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We report the development of equally sloped tomography for the reconstruction of a 3D object from a
number of 2D projections. In a combination of pseudopolar fast Fourier transform and the oversampling
method with an iterative algorithm, equally sloped tomography makes superior 3D reconstruction to conventional tomography that has an intrinsic drawback due to the use of equally angled 2D projections. We believe
this general approach will find applications in x-ray imaging, electron microscopy, coherent diffraction microscopy, and other tomographic imaging fields.
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Tomography has made revolutionary impacts in a number
of fields ranging from x-ray imaging, magnetic resonance
imaging to electron microscopy.1–3 Conventional tomography reconstructs a 3D object from a set of equally angled 2D
projections. Since the set of projections are in polar coordinates and the object in Cartesian coordinates, interpolation
has to be used in the reconstruction process, which introduces artifacts in the reconstructed 3D object. In application
to biology, there are two more difficulties: a limited number
of projections due to radiation damage to biological
specimens4 and, for electron microscopy, the missing wedge
problem3 共i.e., specimens cannot be tilted beyond ±70° and
the data in the remaining ±20° projections are missing兲.
These difficulties currently limit 3D imaging of cellular and
organelle structures to a resolution of 5 – 6 nm.5 In this letter,
we developed equally sloped tomography to alleviate these
difficulties. Unlike conventional tomography, the new approach makes use of a set of equally sloped projections. In a
combination of pseudopolar fast Fourier transform 共PPFFT兲
and the oversampling method with an iterative algorithm,
equally sloped tomography makes mathematically exact 3D
reconstruction when there is a sufficiently large number of
equally sloped 2D projections, and more precise reconstruction than conventional tomography when there is a limited
number of projections. Furthermore, the approach can in
principle be applied to coherent diffraction microscopy by
converting each 2D oversampled diffraction pattern to a 2D
image and reconstructing a 3D object from a set of 2D
images.6,7
PPFFT and its inversion algorithms were developed to
make a fast Fourier transform relation of an object in a Cartesian grid with its Fourier slices in a pseudopolar grid.8
Figure 1 shows the geometric construction for 2D PPFFT
and its inversion, whereas the Z-axis is related by fast Fourier transform and, for simplicity, was ignored here. The object is an N ⫻ N pixel array in a Cartesian grid. Its pseudopolar Fourier transform represents a set of 2N solid lines with
each having 2N grid points, whereas each line represents a
Fourier slice. The grid points are on a total of N concentric
squares 共dashed lines in Fig. 1兲. As the lines are equally
sloped instead of equally angled, it is called a pseudopolar
1098-0121/2005/72共5兲/052103共4兲/$23.00

instead of a polar grid. Since there are N ⫻ N points in object
space and 2N ⫻ 2N grid points in Fourier space, the 2D
PPFFT algorithms use oversampled and equally sloped Fourier slices to retrieve the object and are hence algebraically
exact, geometrically faithful and invertible where the equally
sloped slices are used to perform exact trigonometric interpolation along the rows and columns of the concentric square
grid. While we briefly described 2D PPFFT algorithms here,
an extension to three dimensions has also been developed.8
Inverse PPFFT algorithm can in principle precisely convert Fourier slices in a pseudopolar grid to an object in a
Cartesian grid, but requires two stringent conditions. For an
object with N ⫻ N pixels, the range of the rotation angles has
to be between +90° and −90°, and the number of projections
needs to be exactly 2N. Moreover, pseudopolar Fourier slices
are on a series of concentric square grids. But the Fourier
slices calculated from the “measured” 2D projections are
within a resolution circle, a circle inside the outer-most
square and tangent to all four sides, shown in Fig. 2. The grid
points between the resolution circle and the outermost square
are inaccessible from the “measured” 2D projections. These
conditions make the direct application of PPFFT to tomographic reconstruction difficult. In a combination of PPFFT

FIG. 1. Geometric construction for 2D PPFFT and its inversion.
The object is in Cartesian coordinates with N ⫻ N points where N
= 4 in this example. The grid points in Fourier space are on a set of
concentric squares 共i.e., dashed lines兲 with the number of squares
equal to N. There are a total of 2N solid lines with each having 2N
grid points, whereas each line represents a Fourier slice. The grid
interval on each Fourier slice varies with  and is characterized by
␣ in Eq. 共1兲.
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To extract the correlated information, we first obtained the
oversampled Fourier slices in a pseudopolar grid from the
limited number of “measured” projections by
L

F兩共u兲兩u艋R = 兺 f 共r兲e−2iru/共2N␣兲
r=1

␣=

FIG. 2. Missing grid points due to a resolution circle. The grid
points denoted by circles, which are within the resolution circle,
represent the Fourier slices calculated from a limited number of
“measured” projections. The grid points denoted by squares 共outside the resolution circle兲 are inaccessible from the “measured” projections due to the resolution limitation. The grid points denoted by
triangles represent a missing Fourier slice.

