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This dissertation consists of work done on two disjoint problems. In the first two chapters I discuss

fractal properties of average-case solutions to the random minimal spanning tree (MST) problem:

given a graph with costs on the edges, the MST is the spanning tree minimizing the sum of the total

cost of the chosen edges. In the random version the costs are quenched random variables.

I solve the random MST problem on the Bethe lattice with appropriate boundary conditions

and use the results to infer fractal dimensions in the mean-field approximation. I find that con-

nected components of the MST in a window have dimensionD = 6, which establishes the upper

critical dimensiondc = 6. This contradicts a valuedc = 8 proposed previously in the literature;

I correct the argument that led to this value. I then develop an exact low-density expansion for

the random MST on a finite graph and use it to develop an expansion for the MST on critical per-

colation clusters. I prove this perturbation expansion is renormalizable arounddc = 6. Using a

renormalization-group approach, I calculate the fractal dimensionDp of paths on the latter MST

to first order inε = 6− d for d ≤ 6, with the resultDp ∼ 2− ε/7.

In the final chapter, I investigate the correspondence between wavefunctions in the fractional

quantum Hall effect obtained as blocks of a conformal field theory (CFT) versus those defined as

zero-energy eigenstates of projection Hamiltonians, specifically one which forbids three particles

to come together in one of two linearly-independent states of relative angular momentum six and

all states of lesser relative angular momentum. I construct zero-energy states from amplitudes of

superconformal currents using a result due to Simon. The counting of edge excitations of these

states agrees with the character formula for the superconformal Kac vacuum module at generic

central chargec, which implies this Hamiltonian is gapless for allc. I attempt to obtain a rational

theory by projecting out additional states, focusing on theM(3, 8) and tricritical Ising CFTs.
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Chapter 1

Introduction

The work presented in this dissertation takes the form of two disjoint projects undertaken with

my advisor, Nicholas Read: one on the average-case geometric properties of minimum spanning

trees (MSTs) [1, 2] and another (still in progress) on properties of trial ground states in the fractional

quantum Hall effect (FQHE) obtained as zero-energy eigenstates of special projection Hamilto-

nians. In this chapter, I discuss each project in turn, attempt to place it in context, present its

motivation and summarize the new results given in this dissertation.

1.1 Geometric properties of minimum spanning trees

The two chapters devoted to the minimal spanning tree problem are based on the papers [1] and

[2], and follow their organization closely. These sources were written collaboratively by Nicholas

Read and myself.

1.1.1 Context and motivation

Minimal spanning trees in graph theory, probability and computer science

The minimum spanning tree problem (MST) is an elementary, well-studied problem in com-

puter science in the particular field of combinatorial optimization [3–7]. The problem is defined

on an undirected, connected graph with costs`e associated with each edgee. I define a spanning

1



CHAPTER 1. INTRODUCTION

tree as a subset of the graph’s edges which connects all the vertices to each other (i.e., spans them)

without containing any cycles of edges (i.e., it is a tree in the graph theory sense). At least one such

tree exists if we assume the graph is connected. Note that the absence of cycles implies that there

is a unique path between any two points on the tree.

A minimumspanning tree is a spanning tree which minimizes the total cost of edges selected

to be on the tree, and the MST problem is to construct this tree given the graph and costs as

input. I give an example of a MST in figure 1.1. For a given input, this is rather simple to do

computationally, and can be accomplished by any one of a number of straightforward algorithms

[5, 8, 9].

4 16 12

13 10 1

15 9 3

8 17 7 14

2 11 6 5

Figure 1.1: An example of the minimal spanning tree (MST) problem. The figure on the left shows
the input, a graph with costs associated to the edges (the numbers). On the right is the MST of
the graph given those costs: the subset of edges (drawn with thick lines) which minimizes the total
cost of selected edges while connecting all vertices to each other.

Minimum spanning trees arise in many situations of network design. This is because they solve

what I refer to as the strong-disorder limit of the optimal path problem: suppose you have some

commodity that you need to transport between two points via some network (the graph), with a

particular cost for using each segment (edge) of the network. Here the quantity to be minimized

is the sum of the costs of edges in a path with specified endpoints. What I refer to as the “strong

disorder limit” below occurs when this sum may be approximated by its largest term —i.e., when

transport is dominated by bottlenecks. Then the minimal spanning tree is the union of the optimal

paths betweenanypair of points on the graph [10–13].

One specific and ubiquitous application of minimal spanning trees is the IEEE 802.1D standard

[14], which governs the behavior of network bridges connecting segments of an Ethernet computer

network. This standard calls for the bridges to collectively compute (an object related to) the

minimal spanning tree of the graph describing their connectivity, resulting in a unique path for

2



CHAPTER 1. INTRODUCTION

data to be passed between any pair of bridges, which greatly simplifies the routing of data in the

network.

Finally, a frequently encountered specialization of the MST problem is the continuum MST

problem [7, 15]. Here the vertices of the graph are points embedded in some metric space, the

graph is the complete graph (with an edge connecting any pair of vertices), and the edge cost is the

distance between its endpoints given by this metric. This has applications in the study of clustering

(or classification) of data: given a set of data points we would like to extract sets of these points

which are “similar” or “close together” in a sense captured by the metric. One computationally

inexpensive way to accomplish this is to compute the continuum MST of these points, and then

remove the longest edges according to some criterion, resulting in a partition of the vertices into a

set of connected components (the clusters) [16].

Minimal spanning trees in physics

Minimal spanning trees have also found applications in more physical situations. Here I find

it useful to define a variant of the MST problem which is amenable to treatment by statistical

mechanics methods: this is the specific problem I study in chapters 2 and 3. I fix the underlying

graphG to be a portion of some regular lattice (in section 2.2 I formulate mean-field theory on

the Bethe lattice and then extend the results to Euclidean lattices of high dimension in section

2.2.7). In this dissertation I concern myself with long-distance properties of the MST, so by the

standard universality arguments I expect my results to depend only on the lattice dimensionalityd,

independent of the microscopic lattice structure.

I then take the edge costs to be independent, identically distributed (iid) random variables from

some continuous probability distribution (as we will see in section 2.1.1, the shape of this distri-

bution will not be important). Because the edge costs are drawn from a continuous distribution,

they are distinct with probability one, and the MST produced from a fixed realization of the edge

costs is unique. I then perform aquenchedaverage over the edge costs:i.e., I obtain a probability

distribution on the set of spanning trees by generating many realizations of edge costs, solving the

MST problem on each one, and constructing a histogram of the number of times each spanning tree

3



CHAPTER 1. INTRODUCTION

is the MST. (This is how one would set up a numerical calculation of the properties given below,

but it is important to emphasize that my results are entirely analytic and obtained by other means.)

This random MST problem (which I refer to simply as “the MST problem” in chapters 2 and 3)

has applications to the problem of transport in highly disordered media, again via the connection

with the strongly disordered optimal paths. These were studied in [17–19]. Two main applications

that have been examined in the literature are undirected polymers in disordered media [11, 19] and

patterns of current flow in random resistor networks [20–22].

Figure 1.2: Depiction of a path between two points (the open circles) on one realization of the
random MST. The fractal dimensionDp measures how the fractal mass of the path (number of
thick edges) scales with the Euclidean separation of the endpoints (the gray line).

A noteworthy use of minimal spanning trees which does not arise from the study of optimal

paths is the spin glass model proposed by Newman and Stein [23]. In the strong disorder limit,

the problem of finding the ground state of an Ising spin glass may be directly mapped on to the

MST problem (see section 2.1.5) — specifically, the random MST problem with edge costs on the

boundary of the graph taken to be much smaller than any edge cost in the interior. This means

that any solution of the random MST problem on this restricted ensemble will consist of a minimal

spanningforest (MSF): the MST will consist of a numberNMSF of disjoint trees in the interior

connected by the boundary edges, as shown in figure 1.3. In the Newman and Stein model, each

component of the MSF corresponds to a “frozen” cluster of spins whose relative orientations are

fixed in all ground states, and whose absolute orientation is fixed by the boundary conditions. The

number of MSF components is therefore related to the number of ground states of this model,

which is a topic of controversy in the study of short-ranged spin glass models (see section 2.1.4).

The scaling of this number also sets the upper critical dimension of the random MST model (see

4



CHAPTER 1. INTRODUCTION

section 2.1.2), and hence the domain of validity of mean-field theory.

enter MIT

get Ph.D.

Figure 1.3: Illustration of the wired random MST construction arising in the strongly disordered
spin glass model of Newman and Stein [23]. Within any “window” or finite region in the interior
(gray line), the MST on an infinite graph with wired boundary conditions will appear to be a mini-
mal spanning forest of several space-filling, disjoint connected components. One such component
is highlighted in black.

From the Newman-Stein model, we may come full circle and return to the domain of computer

science, since questions about the ground state structure of spin glasses have direct application to

the existence, multiplicity and organization of solutions to hard optimization problems in computer

science [24–26].

The applications above provide the motivation for studying the quantities which will be of

central interest in chapters 2 and 3: namely the fractal dimensionDp of paths on the MST, and the

numberNMSF of connected components of the MSF induced in a window by a MST with wired

boundary conditions, or equivalently the fractal dimensionDMSF of one such connected component

(since the MSF components are space-filling).

5



CHAPTER 1. INTRODUCTION

1.1.2 Summary of prior work

The minimal spanning tree problem was first considered by Borukva [27] in 1926, who also

gave the first algorithm for its solution. It is beyond the scope of this dissertation to summarize

the work done on this problem in the computer science literature; I refer the reader to [28] for a

historical overview and to [29] for a readable summary of the major algorithms.

The strong disorder optimal path problem was originally considered by Cieplak, Maritan and

Banavar [11]. The connection between the strong disorder optimal path problem and MSTs was

first noticed in [17] and studied further in [10, 12, 20, 22, 30, 31] (note that not all of these deal

with Euclidean lattices). As mentioned above, applications to polymer physics were discussed in

[11, 19] and to random resistor networks were given in [20–22, 32].

