Assignment 7
Ph 110b
TA: John Joseph M. Carrasco

Jimc@physics.ucla.edu

Problem 1, Griffiths 12.10

A sailboat is manufactured so that the mas leans at an angle 8 with respect to the deck. An observer standing on a dock sees
the boat go by at a speed v. What angle does this observer say the mast makes?

Let's give the mast unit length, such that the height in the boat's reference frame is sin(#), and it's horizontal projection is
cos(d). When moving horizontally the height isn't affected, but the horizontal projection is Lorentz contracted to % cos(0).

. _ sin@) -
So: tan(f) = —$ @ v tan(0).

So the observer on the dock sees: § = arctan(y tan(8))

Problem 2, Griffiths 12.20

H a.

Event A happens at point {15, 5, 3, 0} and event B at {5,10,8,0} (using {ct,x,y,z} as Spacetime coordinates).

i) What is the invariant interval between A and B?

Griffith's uses the convention a, b* = —a® b° +73- b, so we'll follow it. (I'm used to the spatial expression being assigned
the negative sign, but OK).

I=(A* - B")(A, — B,) = —10> + 5% + 52 = 50 — 100 = —50.
ii) Is there an inertial system in which they occur simultaneously? If so, find its velocity relative to S.
No. I is timelike.

iii) Is there an inertial system in which they occur at the same point? If so, find its velocity relative to S.
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Yes. Have § travel in the direction from B towards A covering the distance in time ATB = IL—?:>
-5%-59) c A
-

C
0/~ 2 7V

A

y=




2 Assign7.nb

m b.

Event A happens at point {1, 2, 0, 0} and event B at {3,5,0,0} (using {ct,x,y,z} as Spacetime coordinates).
i) What is the invariant interval between A and B?

Same type of thing as above:

I=(A*-B")(Ay—B,)=-4+9=5

ii) Is there an inertial system in which they occur simultaneously? If so, find its velocity relative to S.

Yes (L is spacelike). By lorentz transformation:

(A" =B") = y((A° - B") — B(A' = B") = 0 = (4" - B")=p(A' -B") =

. (A-BY)
=V, =C (AT=B")

(A°-B%) _ _ v _2
argn =B =~ =3cC.
iii) Is there an inertial system in which they occur at the same point? If so, find its velocity relative to S.

Nope, as we've a spacelike interval this time.

Problem 3.

Using the Lorentz transformation of the four-velocity 4-vector, derive Einstein's rule for the addition of velocities directed
along the transformation (Eq. 12.3).

Let's take a second to consider addition of velocities classically

Let's say within a lab there's a train is going north at some velocity v, and I'm goin' south at some velocity u. Classically, in
my reference frame, I see the train moving north at velocity v + u. We can achieve this result by applying a classical
gallilean transformation on the velocity v to the reference frame moving at velocity —u relative to the lab.

Now, from eqn 12.3 we know that the train should really (as in using Special Relativity) look like its moving north at

velocity: :ﬂ — . We're going to get to this result by applying a lorentz transform on the velocity v to get it into my refer-

ence frame (movmg at velocity —u relative to lab). Now to do a lorentz transform we'll need a 4 vector, and the natural
4-vector associated with velocity is the proper 4-velocity, usually referred to as simply as the 4-velocity.

Son, =v,{c, v, 0, 0} is the proper 4-velocity associated with the velocity v given in section 12.2.1, where vy, L

Vi’
The lorentz transform to take us to a frame moving —u is parameterized by: y, = ﬁ and B, = - =.
Yu ~Yu ﬁu 00
. ~Yu ﬁu Yu 00 .
A= find:
Using 0 0 Lol we fin
0 0 01

ﬁv = A’?v =YuVv {C_ﬁu v, _Bu ct+v, Oa O}
Now all We need to dois get our 3 ve1001ty back out of our 4-velocity, which we can get by inverting eqn 12.40

(7= Vimee Vz/ 2 ' \/1+n /c2
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So v,

7o— Yu Yy (ZBu c+v)

n,
\/ Ly 7o) R

Now all we need to do is substitute in and giggle the algebra:

_ 1
Vs e

f)x = Yu Yv(=Bu c+Vv) _ —B, ctv
LG ) S \/ (b gt
= u+v _ u+v
\/ (= /e2) (102 ey 5 \/ IS
u+v _ u+v

T LT I+
\/ (2 +uv)’ 2
o

and we're done.

