COMPREHENSIVE WRITTEN EXAMINATION FOR THE MASTER’S DEGREE
AND QUALIFYING EXAMINATION FOR THE PH.D. DEGREE
DEPARTMENT OF PHYSICS
Thursday, March 28, and Friday, March 29, 1996

Imﬁortant — please readv.carefully.

The exam (6 hours) is in two parts:

Part 1 Electromagnetic Theory, Statistical Mechanics and Thermodynaxmcs
March 28 7 Problems — do ALL of them.
9:00-12:00  This part will be collected at the end of three hours.

Each problem counts for 20 points; the total is 140.

Part 2 Quantum Mechanics, Thermodynamics and Statistical Mechanics
March 29 7 Problems — do ALL of them. '
9:00-12:00 This part will be collected at the end of three hours.

Each problem counts for 20 points; the total is 140.

Instructions

1) This is a closed book exam and calculators are not to be used.

2) Work each problem on a separate sheet of paper. Use one side only. ,

3) Print your name and problem number on EACH AND EVERY page. (Note:
Pages without names may not be counted.) |

- 4) Return theproblempageastheﬁrstpageofyouranswer

5) If a part of any question seems ambiguous to you, state clea.rly what your interpreta-

tion is and answer the question accordingly.



1)A wavegulde has dunensxons 10 cm X 5 cm in the z-y pla.ne and is mﬁmtely long in the
z-direction. : :
a) What is the lowest frequency, f1, in GHz (or.10° Hz) at which the waveguide will
. permit propagation of radiation? " |
b) At a frequency of 5/4f, what is the behavior of the electric field as a function of
z,y¥, 2,17
c) What are the group and phase velocities?



2) Consider a circular line charge of radius a in the z-y plane having a charge density:

Me)=4+A O<p<r«w
Mp)=-X x<p<2x

where ¢ = arctan(y/z). Calculate the monopole moment, the dipole moment and all com-
ponents of the quadrupole moment tensor (i.e. Cartesian multipoles Q;;) for this charge
distribution and thus demonstrate that the far-field potential for this charge distribution
is given by:

¢(z,y,z)=44\a2;_1;(§)+0(rl4), forr=vV23+y3+22 >a



8) A system with the ideal gas equation of state is contained in a rectangular box of length
L (along the z axis) and cross-sectional area A. Initially the temperature is T}, a constant,
and pressure varies linearly from p, atoneendtopzattheotherendofthebox. The
molecular weight of the gas is M. WhatmtheenergE temperatureT and pressure p
in equilibrium? The box is an isolated-closed, insulated system.



4) Consider a long stretched string with tension 7 and mass per unit length x at thermal
equilibrium at temperature T. What is the r.m.s. dxsplacement of the string due to thermal
noise between frequencies f; and f; ?



5) Consider an infinite cylindrical column of negatively charged particles moving with
a constant velocity ¥ = vZ and having volume charge density, p(r) = poe~"/®, where
r3 = 72 + 33, (A stationary uniform background of neutralizing positive charges is also
present.) '

(a) Calculate the current croesing an z-y plane.

(b) Calculate B everywhere.



6) Consider a point charge Qo a distance 2a from the center of a conducting isolated sphere
of radius a. Hint: Use image method.

-/a) Calculate the net charge on the sphere and the electrostatic potential of the sphere
(V(0o) = 0) if the force on Qg is zero.

b) Calculate the force on Q, if the net charge on the sphere is zero.



7) A soft photon of energy 1 eV collides head on with an electron of (total) energy 10 GeV.
What is the energy of the photon after scattering by 180°. Assume m(e~) = .5 MeV/c?.



8) Consider a particle of mass m in the one-dimensional square well potential:
-V |zl < a
Viz)={.
-0 |z| > a

a) Find the form of the wavefunction inside and outside the well in terms of the positive

constants 8 = \/2m|E|/h, &= +/2m(Vo — |E|)/h, where E = —|E| is the energy of
the bound state.

b) Show that there is always at least one bound state; and find the condition for a second
bound state. ’



9) Consider 2 identical Bosons of mass m in one dimensional box of length L at temperature
T. Find the equilibrium quantum statistical mechanical probability that a measurement
finds both particles in the left half of the box. You can express your answer in the form:

Z ik
T

where f depends upon T, L, m and universal constants.



10) The state function of an electron is given by

¥ = R(r) [\/-15‘1/{’(0, )x+ + @Yil(aa ¢)x—]

3 /'3 ;
0= — 1=—- — Q1 "‘
Y, 410089, Yy 8Wsmﬂe ,

(1 | (0
a) What is the total angular momentum and its z-component.

b) What is the probability density for finding the electron with spin up at r, 9, ¢? With
spin down? .

with

c) Show that the probability for finding the electron at r,8, ¢, summed over its spin, is
spherically symmetric (that is independent of § and ¢).



11) A black spherical satellite of radius r is at a distance D from the sun (D 3 r). Assume
that the sun radiates as a blackbody of temperature Tp and subtends an angle of a radians
as seen from the satellite. What is the steady state temperature of the satellite?



12) Consider an atom which can be one of two states: the ground state |0) and the excited
state |1). The lifetime of the excited state is 7. (This is called a Poisson Process). A laser
acts on the atom so as to immediately return it to the excited state after each decay. What
is the probability distribution for the occurrence of two (iécays within time ¢?



18) Derive the dipole-dipole magnetic interaction energy for eigenstates of the total spin
-of two protons. The Hamiltonian is of the form

H = A(hy - fia) + B(d : ¥) (2 - 7)

where A and B are two constants, 7 is the distance vector separating the two protons,
and ji; and ji; are the magnetic dipole moments of the two protons. The proton magnetic
moment is related to its spin via g = upS.



14) Consider the three dimensional harmonic oscillator described by the Hamiltonian:
1 1 '
Hy = %(P: +0y +9%) + g’ (a® + 47 + 2%

A small perturbation V' = Azyz is introduced. Compute to lowest non-vanishing order
the shift in energy of the ground state of the uni)erturbed Hamiltonian. Hint: For a
one-dimensional harmonic oscillator z = (a + a')/v2mw where a and a' are lowering and
raising operators.