and the oversampling method with an iterative algorithm,9
these difficulties can be overcome.
For a finite sized object, each Fourier slice is related to the
object by the Fourier transform and the grid points on a
Fourier slice are correlated to all the grid points on other
Fourier slices. Here the concept of correlation can be understood that, if one grid point changes its value, the other
points have to change accordingly and vice versa. When
there are a limited number of slices and/or missing slices due
to a missing wedge, some information about the object is
permanently lost. However, if the correlated information can
be extracted from the limited number of Fourier slices, the
missing information of the object can be reduced to a minimum.

 j共x,y兲 =

再

g j共x,y兲

再

sin共兲 if − 45° 艋  + 45°
cos共兲 otherwise

,

共1兲

where 兩F共u兲兩u艋R represents the Fourier slices within the
resolution circle, R is the radius of the circle, r and u are the
radial coordinates in object and Fourier space,  is shown in
Fig. 1, f 共r兲 is the limited number of projections, ␣ is a
parameter to characterize the grid interval on each Fourier
slice, and L is an integer which is less than N. For simplicity
the Z-axis is not shown here. Since oversampling the Fourier
slices corresponds to surrounding the projections with mathematical zeros, we use the oversampling ratio 共兲, the total
volume of the object and the region of zeros divided by the
volume of the object, to characterize the oversampling
degree.9 The mathematical zeros do not provide extra information about the 3D object, but help to extract the correlated
information among the 2D projections. While the requirement of  艌 2 is crucial for phase retrieval of noncrystalline
specimens,9 our computer simulations have shown that it is
not critical in tomographic reconstruction.
The limited number of Fourier slices were used to reconstruct the 3D object with an iterative algorithm, in which the
jth iteration consists of the following steps: 共i兲 A complete
set of 2N Fourier slices in a pseudopolar grid was obtained
by updating Gj−1共u兲 with the limited number of “measured”
Fourier slices 关i.e., 兩F共u兲兩u艋R兴, where Gj−1共u兲 represents a
complete set of Fourier slices in the 共j − 1兲th iteration. 共ii兲 By
using inverse PPFFT, an object, g j共x , y兲, was computed. 共iii兲
A new object was obtained by

if 共x,y兲 苸 S and g j共x,y兲 艌 0

 j−1共x,y兲 − ␤ ⫻ g j共x,y兲 if 共x,y兲 苸 S or g j共x,y兲 ⬍ 0

where ␤ is a constant between 0 and 1, and S represents a
support separating the object from the region of zeros. The
support is due to oversampling the Fourier slices. In this
step, if a pixel is within the support and its value is nonnegative, the pixel value remained unchanged. Otherwise, it
was slowly pushed close to zero. 共iv兲 By applying PPFET to
 j共x , y兲, a new set of Fourier slices, Gj 共u兲, was obtained
which would be used for the next iteration. 共v兲 An error
function was applied to monitor the reconstruction, which is
the difference between the limited number of “measured”
Fourier slices and the corresponding calculated ones in each
iteration. For the first iteration, G0共u兲 was obtained by mul-

冎

冎

,

共2兲

tiplying a positive constant by a set of random phase angles.
Our simulations have indicated that the algorithm is not sensitive to the initial condition.
We have carried out tomographic reconstruction of a
simulated 3D biological vesicle of 50⫻ 26⫻ 50 voxels with
internal structures. Figures 3共a兲–3共c兲 show three central
slices in the XY, XZ, and ZY plane, respectively. A set of 27
projections were calculated from the 3D vesicle in which the
rotation angles range from −70° to +70° and a missing
wedge corresponds to ±20°. The set of projections were converted to oversampled Fourier slices in a pseudopolar grid by
using Eq. 共1兲. A 3D object was reconstructed from the 27
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FIG. 3. Tomographic reconstruction of a simulated 3D biological vesicle. 共a兲, 共b兲, and 共c兲 are the central slices in XY, XZ, and ZY
plane of the 3D vesicle. 共d兲, 共e兲, and 共f兲 are the central slices of the
vesicle reconstructed from 27 projections by using oversampling
reconstruction. 共g兲, 共h兲, and 共i兲 are the central slices reconstructed
by using weighted backprojection of conventional tomography.

oversampled Fourier slices in which the overall array size in
object space was 643 voxels, the support was a box with
50⫻ 26⫻ 50 voxels 共i.e.,  = 4兲, and the number of iterations
and ␤ were set to be 2000 and 0.9, respectively. Figures
3共d兲–3共f兲 show the three central slices of the reconstructed
3D vesicle. For a comparison purpose, a 3D vesicle was
reconstructed from the same 27 projections by using
weighted back-projection shown in Figs. 3共g兲–3共i兲, which is
currently the most popular reconstruction algorithm for conventional tomography and was carried out by using the object diameter as a weighting parameter described
elsewhere.10 Figure 4 shows a quantitative comparison of the

