assignment3.nb

Ph 114. Assignment 3

Solutions
TA: John Joseph M. Carrasco
jjmc@physics.ucla.edu

5.14.1

a) If ¢ is a function only of z, show that df/ds=- (cos(6y)/cy) dc/dz, with 6, the angle of elevation of the ray where ¢ = ¢y.

We know (c.f. eqn 5.14.15) that % (n= 2)x cos(f)) =0 = <L cos(f) = constant = —c(z:L(;J)=L-(, cos(8(z = 0) = 6,)
cos() _ cos(fy) .

Expanding the differential equation, % (n= %) x cos(#)) = 0, also gives us the relation:

d d . db d sin(0) df
0= - (ncos(d) = (42)cos(d) — nsin(®) & = < =n ;gj(g; L

We also know that % (nsin(9)) = % —

(% n) sin(6) + n cos(6) % = ‘i—" , substituing in for ‘i—t’ from above, and recalling sin® + cos? = 1 we have:
a6 (_n _\_ dn _ _ <« dc

ds (cos(ﬁ)) T dz T 2 dz =

40 _ _c« < de _ _ cos®) dc _ _ cos(h) dc '

v i cos(6) @ = el i and we're done.

b) If g=dc/dz is a constant, find the radius of curvature R. Is R a constant?

looking at picture 15.14.2 in the text, dz=sin(d) ds. Defining R=| % |, and plugging in from above, we
find:

R= _M£‘1|_|(_M )-1|_| ©_ 1|
- o dz - o 8 Tl cos® g I’

Yes, R is constant.

c) If the temperature of air decreases linearly with height z, verify that c¢(z) = ¢y — g z. The speed of sound goes
linearly with temperature = if T is linear with z, so mustc. c¢(z) = ¢y + kz, we find out what k is by differentiating
giving us: k=j—§ =g

Now they ask us to find radius of curvature for 8y = 0, and to ask at what x, z will have reached 10 meters.

From the link off my web-page, we find an equation for speed of sound as a function of tempera-

ture:
c@=com/s+.6m/s/Cx+T(z)

Printed by Mathematica for Students



assignment3.nb

If T(z) = =5 C/km = (z), then we have:
c(z) =340 +.6 (-52) =340 -3z = Igl=3 =>|R—— 11333‘

Now: —x —tan(9)=>fdx fdz tan(ﬂ()) fdzl/,/

fdz 1/\/ (3430403 5 — 1 (see 14.2.q for details)

We solve this integrating dz from 0 km, to .01 km, giving us f dx = 1.5km|.

5.14.2

Assume the speed of sound is given by the quasi-parobolic profile c(z) = cy(1 — (e z)z)_l/z. Let the depth z=0, which defines
the axis of the sound chanel, lie well below the surface of the ocean.

m a) Find the equation z(x) for rays emitted by a source at (x,z)=(0,0) with angles of elevation or depression
+6,

Hint: use Snell's law = tan(#), and f (a* - i du =sin”! (u/a)

’dx

£ = tan()) = =dx = [dx= [dz1/tan(0(z))

tan (9)

We know that from Snell's law: cos(6(z)) = COS(Q") 50 o(z) = H(z)= ArcCos[%Ug") c(z)] )
009(90) x/ 1—u2

Let's define 7 = . As tan(arccos(u)) = , we have:
\/1_ 7 2
tan(6(z)) = tan(arccos(n ¢(z))) = T
1
=y 7 -1
— —1 —
B \/ 7 q2(1-(€2?) !
1-(e2)? _ € 1- n L(,
- 7” co? -l= ']To (Z)
_ € _ 2 _ 1P e _ sin’(6y) .
defining p = ;= = @y - and @ = —5— = 252 we have:
— 2 _ 2 dz __ _
an@@) = u Va2 -2 = [Zhis =x =
L1 _ 1 s oI o _ sin(By)
So we have: . fdz =x= = arcsin( =) =x==>z = — sm( ) )

Nice, huh?
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= b) Average speed

s(x=Ax) 1 _ x=Ax
{e=0) T- s = fx:O —L(Z(x)) ) dx. This holds as:

is integral to work out myself to cancel epsilons, but

This is going to be:
dx
4 =cos(@)=ds = (9)

if you have the basic 1dea you'll get credit.