There exist in the literature several numerical simulations [10, 11, 18, 19, 31, 33] determining

Dp, the fractal dimension of the strong disorder optimal path. These results are summarized in

table 1.4. To my knowledge no numerical studies ofDMSF exist.

d Dp

1 1
2 1.22± 0.01 [10, 11, 31]; 1.218± 0.001 [33]; 1.222± 0.003 [18]
3 1.42± 0.02 [10, 11]; 1.44± 0.02 [31]; 1.43± 0.03 [19]
4 1.59± 0.02 [11]

Figure 1.4: Numerically determined results for the fractal dimension of paths on the MST obtained
in the literature.

Newman and Stein’s strongly disordered spin glass model was proposed in [23]. Implications

of this model for spin glasses with finite disorder strength were considered in [34]. Some discus-

sions of similar issues in finite-range spin glasses are given in,e.g., [35–37]. Related considerations

also arose in the quantum spin glass (or random transverse field Ising model) [38].

To my knowledge, there has been littleanalytical work done on the random MST problem.

An (incorrect; see section 2.1.6) conjecture for the upper critical dimension was made in [23],

and in [21] the scaling properties of the costs were studied and related to scaling exponents in

percolation. As far as I am aware, this is also the only prior use of the connection between Kruskal’s

algorithm for computing the MST [8] and bond percolation [39, 40] which forms the basis for all

6



CHAPTER 1. INTRODUCTION

my calculations (see section 2.1.3).

Spanning tree models of a different sort than those I consider here have been studied in the

probability community. The question of the number of connected components was raised in a

construction of a minimum spanning forest in the continuum model directly in infinite volume by

Aldous and Steele [7, 15], who suggested that the forest has a single connected component in all

dimensionsd. It has been proved that there is a single connected component for this model ind = 2

[41], but for largerd there has not so far been agreement even at a heuristic level.

Although beyond the scope of this thesis, I also mention in passing the recent work on the

scaling limit of MSTs in two dimensions [33, 42, 43]. Interest in this problem stems in part from

the numerical observation in [33, 42] that the MST problem in two dimensions is one of the few

known examples of a system which is scale invariant but not conformally invariant.

1.1.3 Outline of new results

I now summarize the original results obtained in chapters 2 and 3, which recapitulate the ma-

terial of [1] and [2] respectively. In these chapters I develop an analytical theory for the random

MST problem which takes a form similar to those for critical phenomena in, for example, Ising

spin systems, or percolation. This means that the results presented in this dissertation fall into two

main parts: in chapter 2 I first define a mean-field theory, whose predictions are valid ford suffi-

ciently large. In section 3.3.4, a perturbation analysis around the mean-field theory will reveal that

it breaks down below an upper critical dimensiondc (inferred by geometric means in section 2.2.7),

and the perturbation theory can be traded in for an asymptotic expansion in powers ofε = dc − d

for d < dc, calculated by standard methods of statistical field theory. The derivation of this expan-

sion and the proof (to all orders in perturbation theory) of its renormalizability is the central topic

of chapter 3.

Bethe lattice and mean-field theory

In chapter 2 I consider the MST problem on the Bethe lattice, which motivates the development

of my mean-field theory. This model can be solved exactly in some cases, or exactly for asymptotic,

7



CHAPTER 1. INTRODUCTION

universal properties in more cases. In section 2.3.2, I also investigate the related Poisson-weighted

infinite tree (PWIT) model [15, 44, 45], which can be obtained as a limit of the Bethe lattice as

the coordination number goes to infinity and defines the mean-field theory of the continuum model

defined above. As motivated in the previous section, the main objects I will be concerned with

areDp, the fractal dimension of paths on the MST, andDMSF, the fractal dimension of connected

components of the MST visible within a window. This latter quantity is important because it sets

the upper critical dimensiondc for my model, above which mean-field theory is exact.

The Bethe lattice is, of course, itself a tree, so attention to the definition of boundary conditions

in the spirit of [23] is essential in producing nontrivial behavior. Specifically, in section 2.2.1 I

adopt wired boundary conditions which mean that the minimal object is a spanningforest(MSF):

a spanning, vertex-disjoint collection of trees. The MSF will have a nontrivial numberNMSF of

connected components, whose behavior is the central issue for the Bethe lattice model, for reasons

given in section 2.1.6. As the size of the lattice goes to infinity, the statistical properties of the MSF

have a well-defined limit, and I then calculate the numberM(m) of vertices that are connected to

the central site and lie withinm steps, which I call the “mass” withinm steps. I find (in section

2.2.5) that it scales as

M(m) ∼ m3 (1.1)

asm→∞. The standard method for transferring results from the Bethe lattice to a Euclidean lat-

tice (see section 2.2.7) entails that distancem on the Bethe lattice corresponds to distance squared,

m ∼ R2 on the Euclidean lattice. Using this relation, I find that the mass within distanceR of the

origin scales as

M(R) ∼ R6, (1.2)

so that the tree has fractal dimensionDMSF = 6. As the trees fill the lattice, this means that the

number of connected components that intersect a ball of radiusR, denotedN(R), scales as

N(R) ∼ R#MSF ∼ Rd−6, (1.3)

asR→∞, so the tree “proliferation exponent” [39, 46]#MSF = d−DMSF = d− 6. Note that on
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the Bethe lattice,N(m) increases exponentially withm, but there is a power-law correction factor

ofm−3 which produces the behavior relevant for the Euclidean lattice. By similar arguments I find

that the mass of an MST path within distanceR of the origin scales as

Mp(R) ∼ RDp = R2, (1.4)

so that, in the mean-field approximation, paths on the MST behave as random walks. Results (1.3)

and (1.4) constitute the main qualitative results of chapter 2.

The proliferation exponent#MSF cannot become negative, so even if the mean field theory is

indeed valid in high dimensions, it must break down in sufficiently low dimensions. The non-zero

proliferation exponent# is the geometric counterpart to the violation of hyperscaling relations in

critical phenomena atd > dc [39, 46], that is hyperscaling is obeyed when# = 0. Because the

union of the MSF clusters is space-filling, I must have

DMSF =

 6 (d ≥ 6),

d (d ≤ 6);
(1.5)

#MSF =

 d− 6 (d ≥ 6),

0 (d ≤ 6).
(1.6)

This result contrasts with that of Newman and Stein, who suggested thatdc = 8 for MSTs [23], in

the sense of nonzero#MSF defined above. I correct their argument in section 2.1.6. Finally, I note

that these values differ from known results for uniform spanning trees (USTs) where each spanning

tree on a finite graph is given equal probability, namelydc UST = 4 andDUST = 4 for d > 4 [47],

so this establishes that the random MST model is in a distinct universality class from USTs (at least

for d > 4) [42, 48].

Perturbative corrections to mean-field theory belowdc

In chapter 3 I formulate a continuum perturbation expansion for the geometry of the MST in

Euclidean space, which is close to being a field theory for MSTs. As with the mean-field theory,

9



CHAPTER 1. INTRODUCTION

it is based on the connection between bond percolation and Kruskal’s algorithm (section 2.1.3).

This formulation makes it possible first to rewrite the essentials of the Bethe lattice solution in

a form similar to a mean-field theory, and a corresponding calculation of the main correlation

function. The terms omitted from the mean field theory in Euclidean space can then be studied in

a perturbation expansion, which has no long-distance (infrared) divergences whend > dc = 6.

This justifiespost hocthe validity of the mean field theory for exponents ind ≥ 6, at least within

perturbation theory. BecauseDMST = d for d < dc, in this chapter I largely restrict my attention

to the fractal dimension of pathsDp, which exhibits non-trivial behavior. Ford ≤ 6, it becomes

technically difficult to construct the MST on the entire lattice, so as a simplification I consider the

MST problem on critical percolation clusters. The implications of this restriction are discussed in

section 3.6.

In section 3.2 I obtain a lattice expansion for connectedness functions on components of the

MSF. Although the primary utility of this result is to provide a basis for the continuum field theory

of section 3.3, the lattice expansion is of interest in its own right and could be taken as the starting

point for a mathematically rigorous formulation of these results usinge.g., lace expansion methods

[49].

In section 3.3 I obtain a perturbative expansion in terms of Feynman diagrams from the contin-

uum limit of this lattice expansion. I prove in section 3.4 that this expansion may be renormalized

in a consistent manner to all orders. I emphasize that both these results are technically non-trivial,

due to the non-locality of the MST problem. My diagrammatic expansion is defined in terms of

performing various manipulations on percolation diagrams, rather than being generated by an ac-

tion functional, and it appears likely that no such action defined in terms of a finite number of

locally-interacting fields exists (I will elaborate on this point in section 3.7). The fact that this non-

local optimization problem is, nonetheless, sufficiently local to permit the use of renormalization

group methods is perhaps the most noteworthy result of the chapter.

In section 3.5 I then perform a one-loop renormalization group calculation and obtain the fractal
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dimension of paths on the percolation cluster MST as an asymptotic series inε = dc − d, namely

Dp ∼ 2− ε/7 +O(ε2) (1.7)

asε → 0. I argue that this result also gives the dominant scaling behavior for widely separated

points on percolation clusters above the percolation threshold, for MSTs and the continuum model;

the results of [19] provide empirical support for this argument. There do not appear to be any

scaling relations that relate the geometric exponents for MSTs to those for percolation, unlike

those found for the costs in [21], even though the critical dimensiondc = 6 is the same.

Equation (1.7) is the main quantitative result of chapter 3. Because of the dangers involved in

setting, say,ε = 2 in an asymptotic expansion and the influence of the subdominant effects I have

neglected for finite sample sizes, I do not feel a meaningful comparison of the results presented in

this dissertation with the numerical results of [10, 11, 33, 42] and table 1.4 is possible.

1.1.4 Future directions

My calculations can in principle be extended to other exponents, such as those defined in [42],

or carried to higher orders inε. They can also be extended to include statistical properties that

involve the cost of the MST. Finally, I may finish the extension of the results of chapter 3 to

supercritical percolation clusters and address the “superhighways” conjecture discussed in section

3.6.1. A more relevant question is whether the methods I have developed are applicable to other,

potentially more interesting problems, such as different models of short-ranged spin glasses.