Problem 4.

The high-energy linear accelerator at Stanford has a length of L = 3 km, and uses electric fields in electromagnetic cavities to
accelerate electrons in one direction (take it to be x) to 50 GeV. This final energy exceeds the rest energy of the electron
(.511 MeV) by five orders of magnitude. The avg electric force performing work on the electrrons in the accelerator is

—e Eyy, = 16.7MeV /m, and thus the energy of the electron can be written as £ = —e Eyyg x + m, 2, or y(x) = 1 +7'x where

y'= —( < Farg ) =32.7m"'. Note that with knowledge of

m, 2

y(x) = ———
Ji-e

a) Show by integrating the velocity over x that the time for the electrons to go from rest to final energy is:

one may easily deduce what the velocity is as a function of x.

This we can get pretty simply:

1

) = —— =
\/1_ﬁ
dx
u(x) = 1-—L =<
(x) =c (v (x)° di

So:
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Y f
zf=f0”dt=f —\/% ‘i—?=#[«/y2—1]g
1 %Y 7

L Jyr-1 =2 Na+Lyy -1
1 2 .12 v 1 L3 y'2 +212y
= VI2y“ +2Ly' = = \ e
_ L Jiray _ L [y

oy L ¢ Ly'

_ L v+l
s yr-1

mb
. . . Lcosh™
Show that the proper time for the elctrons to go from rest to final energy is: %_Y)’)
dx _ dx _
at T yar 4=
Ldx=dr =
Yyu
L_dx=dt =
cVy2-1
L Y _dr =
cVyrs1 Y
L)=vy 1 dy s d
—_— = = 1
j;;m N 7 h CTTT

log(y/ +ﬂy§—1)

PV =Ty Sl
Y
log(y/ +\/y2—1)

c(y/—l);L =Tr =
Llog(y/ +\/y}—1)
=

As cosh™!(z) = ln(z +vVz2 -1 ) we're done.

HC

What is the length of the accelerator as seen by the electrons at final energy?

We can simply use our expression for lorentz contraction (12.9)

AX = 1_#-(ATEL)=;L— L _ 3x10°

¥ T T (A+y'L) (1+32.7x3x10%)
=0.0305807 m
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Problem 5.

Show that Griffiths, Eqs. 12.108, is consistent with the general relations governing transformation of the fields:

Eperp' = ¥(Eperp + VX Bperp )

Bperp ' = V(Bperp - VX Fperp)
And parallel components unchanged.

In eqns 12.108, the velocity has only an x component, and we see immediately that E,' = E, and B,'=B,. Bothyandz
components transform according to the rules above as follows:

E,'=E,"-9=y(E, ~vB.)=y(E-9 + Wix (B.2+ B, § + B, %))-9)
= Y(Eperp + 9X Bperp )+ 9

B,'=vy(By + LLZE)

=y(B-9-(F i x(E.2+E, ) + Ec %))

5 ~

= y(Bperp -VX Fperp) -Z

E, and B, follow by cyclic permutation of indices.

Problem 6.

Consider a stationary uniform cylinder of charge that has free charge density p = po(1 — (s/a)*) up to a radius a ( py is a
constant ), and then vanishes outside of this radius.

m a)

From Gauss's law, find the radial electric field associated with this charge distribution.

' : . 1 S 2 po [ 8 st
So Gauss's law gives us: 27ms Ej =27r?f0p0(1—(s/a) )sds=27r?(7— 2)

a

N

2

i i N i . _ _po_ a
allowing us to find E; = e (s >3 ) for s < a, and outside we have: E, = e
m b)
Now assume that this distribution is accelerated to be a "beam" — it is in motion along its symmetry axis (z) with speed v

with respect to the lab frame.
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From Lorentz transformation-derived rules for determining the fields, find the electric and magnetic fields in the lab frame
associated with the moving charge distribution for the region s < a.

Well, let's note that B, . =0 = E.
E.'=B,'=0.

E,'=y(E, +vx(B,3+ By ¢)-3) =y E,

o~
<
1l
=
o~
<
|
<
X
!
[5%S
+
=
0
S—
A
S—
1l
\<
—_
!
—
2D
X
>
=
1l
3
<
!
A

So for s < a:

E'=y(L£(s- i ))$ and

2¢€

Bt - ) 0

H C)

From Lorentz transformation of the charge-current 4-vector { pc, 7}, find the density p' and current density J, ' associated
with the moving charge distribution.