% where At= f

m ¢) Show that for |6y | < x/8, c(z) is a good aproximation to the parabolic profile co(l + % (e z)z)

This follows via series expansion. Small 6 = small change in speed of sound. can approx z as ssin(fy) =~ s6p.
-1/2 -1/2
co(l+ 5 (€% =co(l—(es0)7)  =co+ 55> co B +06}) =co(l + 5 (€560)*) + O6p™*)

~co(1+ 5 (€2)%)

Rest is plugging in numbers.

5.14.3

c@=co(l—€ |z

m a) Find the equation z(x) for rays emitted by a source at (x,z)=(0,0) with angles of elevation or depression
+60,

Hint: use Snell's law, = tan(6)

4z _ = tan(f) =

az =dx = [dx= [dz1/tan(0(z)

tan (9)

We know that from Snell's law: cos(8(z)) = COS(Q") c(z) = 6(z)= ArcCos[%ﬁg") c(z)] )
009(90) x/ 1—u2

Let's define 7 = . As tan(arccos(u)) = , we have:
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tan(f(z)) = tan(arccos(n c(z))) =

1
= [—1 -1
\/']2 o2 (1-(elz)™

— [ 1-€lz| -1 = Ve \/ 1-1% ¢ —|Z|
1% ¢ VRS €

\/1_,]2 2
ne

ihi _ Ne _ € _ 1= q® _ sin(p)? .
defining u = o T Tos@) and @ = ——— = —2—, we have:
_ _ dz _
tan(6(2)) _u\/a 2 :>ftan(9(z)) =
+f 1 _2(WeFz-Va _ 2
So we have: %L dz' N =X=>+¥ =x==>7 :ai(+%+\/a)
—\2 2 2
— — Xu _ XTu —
z-ai(+—2 + a) —ai(—4 +a +xu\/a)

— 2
2 Ve _ -
sin@)* , | * (—ms««n) L Ve / sin(fy )’
s + X
€ 4 € cos(fy) €

sin(6y ) 2 € sin(6 sin(f)
- € * (X ( 4 cos2(6y) ) € x cos(6p) )

If we take the minus, then we get:
sin(@) _ ex?

2= X o) Fcost@)

‘Which matches the answer in the back of the book:

2
3 . — 2 €z _ €x _ €x
Their answer: Z=2X - 2X sin2 g 2 ( 2 Sin[6y ] Cos[6y ] ) ( 2 Sin[6y] Cos[6y ] )

sin(fy ) €X’

=X cos(fp) 4 cos? 6y

mb

For a ray with initial angle 6, find the distance Ax between x-axis intercepts and the maximum distance Az it attains above
of below z=0.

So x-axis intercepts occur when z=0, so:

7= x sin(fo) _ €x? =0 = x=0 and x=4 cos () sin(6y) S0 Ax =4 cos(fp ) sin(fp )
- cos(fy) 4cos? 6y € ' €
Max dist Az:
v _ sin(y) _ €x _ _ 2cos(fy) sin(fy )
~ cos(fy) 2cos2(fy) 0 X = € =
_ 2cos(fy)sin(@y) sin(6y) _ € ( 2 cos(6p) sin(6y) )2
Zmax = € cos(fp) 4 cos? 6 €
. 2 2
— 2sm2(60)/e _ 4512 (6p) — sin (0y)
€ €
mC

For a given ray find an expression for the average speed with which energy propagates out to a distance x lying on the
channel axis.
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This is going to be : % , Where At = fx ) OXZAX #5(9) dx. Ihad trouble getting this integral to work out myself, but

if you have the basic idea, you'll get credit.
md
For |6y | < /8 show that c(z) is a good approx of the linear profile ¢ (1 + % €lz]).

This follows via series expansion. Small 6 = small change in speed of sound. can approx z as ssin(fy) =~ s 6p.
col=(e 2™ =eo(l = (es 16 )7 =co+ 5 s€co by + O6)) = co(1 + 5 (€56)) + O6y”)

~co(l+ 5 €lz))
Rest is plugging in numbers.
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