1.2 Projection Hamiltonians in the fractional quantum Hall effect

The final chapter describes the results of a completely different research project, done in col-

laboration with Nick Read and Steve Simon. This work is still in progress and is unpublished at

the time of writing.
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1.2.1 Context and motivation

The discovery and explanation of the integer and fractional quantum Hall effects is one of

the major achievements of modern condensed matter physics, representing the first experimental

realization of topologically ordered states of matter. The description of these topological phases

remains an open problem and the subject of much current activity (see next section).

In this part of the dissertation, I will discuss certain issues which arise in describing states of

the fractional quantum Hall effect (FQHE). Since the work of Laughlin [50], the main tool we

have for describing phases of the FQHE has been the formalism of trial wavefunctions, in which

a microscopic, first-quantized electron wavefunction is given which is taken to be representative

of the entire phase: the physical electron wavefunction is assumed to be adiabatically connected

to the trial wavefunctions, whose validity may be established by numerical exact diagonalization

studies done on systems of several particles.

In the literature there are two main ways to describe a trial wavefunction: either as a block

of some conformal field theory (CFT), or as the zero-energy eigenstate of a specially-chosen pro-

jection Hamiltonian. Both approaches have strengths and weaknesses: with the former definition,

topologically-invariant defining characteristics of the phase such as braiding statistics of quasihole

excitations (see section 4.1.4) may easily be read off from the field content of the CFT, while

states defined using the latter definition are easier to realize explicitly and work with numerically.

The overarching problem that my work in this chapter is directed at is that of reconciling the two

approaches to describing wavefunctions.

The results given in this chapter concern a very specific instance of this broad correspondence

we would like to establish: I consider a projection Hamiltonian giving rise to a clustered Hall state

[51], which is so called because the Hamiltonian forces the trial wavefunction to vanish as some

power of the particle separation whenever some number of particles are brought to the same spot.

Interactions of this type, while artificial, can be thought of as some sort of dressed Coulomb repul-

sion projected to the lowest Landau level. The specific Hamiltonian studied in this chapter forbids

one type of behavior as three particles come together with relative angular momentum six (in units

where~ has been set equal to one); this is significant because there is a two-dimensional space of
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ways this can happen; the allowed behavior is selected by free parameter in the Hamiltonian.

This situation offers an opportunity to formulate a connection between projection Hamiltonians

and CFTs: Simon [52] recently evaluated the amplitude of an arbitrary number of supercurrents in

an arbitrary conformal field theory with supersymmetry (a superconformal field theory, or SCFT),

and found that it took on a similar clustered form. This suggested that the FQHE states produced by

the Hamiltonian described in the previous paragraph might be generated by superconformal field

theories, with the free parameter in the Hamiltonian setting the central chargec of the theory.

Simon found that his result correctly describes the angular-momentum ground state for any

c. In section 4.3.4 we construct all excited states allowed by the Hamiltonian and find that the

resulting basis is, in fact, independent ofc: although the basis functions themselves change, there

are still the same number of linearly-independent functions at any level of angular momentum.

This is confirmed by counting the states: the character thus obtained is the character of the CFT

describing chiral edge excitations of the state, and for this basis the character is found to agree with

that of a non-minimal SCFT at generic central charge.

Stable quantum Hall phases are described by unitary CFTs [53], and obtaining a unitary mini-

mal theory requires excluding additional states in accordance with the singular vector structure of

the SCFT. I am able to construct basis states and find the additional projection operator needed to

obtain the (non-unitary)SM(2, 8) SCFT. The simplest unitary minimal SCFT appears to be the

tricritical Ising model,SM(3, 5), but here I have been able to make less progress. The necessary

projection operator here appears to require seven-particle interactions.

1.2.2 Summary of prior work

The literature on the definition, study and classification of trial wavefunctions in the FQHE is

vast; this review is necessarily quite narrow and focuses on those methods which attempt to study

the polynomial properties of the trial wavefunctions directly.

Wen and collaborators [54] approached the problem from what is essentially the opposite (and

arguably easier) direction: they investigated how CFT data such as fusion rules could be extracted

from a function obtained as a conformal block. Recently, these ideas have been further developed
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into the “pattern-of-zeros” approach [55], which has some similarities with the filtration method:

the pattern of zerosSa simply records the number of powers with which the wavefunction vanishes

asa particles are brought together (in the later references, this is supplemented with other data

from the CFT). Note that this method cannot accommodate the possibility of more than one fusion

channel, and it was found in the references above that the mapping from symmetric polynomials to

patterns of zeros is neither injective nor surjective: it is unknown what conditions need to be placed

on theSa to obtain a valid polynomial, and some values ofSa correspond to multiple Hall states.

A second approach has been the description of FQHE states via Jack polynomials [56], which

are a basis for the space of symmetric polynomials, dependent on a free parameterα. In [57] it

was first noticed that these polynomials obeyed a clustering property for certain values ofα, and

in [58] and elsewhere single elements of this basis were used to build clustered FQHE states. The

Jack polynomial states also have a close relationship with the thin torus limit [59] which maps the

two-dimensional many-body problem onto a one-dimensional lattice model. In this limit the Jack

polynomial wavefunctions map on to their dominant (or “root”) monomial term.

Recently it was conjectured [60] and then proved [61] that the(k, r)-admissible Jack polyno-

mials are certain correlation functions ofWAk−1 CFTs. While this is a large class of theories,

the only unitary theories in this class are the Read-Rezayi series (defined in [62]) of parafermionic

theories [60].

It is known that the above methods have a limited range of applicability and cannot uniquely

describe all FQHE states. This was first pointed out in [63], in which a counterexample was con-

structed using theS3 family of CFTs. The corresponding projection Hamiltonian requires the

zero-energy wavefunctions to vanish as four powers of separation when four particles approach

each other, but as was pointed out in [64], there are two linearly-independent ways in which that

can happen. None of the approaches above is (currently) capable of providing this extra informa-

tion.

In section 4.3.5 I employ another approach, the “filtration method,” which was introduced by

Read [65, 66] in the context of counting excitations of the parafermion states [62]. This method

consists in producing a filtration over the space of symmetric polynomials with a clustering prop-

14



CHAPTER 1. INTRODUCTION

erty by observing when the wavefunction vanishes as certain numbers of clusters of various sizes

are formed, leading to a maximally clustered form called a “residue.” From the set of residues, one

may construct a basis for the excitations.

1.2.3 Outline of new results

Because chapter 4 describes work in progress, the ratio of background material to new results

is accordingly higher. I now summarize the new results presented in this part of the thesis.

In section 4.3.3 I introduce a new basis of translationally-invariant symmetric polynomials

(4.71) (and additionally (4.76)) which is more readily applicable to filtration arguments than the

polynomial basis proposed in [64] (equations (4.62) and (4.63)). I prove that the polynomials in

this basis are linearly independent.

Stable quantum Hall phases are described by gapped Hamiltonians and unitary CFTs [53], so in

sections 4.3.5 and 4.3.6 I attempt to modify the set of basis functions (4.97) found by Read in [67]

for the generic SCFT in order to describe specific minimal SCFTs. These modifications correspond

to the inclusion of extra projection terms in the Hamiltonian. Section 4.3.5 deals with theSM(2, 8)

model, building on related results of Feigin, Jimbo and Miwa [68] for theM(3, p) series of Virasoro

minimal models; here I use the correspondenceSM(2, 8) = M(3, 8). This model is non-unitary,

but it has the advantage of being simple to deal with: I show how a basis of excited states (4.109)

may be obtained from the generic superconformal basis by adding extra couplings between clusters

of particles. I confirm that, with this change, the state counting correctly reproduces a fermionic

character forSM(2, 8), (4.112), meaning that all singular vectors have been dealt with. I discuss

the form of the extra term which must be added to the projection Hamiltonian in order to allow

only these states.

In section 4.3.6 I attempt to repeat the procedure on a unitary SCFT, theSM(3, 5) model

(which describes the tricritical Ising model [69]), and show that existing characters for this model

cannot be reproduced with this procedure. This strongly implies that the filtration argument must be

generalized in order to deal with this state. Similar difficulties are encountered with theSM(2, 4k)

series of models fork ≥ 3, implying that this behavior is the rule rather than the exception.
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In this section I also describe an alternative approach to the tricritical Ising model: rather than

begin with the basis functions, I use an overcomplete basis of states given by the action of the

Virasoro modes and modes of a chiral boson and determine the dimension of the space spanned by

these states at each level. This allows me to obtain the characters of the tricritical Ising model at

finite particle number (in equation (4.136)), which provide clues to which additional states must be

removed by the projection Hamiltonian. I obtain the explicit form of the level three singular vector

(the first state which must be removed) in the seven-particle system in equation (4.137), using the

basis obtained for the generic superconformal theory.

1.2.4 Future directions

As mentioned above, this project remains a work in progress. Obviously the main goal is to

understand what additional states must be removed by the projection Hamiltonian in order to obtain

the tricritical Ising model or some other unitary SCFT. What results I have on this model (given

in section 4.3.6) imply that the structure of states will look very different than those of a SCFT at

genericc, and probably involve some formulation of clusters of clusters of particles.

Intermediate steps to this goal may be provided by studying other, nonunitary models with re-

lated but simpler structure. In section 4.4 I discuss one promising series of models, theSM(2, 4k)

SCFTs fork ≥ 2; thek = 2 case is treated in section 4.3.5 and perhaps the useful features of its

solution carry over to other models in the series.

An effective solution to this problem will require incorporating data from the desired CFT into

the polynomial basis used, in a more extensive way than is done in section 4.3.4. The cluster-

ing properties I make use of in the filtration argument are obviously related to operator-product

expansions of the particle operators in the underlying CFT, but it may be necessary to know this

expansion to very high order in order to capture the complete singular vector structure.
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Chapter 2

Minimum spanning trees: Bethe lattice

In this chapter, I am concerned with a treatment of the minimum spanning tree (MST) problem

in the mean-field approximation. This problem asks us, given a connected graph with a real cost on

each edge, to find the spanning tree which minimizes the total cost of the occupied edges. In order

to obtain an interesting statistical mechanics problem, I fix the geometric structure of the graph and

let the edge costs be quenched independent random variables, thereby obtaining a random MST

ensemble. I am able to analyze this model due to a close relation between one of the simplest

algorithms for solving the MST problem [8] and bond percolation. My principal motivation for

studying the random MST problem comes from a strongly disordered spin glass model proposed

by Newman and Stein ([23] and section 2.1.5): The procedure for generating the ground states of

this model corresponds exactly to the MST problem I study. These concepts and arguments are

laid out in an appropriate level of detail in section 2.1.