Our 4-current is simply: J = {c po(1 — (s/ a)z), 0, 0, 0}, and our lorentz transformation parameterized by y = (1 —v?/ cz)_l/z,
and B =v/cis given by:

y 0 0 0
A_01 0 0
00 1 -yB
00 -y vy

soJ' :y{cp’ Oa Oa _ﬁcp}

m d)

It's the same integral as in a) except now we've a v in front of our density=

a?

o3 .
E'=y 2%] (s - 2‘7) =y E, for s < a, and outside we have: E;' =y 4’% “ =yE.
Applying ampere's law to a circle of radius s about the z-axis gives us:

Bsy'X2ms=—pp yvf(:ds'(Zﬂ)pO(l —(s/a)z)
=~ yv [[ds'@7) po(1 = (s/@)?)

YA

= —Hoyv2mpo (%_m)

s s
SOfOrS<a:B¢':—HO'yvp0(‘7_ 4a2)
-- X2XFE
- 2 s

as found above.

me)

What is the net radial force on a particle of charge g inside the beam moving with velocity u=v parallel to the z-axis?
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If it's in the same reference frame as the "stationary" uniform cylinder of charge then the force would simply be:
3
Fy=qE =q 4 (s- 57)

2 a?

Problem 7

Calculate the scalar potential V for the charge distribution for the electric field calculated in Prob. 6, for the region s < a.
By Lorentz boosting the potential 4-vector: { V/e, K} into the one with velocity v along z find V'and A'. What are the
electric and magnetic fields due to these potentials in the moving frame?

We find the potential by integrating:
S Y2 SZ_ (12
V=-[[E(shds' = S

.. . . 2 (2 _4 42
The vector potential is zero in the rest frame, so we have the four potential: { % W, 0,0, O}.

We take the same lorentz transformation used in problem 6 to boost the current 4-vector, and find:

A'=AA
_ 1 2 (s2-4d) py 1 s2(s°—4d)po }
- y{ c 16a? g ’ O’ O’ B c 16 a2 €
_ 1 2 (s2-4d%) po v s (s*—4d®) po
_7{ T T 6t 0,0, -7 —152 & }

We calculate F*” using 12.132: F* = g, A" - 0, A*:

0 E./c E,Jc E/c
-E./c O B, -B,

Fr = - =
-E,Jc -B. 0 B,

-E./c B, -B, 0

0 x(2a%+2 4y y po y(2d®+2 4y po 0
2 2
4a* ce 4a”ce
_ x(2a2+x2 )y po 0 0 vx(=2a® +x% +y%)y py
4a2 ce 4a2 2 g
_ 2@+ +y%)ypg 0 0 vy (=2a%+x*+y) y pg
4a? ce 4a2 2 g
0 _vx2d P wyp _ vy(2a2+% 0y ypg 0
442 2 g 442 2 g

which gives us our fields.

Problem 8, Griffiths 12.43

a)
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Check that Gauss's law fE -da = é QOenc 18 obeyed by the field of a point charge in uniform motion, by integrating over a
sphere of radius R centered on that charge.

E=— —22 R (gg 12.92) =

3
4TQ (1132 sin’ (9))

fEda: q(1-V2/c?) f df d¢ sin() R?

3/2
4ne R2(1=v2/c? sin® 6)

_ qU—v*/c?) dfsin(6)
= Tara 2T (1=v2/c2 sin )
o s
+1
_ q(1-V2/c?) f du
- 2 3/2
2€ 1 (1—v2/02+2—2 u?)

+1
) (3)3 du
26 v 1 (%—lﬂtz)yz

(=2 /e?) s eN3 v 2 _
=q—5.— () () o =4

b)

Find the Pointing vector for a point charge in uniform motion. (Say the charge is going in the z direction at speed v, and
calculate S at the instant g passes the origin.

2,2 D 2,2 B 2
S= L (ExB) = L( q(1-V*/c?) R gvA-vie)sing) i)
o ¢ )= % =/ sin@)” B 7 47 oz sne)y” B

_ 1 1 v@(—v?/c?) sin() )
4rey 4mR* (1=12/¢? sin® (9))3