FIG. 4. A quantitative comparison of the reconstructions by using Fourier-ring correlation. Curves I and II correspond to the
noise-free reconstructions by oversampling reconstruction and
weighted back-projection. Curves III and IV correspond to the reconstructions with SNR= 1 by oversampling reconstruction and
weighted backprojection.

two reconstructions by using Fourier-ring correlation,11
which indicates that equally sloped tomography 共curve I兲
performs far better than conventional tomography 共curve II兲
in this case.
We carried out the study of noise on equally sloped tomography. In the simulations, we assumed that noise is uncorrelated to the signal in each projection and added Gaussian noise with a mean and a variance to each projection. We
calculated the variance by dividing the variance of each projection by a signal-to-noise-ratio 共SNR兲, and set the mean
equal to 0. By using oversampling reconstruction, a 3D object was obtained from the 27 noisy projections with SNR
= 1. In the process, ␤ and the number of iterations were set to
be 0.0001 and 14, respectively as the error function did not
improve after 14 iterations. A 3D object was also reconstructed from the same 27 noisy projections by using
weighted backprojection. Figure 4 shows a Fourier-ring correlation comparison of the reconstructions by using oversampling reconstruction 共curve III兲 and weighted backprojection
共curve IV兲, which indicates that equally sloped tomography
is superior to conventional tomography.
In some tomographic imaging applications, the 2D projections at different tilting angles image a slightly different part
of a specimen shown in Fig. 5共a兲. The region of solid lines is
imaged by all the projections, and the region of dotted lines
by some of the projections, where Z is the rotation axis. To

FIG. 5. 共a兲 Geometric construction of specimen unboundedness
where Z is the rotation axis. The region of solid lines is imaged by
all the projections and the region of dotted lines by some of the
projections. 共b兲 A Fourier-ring correlation comparison of the reconstructions for an unbounded specimen by using oversampling reconstruction 共curve I兲 and weighted back-projection 共curve II兲.
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simulate specimen unboundedness, we created a thin layer of
vitreous ice with vesicles embedded inside. The size of the
thin layer is 256⫻ 16⫻ 100 voxels. We calculated a set of 53
projections with each 256⫻ 100 pixels, where the rotation
angles range from −70° to +70° with a missing wedge
corresponding to ±20°. The set of projections were
used to reconstruct the central part of the specimen
共82⫻ 16⫻ 100 voxels兲.
We developed an approximation method to deal with the
specimen unboundedness problem. Since Z is the rotation
axis, we can precisely determine the dimension of the object
in both Y and Z-axis. The dimension in the X-axis was determined by
l = l0 ⫻ 兩cos共兲兩,

共3兲

where l0, shown in Fig. 5共a兲, is equal to 82 pixels in this
case. Equation 共3兲 is to reduce the effect of specimen unboundedness on the reconstruction. The new set of projections with size of l ⫻ 100 pixels was converted to oversampled Fourier slices with each 1282 pixels in a
pseudopolar grid. The iterative algorithm was used to reconstruct the central part of the specimen where the overall array
size in object space is 1283 voxels and the support is a box
with 128⫻ 16⫻ 100 voxels. In the reconstruction, we enforced the constraint of zeros in both the Y and Z-axis, but
not in the X-axis since the specimen was unbounded in that
direction. The central part of the specimen was reconstructed
after 300 iterations. For a comparison purpose, we used
weighted backprojection to reconstruct the specimen from
the 53 projections in which the dimension in the X-axis of
each projection was not confined by Eq. 共3兲. Figure 5共b兲
shows a quantitative comparison of the two reconstructions
by using Fourier-ring correlation, which indicates that
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equally sloped tomography performs far better than conventional tomography in this example.
Equally sloped tomography has been developed to reconstruct a 3D object from a set of equally sloped 2D projections. It is based upon the principle that all the Fourier slices
are correlated and, by using PPFFT and the oversampling
method with an iterative algorithm, the correlated information can be extracted to determine the 3D object. Our computer simulations have indicated that conventional tomography based upon equally angled projections has an intrinsic
drawback that limits the quality of 3D reconstruction. By
using equally sloped projections, the new approach can make
superior 3D reconstruction to conventional tomography even
with extremely high noise 共i.e., SNR= 1兲. Compared with
other iterative algorithms,12–14 equally sloped tomography is
in principle more accurate due to the combination of PPFFT
algorithms and oversampled Fourier slices with an iterative
algorithm. The computing time for a 643 voxel array and one
cycle of PPFFT and its inversion on a 1 GHz Pentium III
laptop is about 19 s, which is not a limitation factor. We
anticipate that equally sloped tomography will be applied to
x-ray imaging,15–17 electron microscopy,3,5 coherent diffraction microscopy,6,7 and other tomography fields.
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