In section 2.2 I formulate the random MST problem on the Bethe lattice with appropriately

chosen wired boundary conditions. The main objects I will be concerned with areDp, the fractal

dimension of paths on the MST, andDMSF, the fractal dimension of connected components of the

MST visible within a window. This latter quantity is important because it sets the upper critical

dimensiondc for my model, above which mean-field theory is exact. I find (in section 2.2.7)

Dp = 2 andDMSF = dc = 6. The latter result differs from the valuedc = 8 suggested in [23] via

a scaling argument; in section 2.1.6 I show where the assumptions of that argument are in error.
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My result implies that the strongly-disordered spin glass has infinitely many ground states above

d = 6 but only one pair below this value. In section 2.3 I argue my results also apply to random

ensembles of graphs which have a locally treelike structure.

In the following chapter I describe how corrections to the mean-field results may be computed

as an asymptotic series inε = dc − d. Because the behavior ofDMSF is trivial belowdc (there is

only of order one space-filling connected component), there I concentrate on the fractal dimension

of paths on (portions of) the MST.

2.1 Minimum spanning trees, percolation and spin glasses

In this introductory section, I define and motivate the models and concepts of statistical me-

chanics that I will make extensive use of in this chapter and the next. These considerations form

the foundation for the calculations I set out to perform.

I begin in section 2.1.1 by defining my object of study, the minimum spanning tree of a graph,

and deducing several properties that permit its efficient solution. I summarize two of the simplest

algorithms for computing the MST. In section 2.1.2 I turn to the subject of bond percolation, in

particular its description as a geometric critical phenomenon and its scaling behavior. I discuss a

geometric criterion for identifying the breakdown of mean-field theory, and introduce the related

model of invasion percolation. In section 2.1.3 I link the MST problem and percolation — this

correspondence is the key principle which enables all the computations in this chapter and the

next.

In section 2.1.4 I give a quick introduction to spin glass models in general. This is followed

in section 2.1.5 by a more detailed discussion of a strongly-disordered, exactly soluble spin glass

model proposed by Newman and Stein in [23]. This model is of interest because the problem

of finding its ground states may be mapped onto the MST problem; I describe this mapping in

detail. My discussion of the Newman-Stein model continues in section 2.1.6, where I discuss its

ground state structure. I also give a non-rigorous scaling argument establishing the upper critical

dimension, which is validated by the qualitative calculations in the next section.
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2.1.1 Minimum spanning trees (MSTs): properties and algorithms

Definitions

An instance of the minimum spanning tree (MST) problem is defined by an undirected, con-

nected graphG with vertex setV and edge setE with an associated cost`e assigned to each edge

e ∈ E. A solution of this problem — a minimal spanning tree — is an edge subsetT ∈ E which

minimizes the sum of the costs of the included edges,

`(T ) =
∑
e∈T

`e, (2.1)

connects all vertices (hence, “spanning”) and contains no closed cycles of edges, which makes it

a tree. If the costs̀e are positive, then any spanning subset of the edges which has minimum cost

is automatically a tree, and if the costs are distinct the minimum spanning tree is guaranteed to

be unique. Specifically, I will take the edge costs to be independent and identically distributed

(iid) according to some continuous distribution, which ensures the uniqueness of the MST with

probability one.

In what follows, I will view the cost (2.1) as an energy and the MST problem as a problem of

finding the ground state of a classical system whose possible configurations are spanning trees. I

will take the graphG to be fixed and the edge costs to be random variables, which makes the MST

equivalent to a classical system at zero temperature with quenched disorder: the energy must be

minimized for a fixed set of edge costs before any averaging over realizations of the edge costs is

performed. The annealed average corresponds to a statistical ensemble in which each spanning tree

of G is equally likely, which I refer to as uniform spanning trees (USTs).

In the following discussion, it will be useful to generalize this definition to a spanning forest,

which is a set of connected subsets ofE and a disjoint partition ofV , such that the vertices in each

part are spanned by an edge subset which has no cycles and no edges connect different parts. Note

that the vertex set partition may include isolated vertices. If a spanning forest is a subset of the

MST, I refer to it as a minimal spanning forest (MSF).
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Properties of the MST

For a given realization of edge costs, the MST enjoys many convenient properties which make

possible simple and efficient algorithms for the solution of the MST problem.

A reparameterization property of the MST comes from considering the converse of the MST

problem, which will often be the natural point of view in what follows. WithG fixed, the edge costs

determine the MST, but only a limited set of information about the edge costs may be deduced

from the MST. Obviously this doesn’t include the numerical value of any`e: the MST for two

realizations of edge costs that have the same relative order`e1 < `e2 < `e3 < · · · will be the

same, as pointed out in [10] and elsewhere. In what follows, I will make use of this invariance and

without loss of generality take the distribution of edge costs to be uniform on the unit interval. I

denote these rescaled costs byp.

In fact, the MST defines only a partial ordering on the set of edge costs, as evidenced by the fact

that the most efficient known deterministic algorithm for computing the MST on an arbitrary graph

[70] has significantly faster asymptotic running time than sorting all the edges of that graph by

cost. We may generate the set of inequalities among the edge costs from a given MST by repeated

application of any of the three geometric properties given below.

On a connected graph each spanning tree contains|V | − 1 edges, so if there were a bijection

between spanning trees and orderings of costs (or if each tree arose from the same number of

orderings), each tree would be equally likely to be minimal. This would imply that the statistical

ensemble of MSTs would be identical to the ensemble of USTs [47, 71], which is known not to be

the case [18, 21, 33, 42].

Further well-known geometric properties of the MST, proved in [5], are

1. The strong cycle property: for any edge not on the MST, there exists a unique closed cycle

of edges containing that edge such that all other edges on the cycle belong to the MST and

are less expensive than the given edge;

2. The strong cut property states that for any edge on the MST, there exists a unique disjoint

partition of the set of vertices into two parts connected by that edge such that all other edges
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joining vertices between the two parts are more expensive;

3. The minimax path property states that the path on the MST connecting any two vertices

minimizes the cost of the most expensive edge encountered along that path. I refer to this

most expensive edge (which is unique if edge costs are distinct) as the barrier between those

two vertices. In fact, this statement may be made more precise: paths on the MST may

be uniquely characterized in terms of a geodesic property, which is defined and proved in

section 3.2.1 (we will not need it in this chapter).

Any two of these statements implies the third.

A further monotonicity (or “greediness”) property is especially relevant for the operation of

MST algorithms [4]. Assume we are given some spanning forestF onG, which is not necessarily

minimal. There exists some spanning treeTF of G which minimizes the edge cost subject to the

constraint that it contain all edges ofF . If we select a connected component ofF and find the edge

e of minimum cost incident on only one vertex of that component, that edgee must be inTF .

This follows readily from the strong cut property: we may construct a derived graphG′ by con-

tracting all connected components ofF to single vertices. Spanning trees ofG′ are in one-to-one

correspondence with spanning trees ofG containingF . The statement follows from considering

the cut where the selected component (vertex) is one part of the cut, and all other vertices ofG′ are

the other part.

MST Algorithms

Adding e to F yields a forest with one fewer component, and so this process can be iterated

to constructTF . Hence the term “greedy”: at each step we make a locally optimal decision (the

addition ofe) and we never need to revise past decisions. In particular, if we begin with the empty

forest consisting of isolated vertices and no edges,G = G′ and we construct the MST ofG. The

only detail remaining to be specified is a criterion for selecting components ofF , which leads to

the two main simple algorithms for computing the MST:

1. The Jarńık-Prim-Dijkstra algorithm [9] (conventionally referred to as Prim’s) results from

21



CHAPTER 2. MINIMUM SPANNING TREES: BETHE LATTICE

selecting the same component at each step. As the algorithm runs, we grow a single large

connected component or “cluster” starting from the initial vertex.

2. Kruskal’s algorithm [8] results from selecting the component with cheapest bordering edge

e remaining: in other words, at each step one adds the cheapest edge not yet occupied that

does not create a cycle when added to the set of occupied edges. Generically, at intermediate

stages of the algorithm several clusters are present.

In either case, the algorithm stops when a spanning tree is formed after|V |−1 edges are occupied,

and from the greedy property this spanning tree is the MST. In practice both algorithms require

additional procedures for dealing with identical edge costs, which are not of interest here. The

performance of either algorithm can be improved through the judicious choice of data structures.

2.1.2 Bond and invasion percolation

Bond percolation

Percolation has been extensively studied by both physicists and mathematicians; I refer the

reader to the reviews [39, 72] for further information.

Bond percolation on a graphG is defined by taking each edge to be independently occupied

with probabilityp or unoccupied with probability1−p. We then study various geometric properties

of the clusters formed by the occupied edges. The most basic of these, for graphs that are a portion

of a regular lattice, is the percolation threshold: for lowp any given site (which we can take to be

the origin without loss of generality) will be in a cluster of finite extent. For largep the origin is

likely to be in a cluster of “infinite” extent, which we may define more carefully by working with

a system of large, finite size, considering clusters which are of extensive size, and taking the limit

as the system size goes to infinity. An alternative definition of “infinite cluster” which I will use

below is to consider those clusters extending from a neighborhood of the origin to the boundary of

the system.

Remarkably, these two regimes of behavior (connected and not connected to a distant bound-

ary) are separated by a critical value ofp which becomes a sharp threshold in the limit of infinite
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system size limit. Specifically, there exists a percolation thresholdpc below which the origin is

in a finite cluster with probability strictly one and above which there is some nonzero probability

to be in an infinite (spanning) cluster. This shows that percolation is an example of a geometric

critical phenomenon, in which scaling behavior is obtained in the absence of thermal fluctuations

— herep is analogous to temperature, or (more accurately) the relevant perturbation which takes

us across the critical fixed point atpc. In fact, analogues of all the standard critical exponents of

thermodynamic phase transitions may be defined in a way that I now briefly summarize.

