperature is allowed
to equilibrate. The equation of state could be easily replaced with p = Cn where C is a constant. The
total derivative in Eq 1 has two terms: the �rst term @u

@t
represents an acceleration due to an explicitly

time-varying u; the second `inertial' term (u � r)u represents an acceleration even for a steady uid ow
(@=@t = 0) having a spatially varying u. Because we are looking for equilibrium solutions the �rst term is
taken to be zero. The second term can be neglected as long as the thermal energy is much larger that the
drift energy. Setting m = 0 produces the same result, however, later we will want to give the electrons a
�nite mass. Along with E = �r�, we obtain the Boltzmann relation:

n(x) = n0e
e�(x)=kT ; (3)
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where n0 is the density where � = 0. The electron distribution in thermal equilibrium is Maxwellian[12, 13,
14]:

f(v) = n(x)

r
m

2�kT
e�mv2=2kT : (4)

Using the Boltzmann relationship for the electron density, Poisson's equation may be cast in the following
form:

N(�(x)) = r2�(x) + (�PIC(x)� ene0e
e�(x)=kT )=�0 where we iterate towards N(�(x)) ) 0; (5)

�PIC(x) is the charge density of all the PIC species. In this paper the nomenclature is for a single electron
temperature but can be easily expanded to include multiple electron temperatures or another species.

Judicious choice of ne0 determines whether this method will converge and converge to the correct solution.
The concept that we use to calculate ne0 is conservation of electrons. This concept changes ne0 from a
constant of integration to a property of the boundary condition, requiring accounting of all sources and sinks
of the Boltzmann electrons. Integrating the continuity equation for the Boltzmann electrons over the system
volume produces:

dNB

dt
+

Z
surface

(nu) � dS = G� L: (6)

G and L are volumetric ionization and recombination, respectively. The second term is the electron ux
through the system boundaries. Recombination is neglected. G is given by:

G =

Z
�iznedx = NBng(

m

2�kT
)
3

2

Z
1

0

�iz(v)v e
�mv2=2kT 4�v2dv: (7)

The ux to a wall for a Maxwell-Boltzmann distribution is given by:

�wall =
1

2

r
2kT

�me

ne0e
e�w=kT : (8)

If �w, the potential at the wall, is greater that �plasma, the plasma potential, then �w is replaced by �plasma

in Eq. 8. This step conserves ux and is the same boundary condition used in uid codes, such as INDUCT94
[15]. Injected currents, J, can also be speci�ed through any boundary such as emitters or secondaries. When
the total energy of an electron drops below a threshold energy, normally the lowest inelastic energy threshold,
it is taken from the PIC electrons and added to the Boltzmann electron density and energy. �NPIC!B is
the number of electrons that are transfered in a time step. The change in the number of Boltzmann electrons
can be written as:

�NB = ��wall�t�
J�t

e
+�NPIC!B : (9)

This change is then updated each time step, so that the total number of Boltzmann electrons are related to
ne0 by

NB = ne0

Z
V

ee�(x)=kT dV : (10)

The initial value of NB is 1
e

R
�PIC(x)dV for a charge neutral system.

The method used to solve Eq 5 with Eq 10 is based on Newton Iteration. Let �n be the approximate
solution to Eq 5 at the nth iteration. Let �� = �n+1 � �n be the change (assumed small) during the
iteration. We expand about the present solution:

N(�n+1) = N(�n +��) = N(�n) + (
@N

@�
)n��+ h:o:t: (11)

Terms higher order than �� are ignored in this equation and require N(�n+1) = 0. This equation can be
rewritten as:

(
@N

@�
)n�n+1 = �N(�n) + (

@N

@�
)n�n: (12)
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Hockney and Eastwood[16] on page 173 show that this scheme converges quadratically for an in�nite domain
if the initial guess is close enough to the solution. This iterative scheme with the modi�ed Poisson equation
is:

(r2 +
e

�0kT
ne0e

e�n=kT )�n+1 = �
e

�0

�
ni(x)� ne0

�
1�

e

kT
�n
�
ee�

n=kT
�

(13)

r2� is discretized by a second order center di�erence. The second term a�ects only the middle term in the
�nite di�erence. In 1d, an external circuit has been added that is solved simultaneously with the internal
�elds [17] and can be expanded to 2d.

