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A sphere of radius a carries a uniform Burfaee-charge distribution o. The sphere
is Totated about a diameter with constant angular velocity w. Find the vector
potential and magnetic-flux density both inside and outside the spehre.

Write the current density in spherical coordinates:

= '

JFYy=Jyd = [owr' sin(#) 8" - a)] '

Choosing the Coulomb gauge (thus can set the divergence of some scalar function to
zero, see Jackson discussion p.181,) we write the vector potential using Jackson eq.
5.32. But from the azimthal symmetry present in this case, we can evaluate the
potential at ¢ = 0 and the result will still be generally applicalbe. If we then proceed
with the calculations using ¢ = 0, we’d see that the only non-zero contribution to
the potential is from the “y” component of the current density. Thus we have (in
51 units):

A= 4., Jiﬁl'fos (ﬁb'l)y (r r)zdrr

We can immediately perform the v integral using the delta function using the
explicit expression for the current density. The result is:
gt [ fsmte') cos (¢f) d6¥

= —af'|

Now recall our discussion in the previous problem that the unit vector § for an
azimuthally symmetric problem evaluated at ¢ = 0 is generally equivalent ot $. So
we have:

- pgowa® [ [sin(®) coa () dt¥
A=¢ 4% / IF—af’}

Now expand the inverse relative distance using spherical harmonics (Jackson eq.
3.70.) The vector potential expression becomes:

oo 4

ﬂ_¢mma f-/[4ﬂz E 2I+1 (1’::.1) lm(a’ ‘#)j,lm(g ¢=10) sm(B‘]OOS(#”)dﬂ’

1=0 m=-1

6



Spring 203 W12 Cp 2 oF )

where r(r..) is the smaller (larger) between r (field point) and a {source poiint).
Now notice that

sin (6) cos () = 3sin (@) [¢# + 6] = 54/ (Y@, #) + Y5, 10, 4]

where we've made use of Jackson eg. 3.54 and the definition for the spherical
harmonics. With the above, we can perform the & and ¢' integrals easily using the
orthogonality property of the spherical harmonics. After a little manipulation, and
using the fact that

. : 3 .
Yi1(8,0) = ‘\/g sinf = —¥; _1(6,0)

we arrive at the following result:
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Hence the vector potentials both inside and outside the sphere are given by the

-following:
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Converting the above into gaussian units, we find:
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The magnetic fux density t just B = V x A. Straighiforward calculations

reveal the following:
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