Scaling properties of percolation

I now present some of the scaling properties for percolation on an infinite, finite-dimensional

Euclidean lattice [39]. The percolation thresholdpc is non-universal: its value depends on the mi-

croscopic structure of the lattice or class of graphs considered. For hypercubic graphs in dimension

d (i.e. Zd, with edges connecting nearest neighbors),pc lies strictly between0 and1 for d > 1,

while for d = 1, pc = 1.

For p < pc, there are finite clusters only. Asp approachespc from below, the typical length

scaleξ of a cluster (the correlation length) diverges asξ ∼ (pc − p)−νperc. For p > pc, with

probability one, there is a single infinite cluster and, forp < 1, a non-zero density of finite clusters

not connected to infinity. The correlation lengthξ is now defined by the size of finite clusters, and

diverges with the same power lawξ ∼ (p− pc)−νperc aspc is approached from above. The fact that

the percolation transition is governed by a single diverging length scaleξ is the essential reason

why it may be described in the standard language of thermodynamic phase transitions.

The critical exponentβperc is defined via the probability that the origin is on an infinite cluster

abovepc: we haveP∞(p) ∝ (p − pc)βperc. The exponentsαperc andγperc are less intuitive and

are related to the cluster size distribution: the total number of clusters has a singular part which

diverges as|p−pc|2−αperc, and the mean number of vertices on a finite cluster diverges as|p−pc|γperc.

The exponents defined above take the same values on either side of the threshold and obey the

standard scaling relations, such as the Rushbrooke equalityα + 2β + γ = 2. Below an upper

critical dimensiondc, additional hyperscaling relations hold, namelydν = γ + 2β, whered is
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the dimensionality of space. Ford > dc the exponents are independent ofd and take on their

mean-field values, which areαperc = −1, βperc = 1, γperc = 1 andνperc = 1/2. The upper critical

dimension for percolation isdc = 6, and exactly atd = dc the power laws given above receive

logarithmic corrections which I do not consider here.

Exactly atp = pc, there is a power law distribution of cluster sizes up to infinite size. There

is strictly zero probability for any site to be on an infinite cluster, but we may define the notion of

an incipient infinite cluster by looking at the largest (extensive) finite clusters in the system. These

clusters have fractal dimensionDperc = d − βperc/νperc for d < dc andDperc = 4 abovedc. This

analysis holds in the vicinity ofpc for length scales less thanξ; for p > pc on scalesL � ξ the

clusters haveDperc = d. Equating these relations at scalesL ' ξ yields the hyperscaling relation

for Dperc given above. Forp < pc and scalesL � ξ, Dperc = 0 and the large clusters grow only

logarithmically with the system size.

Cluster proliferation and the breakdown of mean-field theory

In this chapter and the next, I take pains to formulate my arguments in terms of geometric

concepts such as cluster size and connectivity. I should therefore point out how the breakdown

of hyperscaling and mean-field theory above and below the upper critical dimension may also be

phrased in geometric terms [39, 46].

Essentially, what happens is that ford < dc there is only one (or rather, of order one) incipient

infinite cluster, while abovedc there are extensively many. More rigorously, we can define an

additional proliferation exponent#perc so that ford ≥ 6, there are of orderL#perc large such

clusters intersecting a box of sizeL, where#perc = d − 6, while #perc = 0 for d ≤ 6. Factors

of ξ#perc will then enter all the scaling relations, since we need to include contributions from all

spanning clusters, and thisd-dependence will cancel thed-dependence in hyperscaling relations,

fixing the critical exponents at their mean-field values.

In this way, we can identify the upper critical dimension from purely geometric considerations,

rather than from the conventional analysis of the relevance of fluctuations induced by low dimen-

sionality. This will be useful for my purposes since I am dealing with geometric critical phenomena
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in the absence of thermal fluctuations.

“Dynamic” bond percolation

We may view percolation as a simple example of a quenched random critical phenomenon:

consider a graph with iid edge costs as described above. IfP (`e) is the distribution of any edge

cost, then if we occupy all edges with cost less than or equal to some`0 we obtain a realization of

bond percolation with parameterp = p0 given by

p0 =
∫ `0

−∞
d`e P (`e). (2.2)

Without loss of generality, we may rescale all the edge costs according to (2.2) and take the distri-

bution to be uniform on the unit interval, since all that matters in this process is whether a cost is

greater or less thanp0.

We can then obtain a dynamic percolation process by raisingp0 from 0 to 1. This grows a set of

clusters starting from the configuration consisting of all isolated vertices by adding edges in order

of their quenched cost, and terminates when all edges are occupied. This definition may appear

trivial, but it merits discussion due to its connection with Kruskal’s algorithm (below).

Invasion percolation

An alternative dynamic model of percolation is invasion percolation, which was defined in [73]

to more closely model the percolative behavior of fluids in real materials (see, also,e.g., [39]).

Here we take a graph with quenched edge costs as before, but grow a single cluster starting with a

given initial vertex (meant to represent a site of fluid injection). At each step, we occupy the least

expensive edge on the boundary of the cluster (i.e., which is incident on at least one vertex in the

cluster).

Note that, in this process, the costs of successively occupied edges may not increase mono-

tonically: new border edges become available as the cluster grows and these may be cheaper than

previously occupied edges. In fact, in an infinite system as the process is run for a long time the

newly added edges will all have costs≤ pc, wherepc is the bond percolation threshold on the same
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graph [73, 74]. In this long-time limit properties of the invasion percolation cluster approach those

of a critical percolating cluster, so its fractal dimension isDinv = Dperc = 4 for d ≥ 6 [73, 74].

2.1.3 MST algorithms and percolation

Remarkably, the percolative processes mentioned above enjoy a close relationship with the

Kruskal and Prim algorithms (respectively), which is essential for all calculations done in this

chapter. In both cases, we obtain an algorithm for generating the MST from the percolative process

by imposing an additional “no-cycle” condition: we consider edges in the order dictated by the

percolation process, but if occupying an edge would form a cycle with other previously occupied

edges, we leave that edge unoccupied and move on to the next. Note that this condition, if thought

of as an interaction, is highly nonlocal both in space (we may need to examine edges arbitrarily far

away to determine whether they form a cycle) and in time (we may need to examine edges which

were accepted arbitrarily long ago).

Kruskal’s algorithm and bond percolation

Inspection of the respective definitions shows that Kruskal’s algorithm is simply the dynamic

bond percolation process with the no-cycle condition imposed [75]. Note that that only the order

in which edges are considered matters (as a consequence of the reparametrization property of the

MST [10]). The process is fully characterized by the variablep0, and distinct probability densities

P (`e) give rise to the same probability measure on MSTs. Without loss of generality, in what

follows I will take `e to be uniformly distributed between0 and1, sop0 = `0, as above.

At any intermediate stage of the algorithm (with “time” being measured by the number of

edges that have been considered, or equivalently the value of the percolation parameterp0) the set

of occupied MST edges is a subset of the edges belonging to the percolation clusters obtained at

p0. This defines a minimal spanning forest which I denote MSF(p0); MSF(1) is the full MST. The

object MSF(p0) for p0 < 1 will also be of interest to us, particularly in chapter 3; for this reason I

will refer to the growth of MSF(p0) asp0 is raised as the “Kruskal process” in what follows below.
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Prim’s algorithm and invasion percolation

The connection between Prim’s algorithm and invasion percolation has been recognized a

number of times [10, 11, 17, 23]. There is a complication in that the algorithm generates the

full MST on a finite graph, but for sufficiently high dimensions in an infinite system the tree

obtained through this process will not be spanning, even as the numberN of edges considered

goes to infinity. Because this tree is dependent on the choice of initial vertexx, I denote it by

limN→∞ TN (x) = T∞(x). Clearly, the set of vertices on the invasion cluster and on the invasion

tree produced by Prim’s algorithm are the same, soT∞(x) will have the same fractal dimension as

the infinite percolating cluster atpc.

2.1.4 Spin glasses

The term “spin glass” can refer to any of a number of models of disordered magnetic materials.

A vast literature exists on the subject; I direct the reader to the reviews [25, 76, 77] for further

background than is provided here.

The prototype for such materials is a non-magnetic metal doped with magnetic atoms which

interact via the RKKY interaction, whose sign oscillates as a function of distance. Because the

structure of the resulting alloy is amorphous, a generic magnetic moment will have both ferromag-

netic and antiferromagnetic interactions of varying strengths with its neighbors.

Edwards and Anderson [78] argued that we must extend our notion of ferromagnetic order in

order to accommodate this pattern of interactions: such a system will always have a vanishing net

magnetizationm = 1
N

∑
i〈si〉 but at sufficiently low temperatures will have a nonzero value of

qEA = 1
N

∑
i〈si〉2, reflecting the “freezing in” of the spins to definite, fixed but spatially random

orientations. This leads to the two essential qualities for spin glass behavior:

1. Quenched disorder of coupling strengths, which breaks translational invariance of the sys-

tem. We recall that quenched averages of thermodynamic quantities must be computed using

a fixed sample of couplings, which are only averaged over in the end.

2. Frustration, in which the product of signs around a cycle of couplings is negative. This means
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there does not exist a ground state in which all couplings are satisfied,i.e. in which the spin

orientation minimizes the energy of all couplings individually.

The simultaneous presence of these two phenomena produce a complicated free energy landscape

in the system’s configuration space, which (unlike a non-random system) may have (extensively)

many local minima. This roughness is responsible for the experimentally observed consequences

of glassy behavior, such as extremely long equilibration times. It also makes analytic or numerical

treatment of spin glass models extremely difficult with existing methods.

The above features are represented in more abstract form in the Edwards-Anderson (EA) Ising

spin glass model [78], defined by the Hamiltonian

H = −
∑
i<j

Jijsisj (2.3)

for Ising spinssi = ±1, whereJij are quenched random variables taking both positive and negative

values. The underlying graph is typically taken to be ad-dimensional hypercubic lattice, and the

couplings are taken to be among nearest neighbors and iid according to some lattice-independent

distribution, for example a Gaussian with zero mean and fixed width.