This scheme has been successfully implemented using DADI [18], and a multigrid method [19] in 2d
(XOOPIC) [10, 11] and a tridiagonal solve [20] in 1d (XPDP1) [9]. When using DADI, we choose diagonal
coe�cients which are symmetric in each direction. Each iteration of the solve converges because the matrix
is diagonally dominant. The convergence of the iteration scheme has not been proven, but converges for all
cases tried so far. These cases include Neumann and Dirichlet boundary on the outer edge of the simulation
region and Dirichlet structures inside the simulation region.

So far we have taken the temperature of the Boltzmann species to be �xed. Now we will use energy
conservation and PIC-MCC for the faster electrons. Starting with the energy conservation equation for the
Boltzmann electrons:

@

@t
(
3

2
p) +r �

3

2
(pu) + pr � u+r � q =

@

@t
(
3

2
p) jc (14)

3
2
p is the energy density (J/m3), 3

2
pu is the macroscopic energy ux (W/m2), representing the ow of the

internal energy density at the uid velocity u, pr � u (W/m3) gives the heating or cooling of the uid due
to compression or expansion of its volume, q is the heat ow vector (W/m2), which gives the microscopic
energy ux, and the collisional term includes all collisional processes that change the energy density. We have
included ionization, excitation, and elastic scattering. The equation is closed by setting r�q = 0 or by letting
q = ��T krT , where �T is the thermal conductivity and T is made uniform (rT = 0). Integrating over
space and letting p = nkT and de�ning the thermal energy of the Boltzmann electrons to be EB = 3

2
NBkT :

dEB

dt
+

5

2
kT

Z
surface

nu � dS =
�E

�t
jc : (15)

The integral is the ux found earlier and �E
�t

jc for an isotropic Maxwellian with uniform background gas
density is

�E

�t
jc = �NBng(

m

�kT
)
3

2 (Eiz

Z
1

0

v�iz(v)e
�mv2=2kT 4�v2dv

+Eex

Z
1

0

v�ex(v)e
�mv2=2kT 4�v2dv + Eel

Z
1

0

v�el(v)e
�mv2=2kT 4�v2dv): (16)

Here Eiz, Eex and Eel are the energy loss per collision and �iz , �ex and �el are the collision cross sections for
ionization, excitation, and elastic scattering respectively. The change in the total energy of the system, Et,
during a time step is:

�Et = �t(
�E

�t
jc �

5

2
�wall)��EPIC (17)

�EPIC is the energy of the PIC particles that are absorbed by the boundaries. The total energy of the next
time step is then calculated by Et(t+�t) = Et(t)+�Et(t). The total energy of the system is held constant
during an iteration:

Et �
X
PIC

1

2
mv2 =

3

2
NBkT +

Z
�(x)�(x)dV =

3

2
NBkT +

Z
�(x)(�PIC (x)� ene0e

e�(x)=kT )dV: (18)

This relation is now a constraint on T just as Eq 10 is a constraint on ne0. The second term on the left hand
side is the kinetic energy of the PIC particles.

With this algorithm, we have obtained remarkable agreement with full PIC simulations for a PDP cell
with over an order of magnitude increase in speed. A rough estimation of the speed-up can be calculated
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from the increase of the time step. If the full PIC simulation time step is limited by !pe�t, then the speed

up obtained is of the order of 2�
p
mi=me; the 2 is from assuming quasineutrality. If the time step is limited

by collision frequency, then the speed up could be larger. This speed up is degraded by the increased time
it takes due to the �eld solve. In a 1d simulation the full PIC �eld solve takes around 5 percent of the
simulation time. For the nonlinear Boltzmann �eld solve, the time is increased by about a factor of 2. In
2d, the �eld solve is about 10 percent and again the Boltzmann �eld solve increased the time by about a
factor of 2. Another o�setting factor is the use of MCC test particles which will vary greatly from problem
to problem. For the PDP problem, the total speed up and computer time taken in di�erent subroutines is
given.
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