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1 Introduction

Much e�ort has gone into the development of implicit methods for electromagnetic kinetic plasma

simulation. One such implicit method is the implicit moment method [1]. The maximum allow-

able time step in this method has often been found to be governed by the iterative elliptic �eld

solver, and not the implicit moment method itself [2]. In ref. [2] it was shown, in one dimension,

that by using a direct method to solve the �eld equations, signi�cantly larger time steps could

be achieved. We have initiated research into the development of an e�cient and robust iterative

elliptic solver which will allow similar time steps, and �ne grid simulations, in two and three di-

mensions. Our algorithm uses the multigrid method [3] as a preconditioner to a Krylov subspace

based iterative method, GMRES [4] in this work.

Our goal is application of the proposed algorithm to three dimensional fully electromagnetic

simulation. As a starting point we will work on the CELEST2D code, an unpublished modi-

�cation of CELEST1D [2]. CELEST2D is electrostatic but contains a spatially varying (time

independent) magnetic �eld. Indeed, it is the electrostatic potential equation, from the implicit

moment method, which provides the greatest challenge to iterative solvers. The elliptic equation

for electrostatic potential, �, in the implicit moment method of CELEST2D is,

r � [(I+ �(~r)) � r�] = �(~r): (1)

Here, ~r is the position vector, �(~r) is a spatially varying electric susceptibility tensor, and �(~r)

is the space charge. The functional form of �(~r) in CELEST2D is identical to that presented in

[2].
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The potential equation is discretized using �nite volumes, in a general coordinate system,

which produces a 9-point numerical stencil [5]. The major di�culty arises from the fact that the

o� diagonal components of �(~r), which are proportional to the simulation time step �t, cause the

resulting matrix equation for �,

A� = � (2)

to be non-symmetric. Not only is A non-symmetric, but in some cases diagonal dominance may

be lost.

2 Multilevel Iterative Solver

The base solver for Eq.(2) in CELEST2D is a preconditioned Krylov method. The Krylov method

is GMRES [4] since the matrix equation is non-symmetric. The base preconditioner is a Jacobi

iteration, otherwise refered to as diagonal scaling. Preconditioned Krylov methods are modern,

robust, general elliptic solvers, and they can be implemented in a matrix-free fashion (linear or

nonlinear). However, they do not scale well with grid re�nement. By this we mean that as the

number of grid points increases, the number of iteration, to achieve the same level of convergence,

also increases.

Multigrid methods [3] promise optimal scaling with problem size. By this it is meant that the

number of iterations required, for a given convergence tolerance, is independent of grid dimension.

However, developing a robust multigrid method for "realistic" problems is a challenge, and can

be very time consuming, often requiring signi�cant problem speci�c tuning.

Here we present results from a hybrid approach which uses "simple" multigrid methods as a

preconditioner to the Krylov solver. By "simple" we mean that nothing has been done to tune

a standard multigrid algorithm to work e�ciently for Eq. (1). Furthermore, straight forward,

operator independent, inter-grid interpolation is used. It is shown that this hybrid approach has

produced a robust, and scalable (e�cient), elliptic solver for Eq. (1).

To de�ne a multigrid preconditioner one must de�ne restriction, R , and prolongation, P,

operators, and a method for constructing the required coarse grid matrices. In the multigrid

method, R is used to transfer residuals (i.e. � �A��) down to a coarse grid, and P is used to

transfer solution vector corrections (i.e. ��) up to a �ne grid. In this study, piece-wise constant

interpolation is used for both R and P, with R being volume weighted. This is a very simple

choice and most likely will not produce an optimal multigrid method [6]. Using a piece-wise
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linear P may produce a near optimal multigrid method [6], and this will be investigated in the

future.

Next, a method for calculating the coarse grid representation of A needs to be de�ned. There

are at least two distinct options. The �rst is to restrict the physics (�(~r) in this case) to the

coarse grid and re-discretize Eq. (1). A second approach is to use the restriction and prolongation

operators, along with the �ne grid linear operator, to construct a coarse grid operator. This would

come from

Ac = RAfP: (3)

Here Ac is the (N=2)� (N=2) coarse grid operator and Af is the N �N �ne grid operator. This

approach is often refered to as a Galerkin coarse grid operator [6] and is related to the Black Box

multigrid concept [7]. In this study the second approach is employed.

Finally, a smoother for the multigrid algorithm must be chosen. We will use a multi-sweep

damped Jacobi iteration where the damping coe�cient may change from sweep to sweep. The

preconditioner will be one V-cycle [3] with an equal number of pre- and post- smoothing steps

(sweeps), a V(�; �) cycle. Traditionally, on the coarsest grid, a direct solve is used, but that is

not done here.

3 Performance Results

For the �rst performance result the single grid Jacobi based preconditioner is compared to the

multigrid Jacobi based preconditioner. The number of sweeps is 3 (� = 3) and the damping

coe�cient is 2/3, for both the single grid preconditioner and the multigrid smoother. Five

GMRES vectors are stored and restart is employed with a linear convergence tolerance of 1:0�

10�6. This problem is on a uniform grid and the boundary conditions on � are Dirichlet on three

sides and Neumann on the fourth side. Table 1 contains performance data as a function of grid

re�nement for 32 � 32; 64� 64; 128� 128 and a 256� 256 grid. This data was averaged over 5

time steps, with the same time step on each cycle and on each grid.

It is quite apparent that the multigrid preconditioner has not only signi�cantly reduced the

required number of GMRES iterations, it has also decreased the growth of required iterations as

a function of grid re�nement. In fact, the number of required GMRES iterations appears to be

independent of the grid dimension.
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4 Conclusions

The use of a simple multigrid method as a preconditioner to GMRES appears to make a robust

and e�cient method for the elliptic �eld solver required in implicit plasma simulation codes, on

the uniform grid problem considered. Next we will investigate retaining more than �ve GMRES

vectors. We will also investigate performance on a nonuniform grid.
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Table 1: Algorithm performance as a function of grid re�nement: Average number of GMRES

iterations per time step, and ratio of CPU time.

Single Grid (SG) Multigrid (MG) CPU ratio

Grid Precond. Precond SG / MG

32� 32 48 8.7 1.8

64� 64 116 9 2.8

128� 128 398 11 5.65

256� 256 691 9 10.5
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