The ground state of an EA model on a planar graph may be found in polynomial time via a

mapping to a network flow problem, but ford > 2 the problem of determining the ground state is

computationally costly. In fact, for this general (nonplanar) case the related problem of determining

whether the ground state energy is less than some bound is NP-complete [79], and hence is believed

to be impossible to solve in polynomial time. For a lengthier discussion of NP-completeness and

related issues from computer science, see [80].

Controversial aspects

The mean-field solution of the Edwards-Anderson model is formulated on the complete graph

[81], in which there is an (appropriately scaled) coupling between any pair of spins. The solution

of this model was first considered by Thouless, Anderson and Palmer [82] and fully achieved by by

Parisi and collaborators [83], under the name of replica symmetry breaking. This solution displays
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a number of remarkable features, most notably the presence of an infinite number of ground states,

not related by any symmetry transformation, described by an order parameterfunction.

It is generally acknowledged that the Parisi solution of the mean-field theory is correct, and

progress has been made on establishing the solution on a rigorous mathematical footing. What

remains controversial is what connection, if any, the mean-field solution has with the EA model in

finite dimension with short-range interactions;i.e. whether the Parisi solution constitutes a sensible

starting point for perturbation theory. Because of this uncertainty, even such basic features as the

lower and upper critical dimensions of the EA model and the number of ground states in the spin-

glass phase (finite or infinite) have not been conclusively determined [77].

Perhaps the most well-developed alternative scenario to replica symmetry breaking is the droplet

scaling model [84], which contradicts the former picture in several ways. The droplet scaling

model is a phenomenological picture in which the spin glass only has two ground states, related by

a global spin flip symmetry. Thermal fluctuations manifest themselves in the form of clusters of

flipped spins, with the size distribution of these clusters falling off as a power law.

2.1.5 Strongly-disordered spin glass model and MSTs

Newman and Stein [23] (see also [11]) defined a strongly-disordered spin glass model, con-

structed so as to be exactly soluble. The salient feature of this model is the presence of extensively

many ground states above an upper critical dimension, with only a single pair below this dimension-

ality, thus providing a not implausible scenario for the ground state multiplicity questions raised in

the previous section. The problem of finding the ground state of this model may be mapped onto

the MST problem, which provides one of my main motivations for studying this system.

Definition

The Newman-Stein (NS) model may be considered as the strong disorder limit of the EA model

on an arbitrary lattice in Euclidean space: the couplingsJij between the Ising spins are still iid,

but now we take the width of their distribution to be extremely large. In fact, as it turns out, this

width will need to grow extensively with the system size, for reasons described below. We take
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the coupling distribution to be symmetric, so that the sign of eachJij is positive or negative with

probability 1/2, independent of the coupling magnitudeKij = |Jij |.

The other substantial difference between the NS model and the EA model is that Newman and

Stein explicitly specify the boundary conditions to be used: each spin on the boundary of the lattice

is fixed to be either±1 arbitrarily, chosen independently of any couplings or spin values in the bulk.

These are referred to as wired boundary conditions, and their importance will become clear in what

follows. (Note that I have already referred to wired boundary conditions for MSTs in section 1.1.3:

these are the spin glass wired boundary conditions under the mapping to the MST problem, as will

be discussed further later on.)

Ground state algorithm

The primary utility of going to the strong disorder limit of the coupling distribution is that we

may assume that for any subset of edges, the coupling with largest magnitude dominates not only

the magnitude of all the other couplings but also their sum. This condition may be met if eachK is

larger than at least twice the next smallestK, which requires the width of the distribution to grow

with the number of couplings in the system — hence this model is not thermodynamically realistic.

Once this condition is met, the ground state of the model for a given choice of wired boundary

condition may be found by a greedy procedure. In Newman and Stein’s paper, they used a proce-

dure related to Prim’s algorithm as follows. In order to find the ground state orientation (either±1)

of the spin at sitei, we start by finding the largestKij among all edges incident oni. By the strong

disorder assumption, this coupling must be satisfied, so this fixes the relative orientation of spins

si andsj .

We then repeat the process, finding the next largestK ′ incident on this cluster of two sites,

which will fix the orientation of the cluster relative to some third spinsk, and so forth. We do

not need to consider edges that would form cycles in the cluster, since by the strong disorder

assumption the corresponding coupling is too weak to change any orientations that have previously

been determined —i.e., frustration has no effect on the ground-state structure of this model, which

is the key feature enabling this model’s exact solution. The process terminates when the cluster
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grown fromi (whose spins have been determined up to a global flip) touches the wired boundary,

which fixes the absolute orientation of all spins on the cluster. The orientation of remaining spins

may be determined by starting over and repeating the procedure for some site not on the cluster,

growing the tree until it intersects some previously fixed spin (either on the boundary or on another

tree), and continuing until the ground-state orientation of all spins has been fixed.

Connection with MSTs

This algorithm may be seen to compute the MST with the following identifications. First,

the spin glass couplings are considered in descending order of magnitude, so the ordering must

be reversed: the progress of the spin glass algorithm is identical to that of Prim’s algorithm on

the same graph with edge costs{−Kij}, up to when the first tree hits the boundary. In order

to complete the identification, we take all boundary spins to be connected by edges of less cost

(greater magnitude) than any edges in the bulk — this is the wired boundary condition for MSTs

mentioned in section 1.1.3, now motivated by the Newman-Stein spin glass model. MSTs with

wired boundary conditions were previously studied for their own sake in [7].

The wired boundary condition means that when the first tree hits the boundary, it then becomes

connected to all boundary spins, and that the final collection of all the trees is a MST on the original

graph plus the boundary edges. The algorithm originally presented by Newman and Stein is not

identical to Prim’s algorithm, because in order to generate the complete MST/ground state we must

periodically restart the growth of a new tree from a new vertex in the interior, but as noted in section

2.1.1 there are many possible algorithms which all yield the MST.

Because the ultimate pattern of satisfied couplings may be mapped onto the MST, we may use

any algorithm for finding the MST to compute it — in particular, we may use Kruskal’s algorithm

and its relation to dynamic bond percolation, discussed in section 2.1.3 . Once the MST is found,

the spin orientations follow from the signsεij of the couplings and the boundary spin orientation.

The treelike nature of the set of satisfied couplings means that there is no frustration, and since the

MST may be found in polynomial time, so may the ground state of this strongly disordered spin

glass.
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2.1.6 Ground states and critical dimension of the NS model

Newman and Stein constructed their model so that it would be exactly soluble by the above

procedure. The model was intended to probe ground state multiplicity in spin glasses [23, 77].

In order to discuss their result, we must examine more rigorously how thermodynamic states are

defined.

Constructing ground states of spin systems

Roughly speaking, we may think of a thermodynamic ground state as corresponding to one of

the local minima in the free energy landscape introduced in section 2.1.4, which is separated from

other local minima by barriers whose height is extensive with the system size.

In what follows we need only consider ground states, which can be identified (in an infinite

system) as those spin configurations whose energy cannot be lowered by changing the values of

any finite set of spins. A ground state on any finite portion of the lattice may be uniquely specified

by a choice of wired boundary conditions. We construct the thermodynamic limit via a two-step

process: we first let the sizeL of the system go to infinity by adding new spins and iid couplings

to those already present. In order for thermodynamic limit to exist, we need to select boundary

conditions for each of the sequence of finite-size systems so that the spin configuration (more

specifically, any correlation function) visible within any subregion of the system — a “window,” of

sizeW � L— converges to well-defined values asL→∞. We then let the size of the window go

to infinity (only after having letL → ∞ first) and require that the configurations agree where the

windows overlap. This is the rigorous definition of what is meant by the thermodynamic limit of

a lattice model. These precautions are necessary due to the uncertainty over the number of ground

states of the EA spin glass, as discussed in section 2.1.4.

Ground state multiplicity of the NS model

As described above, Newman and Stein constructed the ground state of their model based on

growing a number of invasion trees. The relative orientation of all spins on a connected component

are fixed by the bulk couplings and the strong disorder assumption, but the absolute orientation
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(or relative orientation of different components) is completely fixed by the orientation of the spin

where the tree intersects the wired boundary. As pointed out above, this spin is unique, and if we

change the wired boundary conditions so that its orientation is reversed, all spins on the connected

component will change.

This means that the logarithm of the number of possible different ground states of a NS model

in a box of sizeL is bounded byLd−1 log 2. This is only a bound since some boundary spins may

not be connected to any interior spins by the invasion tree algorithm, and changing them will not

change the ground state. However, in light of the discussion above, the real quantity of interest is

how many ground states are distinguishable in a window of sizeW � L within that system as

boundary conditions are changed. The logarithm of this number,logN (W ) is simply the number

of connected components of the MSF of size extensive inW which intersect the window. There are

potential ambiguities posed by the presence of subextensive components and components which

intersect the window more than once (i.e., which are connected somewhere outside the window),

but I assume these effects are not significant.

Therefore, we have

lnN (W ) = NMSF(W ) log 2, (2.4)

whereNMSF is the number of large MSF components visible in the window, which I take to behave

asW#MSF. This establishes that the upper critical dimension of the NS model is the same as that of

the MST problem, defined geometrically via spanning cluster proliferation as described in section

2.1.2. Abovedc, #MSF is nonzero,NMSF will scale withW , there will be extensively many MSF

components visible in the window and the NS model will have extensively many ground states,

not related by any global symmetry. Belowdc, #MSF = 0, NMSF will be of order one for anyW ,

and the NS model will only have one (or finitely many) ground state pairs, which are related by a

global spin flip.

This connection to the NS model is my main motivation for studyingNMSF. In practice, since

the MSF components are space-filling, we can arrive at this number by computing the fractal di-

mension of a single component, which I will do by integrating the probability that two points are

on the same connected component.
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Scaling argument for the critical dimension of the NS model

I now give a non-rigorous scaling argument determiningdc for the MST problem and NS

models, which will be confirmed by the calculations of the next section. Recall that in Newman

and Stein’s ground state algorithm, we needed to restart the invasion tree process from new spins

in the interior until the full ground state configuration was determined. In order to determine

whether two well-separated verticesx, y are on the same MSF component, we can first grow the

full invasion tree fromx to the boundary at infinity (yieldingT∞(x)), then restart the process from

y /∈ T∞(x), stopping when the invasion tree hits either the boundary orT∞(x). As noted in section

2.1.2,T∞(x) is a fractal object with dimensionDinv = 4 for d ≥ 6.

Therefore, as Newman and Stein argued, whend > 2Dinv = 8, there is a non-zero probability

thatT (y) will miss T∞(x) completely and connect to the boundary first [23]. This implies thatx

andy are on distinct components, so we have cluster proliferation aboved = 8, hencedc ≤ 8.

This argument would establishdc = 8 if the two fractal objectsT∞(x) andT (y) intersected

with probability of order one ford < 8, which would follow if they were statistically independent

by the simple fact that2Dinv < 8. Since we only examine edges on the perimeter of an invasion

tree while it is growing,T∞(x) andT (y) are independent when they are far apart. (Recall that the

perimeter of an invasion tree is the set of all edges incident on only one vertex of the tree).

This assumption of independence breaks down when the trees are about to intersect, however:

for this event to occur, we must add an edge toT (y) which is on the perimeter ofT∞(x) and hence

has already been examined. From our discussion of invasion percolation, we know that the costs

of edges on the perimeter ofT∞(x) are not distributed like those of the edges in the bulk and, in

fact, have cost strictly greater thanpc. This creates an effective surface repulsion between the two

trees which lowers the critical dimension.

This argument can be expressed in terms of correlation functions as follows. The probability

G(z− x) that a pointz will be onT∞(x) should behave as

G(z− x) ∼ |z− x|Dinv−d (2.5)
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for large|z − x| [23, 39]. If T∞(x) andT (y) were noninteracting and statistically independent,

the probability they would intersect would be proportional to

∫
ddzG(z− x)G(z− y) ∼ |x− y|2Dinv−d. (2.6)

Ford < 2Dinv(d) = 8 this is nonvanishing for large separations. This would establish the converse

result of Newman and Stein and also mean that MSF components have dimension at least2Dinv = 8

for d ≥ 8 (though Newman and Stein seem to have believed that this dimension would be4).

However, this estimate must be corrected to take the repulsive interaction into account.

In order to do this, we can make a scaling argument involving the properties ofT (y). Let ξ

be the scale of the linear size of the tree at some stage of its growth; then in order forT (y) to

intersectT∞(x) we need to takeξ of order |x − y|. If T (y) were infinite, its perimeter would

be infinitely large and it would never accept any edges more expensive thanpc, but because of

its finite size there are only finitely many edges to choose from, so occasionallyT (y) will have

to add an edge of cost slightly greater thanpc. Specifically we expect the size of the deviation

p − pc to be of orderξ−1/νperc for an invasion tree of sizeξ; the probability that a perimeter edge

of costp will be accepted whenT (y) has a size of orderξ will be some functionf1 of the scaling

variable(p− pc)ξ−1/ν perc. This function should have the limiting behaviorf1(x→ −∞) → 1 and

f1(x→∞) → 0. Likewise, the costs of perimeter edges onT∞(x) a distance of orderξ fromx are

distributed asf2[(p − pc)ξ−1/ν perc], for some other scaling functionf2 satisfyingf2(x < 0) = 0,

f2(x→∞) → 1. The intersection probability is then proportional to

∫
dp f1[(p− pc)ξ−1/ν perc]f2[(p− pc)ξ−1/ν perc] = O

(
ξ−1/νperc

)
. (2.7)

This analysis covers the first opportunity for intersection; we assume subsequent intersection evens

contribute a converging sum of terms which only modify the right-hand side of this probability by

a constant factor. Multiplying this probability by the right-hand side of equation (2.6), we find the

intersection probability should scale as|x− y|2Dperc−d−1/νperc. Referring to numerical estimates of
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Dperc andνperc for d < 6 [39], the only consistent solution to

2Dperc− d− 1/νperc = 0 (2.8)

happens atd = 6; hence for the MST problemdc = 6 and

DMSF =

 6 (d ≥ 6),

d (d ≤ 6);
(2.9)

#MSF =

 d− 6 (d ≥ 6),

0 (d ≤ 6).
(2.10)

In the next section, I obtain the same results through more rigorous calculations on the Bethe lattice.

I mention that the authors of Ref. [10], who did not investigateDMSF or #MSF, also stated that the

critical dimension for MSTs is six, apparently because they were using Prim’s algorithm and its

connection to invasion percolation which hasdc = 6.

2.2 The MST problem on the wired Bethe lattice

In the previous section I defined the MST problem and identified quantities of interest (arising

from, e.g., the correspondence with the Newman-Stein (NS) spin glass model discussed in section

2.1.5); in this section I will get down to the business of actual computations on the Bethe lattice,

which I will use as a mean-field approximation to the problem in Euclidean space. I begin in section

2.2.1 by describing the slightly unorthodox way in which I construct the mean-field approximation

for this problem (again referring to the NS model, I adopt an analogue of their wired boundary

conditions on the Bethe lattice). Keeping in mind the percolation-Kruskal correspondence dis-

cussed in section 2.1.3, in section 2.2.2 I review properties of the mean-field theory of percolation

on the Bethe lattice, which I will then modify in section 2.2.3 by imposing the history-dependent

no-cycles condition of Kruskal’s algorithm. I obtain integral equations for all correlation functions

of interest.

In section 2.2.4 I begin the analysis of the scaling limit of these correlation functions, by defin-
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ing an appropriate Green’s function and determining its scaling behavior. In section 2.2.5 I continue

by discussing the scaling behavior of the two-point correlation function, and in section 2.2.6 I give

arguments extending my analysis to generalk-point correlation functions. Finally, in section 2.2.7

I review these scaling results and describe how mean-field fractal dimensions (in finite-dimensional

Euclidean space) may be inferred from them.

2.2.1 Definitions

I develop a mean-field treatment of the MST problem by specializing to the case of the Cayley

tree, which is a finite tree of degreez = σ + 1 at every vertex, except for those at the boundary.

The boundary is taken to consist of all vertices a “radius” ofM steps from the origin. Since the

MST problem on a graph which itself is already a tree is trivial, I adopt wired boundary conditions

in order to obtain an interesting problem. I do this by connecting all boundary vertices to each

other with additional edges of infinitesimal cost, so that all boundary vertices are connected for any

p0 > 0 (see figure 2.1). This construction implements the wired boundary conditions of the NS

spin glass model (see section 2.1.5).

The “thermodynamic limit” of this system is obtained by takingM → ∞ and looking at

properties of clusters a finite distance from the origin, far away from the boundary, as discussed in

section 2.1.6. The result of this construction is referred to as the Bethe lattice; this is also the “weak

limit” discussed in [48], and this defines the mean-field model, whose scaling properties will be

identical to that of the MST on a Euclidean lattice of high dimension.

My use of wired boundary conditions means that when we run the Kruskal process, growing

clusters can only touch the boundary once: two connections to the boundary would form a cycle.

When the process is run to completion atp0 = 1, we obtain the MST of the wired Cayley tree,

which becomes a minimum spanning forest when we take the Bethe limit and neglect connections

at the boundary (equivalently, examine the system in a window around the origin).
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Figure 2.1: A sample realization of the MST (solid lines) on the wired Cayley tree. The graph
shown hasσ = 2 and radiusM = 5. Vertices on the boundary are connected with boundary
edges of vanishing cost, shown here as thin lines. All vertices in the interior are connected to the
boundary only once.

2.2.2 Percolation on the Bethe lattice

As explained previously (section 2.1.3), I make progress by using the correspondence between

the Kruskal process and dynamic bond percolation. Percolation on the Bethe lattice has been

studied thoroughly [39, 85]. The order parameter in this case is the probabilityP∞(p) that the

origin (or any vertex in the Bethe lattice) is on a cluster connected to the boundary, as a function of

the edge occupation probability. We obtain this by introducing the probabilityFm(p) that a given

vertexm steps in from the boundary isnot connected to the boundary through a given outward-

facing edge. This is related to the percolation probability viaPM (p) = 1− F σ+1
M (p) and satisfies

a recurrence relation

Fm+1(p) = (1− p) + pFm(p)σ, (2.11)

with F0(p) = 0. The first and second terms on the right-hand side of (2.11) correspond to either

the first outward-facing edge being unoccupied or that edge being occupied and no connection to

the boundary being available through theσ branches at the next step.
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In the Bethe lattice limit, all vertices a fixed distance from the origin are far from the boundary,

and the probability of any of them not being connected to the boundary along a particular outward

branch approaches a limitlimm→∞ Fm(p) = F (p), which is given by a stable fixed point of

F (p) = (1− p) + pF (p)σ. (2.12)

This has the trivial solutionF = 1, whose stability is given by linearizing the recurrence about

this solution for small deviations. The eigenvalue of the linearized recurrence forFm − 1 is σp.

For p < 1/σ, the solutionF = 1 is stable and, with probability one asM → ∞, no vertex is

connected to the boundary. Forp > 1/σ, the solutionF = 1 is unstable, and the stable solution

corresponds to a different root of (2.12) with0 < F (p) < 1; therefore, the percolation threshold

on the Bethe lattice ispc = 1/σ and the percolation probabilityP∞(p) = 1 − F σ+1(p) is zero

belowpc. Existence, uniqueness, and stability of these fixed points is proved in, for example, [86]

(in different notation).

Forσ = 2, (2.12) may be solved explicitly:

F (p) =

 1 p ≤ pc = 1
2

1−p
p p > 1

2 .
(2.13)

For generalσ, we can expand in powers ofp− pc, and find that

1− F (p) =
2σ
σ − 1

(p− pc) +O((p− pc)2) (2.14)

asp → pc from above. This implies thatP∞(p) ∝ (p − pc), and hence the mean-field critical

exponentβperc = 1.

2.2.3 MST connectedness functions

As noted above, the only difference between dynamic bond percolation and the Kruskal process

is the necessity of enforcing the lack of cycles in the latter, and the only cycles on the wired Cayley

tree are those that go out to the boundary. In order to calculate connectedness functions on the full
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MST, it is therefore necessary to keep track of the values ofp0 at which different vertices become

connected to the boundary. This leads us to define a “one-point function” for the MST problem as

the probabilityP(0;m)(p0) that the path on the MST from the origin0 to the boundary has formed

by timep0 (i.e., when all edges of cost≤ p0 have been tested) and passes through a given vertex

at distancem from the origin. In what follows, I use “path” to mean a self-avoiding walk that does

not backtrack on itself.

Note that I set up this calculation on the wired Cayley tree and then assume no difficulties are

introduced by taking the Bethe limit. As it turns out, the onlyM -dependent quantity involved is

FM (p) from the percolation problem, which possesses a well-behaved limit.

We may relabel the vertices so thatm is the origin and0 is the specified vertex that the path

to the boundary must pass through. For ever intermediate vertexj = 1, . . . ,m − 1 along the path

from the origin to the chosen vertex, there is a set of paths connectingj to the boundary through

any of theσ− 1 side branches leaving this path. Define`j,∞ as the minimum over this set of paths

of the maximum edge cost encountered along each of these paths (see figure 2.2): in other words,

`j,∞ is the value ofp at which a connection to the boundary is first formed along any of theseσ−1

side branches from vertexj in the dynamic bond percolation process. Forj = 0 (j = m), define

`0,∞ (`m,∞) as the minimum cost at which connection to the boundary is formed along any of the

σ outward branches (resp.,σ branches other than the specified path) in the Kruskal process.

Recursion for the one-point function

I then make use of the strong cycle property to come up with a recursion forP(0;m)(p0). In

going fromP(0;j−1) to P(0;j) we add a set of cycles which go from0 to j and through the side

branches atj. In order to ensure that the edge connectingj − 1 to j is on the MST, the most

expensive edge on each of these cycles must fall somewhere on the side branch. IfXj−1(p) is

some set of conditions such thatP(0;j−1)(p) = Pr[Xj−1(p)], the recursion step is

P(0;j)(p) = Pr
[( j∧

i=0

(`i−1,i < `j,∞)
)
∧ (`j−1,j < p) ∧Xj−1(p)

]
. (2.15)
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where∧ denotes a logical ‘and’ and I simplify the notation by defining`−1,0 = `0,∞. Note that

in determining whether the edge connectingj − 1 to j is on the MST, we only need to impose

`i−1,i < `j,∞ for j ≥ i. This fact allows the recursion to be readily solved: with the initial

condition that we impose no direction for the path,X0(p) = (`0,∞ < p) and the solution of the

recursion is

P(0,m)(p) = Pr

[( m∧
j=1

j∧
i=0

(`j,∞ > `i−1,i)
)
∧

m∧
j=0

(`j−1,j < p)
]
. (2.16)

0 jj ! 1 m· · · · · ·

Boundary

!0,! !j!1," !j,! !m,!

!j!1,j

Figure 2.2: Construction of a path on the Bethe lattice starting from the origin (labeledm), passing
through the vertex labeled0, and connecting to the boundary, here shown as a shaded line. For this
path to lie on the MST, the edge costs must obey the set of inequalities given in eq. (2.16). Note
that each vertical line (both solid and dashed) stands for a subtree, not just a single edge, so this
diagram depicts the entire Bethe lattice.

We can make (2.15) easier to work with by letting the origin have the same number of side

branches as the intermediate verticesj = 1, . . .m − 1. I let P ′
(0;m)(p) denote this modification.

Then (2.15) takes on a simple form if we work with the derivatives

Φj(p) =
d

dp
P ′

(0;j)(p), (2.17)

representing the probability density that the connection described above is formed atp. The initial

condition for the recurrence is

Φ0(p) =
d

dp

(
1− F (p)σ

)
. (2.18)

All costs appearing in (2.15) are statistically independent, since they deal with disjoint sets of

edges. We have

Pr[`j,∞ < p] = 1− F σ−1(p); Pr[`j−1,j < p] = p, (2.19)
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for j = 1, . . . ,m. The recurrence then becomes

Φj(p) = F (p)σ−1

(
pΦj−1(p) +

∫ p

0
dp′ Φj−1(p′)

)
= F (p)σ−1 d

dp

(
p

∫ p

0
dp′ Φj−1(p′)

)
.

(2.20)

The factor ofF σ−1(p) is the probability that theσ−1 side branches from vertexj are not connected

to the boundary byp. The two terms in the first line of (2.20) correspond to the two cases that

the most expensive edge connecting the vertexj to the boundary on the path (which has costp)

respectively either is not or is the edge connecting verticesj−1 andj. In the former case, the edge

connectingj − 1 andj is already occupied and the connection takes place somewhere before it in

the path with probability densityΦj−1(p). In the latter case the rest of the path is already formed,

with probabilityP ′
(0,j−1)(p), and the edgej − 1, j becomes occupied atp.

The recurrence may be written in terms of a kernelK:

Φj(p) =
∫ 1

0
dp′ K(p, p′)Φj−1(p′); (2.21)

K(p, p′) = F (p)σ−1
[
θ(p− p′) + pδ(p− p′)

]
= F (p)σ−1 d

dp

[
pθ(p− p′)

]
, (2.22)

whereθ(x) is the usual step function. This kernel has the meaning of a conditional probability

density: it is the probability density (in thep variable) thatj is first connected to the boundary

along the specified path passing throughj − 1 at valuep, given thatj − 1 is first connected to the

boundary in the specified manner at valuep′. Clearly, this must vanish ifp < p′. If the factors

of F σ−1 are omitted, then we obtain the corresponding conditional probability for dynamic bond

percolation, in which any number of connections to the boundary along side branches are allowed.

Similar interpretations apply to the iterates ofK that I consider below.

A related result phrased in terms of the Tutte polynomial was found by Steele and Fill in [87],

although they did not mention the geometrical connection to percolation clusters.
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Multi-point connectedness functions

All multi-point correlations on the wired Cayley tree may be built from the recurrence relation

(2.21). Iteration of the recurrence requires iterated integrals ofK:

K∗m(p1, pm+1) ≡ K ∗K · · · ∗K(p1, pm+1)

=
∫ 1

0
dp2 · · ·

∫ 1

0
dpmK(p1, p2) · · ·K(pm, pm+1).

(2.23)

The explicit step andδ- functions in each factor ofK guarantee thatp1 ≥ p2 ≥ · · · ≥ pm+1.

Referring to the definitions, we then have

P(0;m)(p0) =
∫ p0

0
dp dp′ F (p)K∗m(p, p′)Φ0(p′), (2.24)

where the factorF (p) in the final integration restores the correct number (σ+1) of branches at the

origin.

We can obtain multipoint correlation functions by introducing branching into the path via addi-

tional chains ofKs. For example, the two-point connectedness function is the probability that two

points at distancesm1 > 0,m2 > 0 from a vertex that I label0 are both connected to the boundary

through0 by the timep = p0, and is given by

P(0;m1,m2)(p0) =
∫ p0

0
dp1 dp2 dp

′
1 dp

′
2 F (p1)F (p2)K∗m1(p1, p

′
1)K

∗m2(p2, p
′
2)Φ(0;0,0)(p

′
1, p

′
2)

(2.25)

(see figure 2.3). The initial distribution isΦ(0;0,0)(p, p′) = δ(p− p′)d/dp (1− F σ−1(p)), because

the connection of0 to the boundary must not use either of the two side branches leading tom1

andm2. I then define the two-point correlation functionC(2)(m, p0) as the probability that two

vertices at separationm are connected to each other and to the boundary byp0. Form > 0, it is

given by

C(2)(m; p0) =
m−1∑
m′=1

P(0;m′,m−m′)(p0) + 2P(0;m)(p0). (2.26)

The term2P(0;m)(p0) covers the cases where the path to the boundary on the tree from one vertex
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passes through the other. Form = 0, I defineC(2)(0; p0) = P(0;0)(p0) = P∞(p0).

0
m

· · · · · ·

Boundary

m1 m2

· · · · · · · · · · · · · · ·
p1 p!

1 p!
2

p2

Figure 2.3: The set of paths contributing toC(2)(m; p0), drawn using the same conventions as
figure 2.2. Here I sum over allm1 ≥ 0,m2 ≥ 0 such thatm1 +m2 = m.

This construction of the two-point connectedness function can be straightforwardly extended to

multipoint correlations, giving the probability that, by timep0, several specified vertices are on the

same component of the tree and connected to the boundary. To compute thek-point connectedness

function, one draws all possible trees connectingk leaf vertices to a root vertex0, denoting the

connection to the boundary. We associate a factor ofF with each leaf vertex and an iterated kernel

K∗me with each edgee of the tree, and sum over all the lengths{me} subject to conditions on the

separation of the leaf vertices. Ifn branches meet at the root vertex, we generalizeΦ(0;0,0) and

associate with it a factor of

Φ(0;0,...,0)(p1, . . . , pn) =
d

dp1

(
1− F (p1)σ−1

) n∏
j=2

δ(p1 − pj). (2.27)

Similarly, by comparingd/dp0P∞(p0) with Φ0(p′) andΦ(0;0,0)(p′1, p
′
2), we may obtain the func-

tions that must be associated with the other vertices of the tree: when one path splits inton paths

we must insert a factor of

vn(p1; p2 · · · pn+1) =
σ + 1− n

σ + 1
1

F (p1)n

n∏
j=2

δ(p1 − pj). (2.28)

Thesek-point functions will be used in section 2.2.6 to analyze the geometry of the trees.
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2.2.4 Asymptotic behavior of the iterated kernel

Eigenfunctions

To make further progress, we need to analyze the behavior of the iterated kernelK∗m. The

analysis ofP(0,m)(p0) turns out to be simple: substituting (2.18) into (2.20) and using (2.12) shows

thatΦ1(p) = Φ0(p)/σ. In other words,Φ0 is a right eigenfunction ofK with eigenvalue1/σ. It

follows thatΦj(p) = Φ0(p)/σj for j = 1, . . . ,m− 1, and

P(0,m)(p0) =
1− F (p0)σ+1

(σ + 1)σm−1
=

P∞(p0)
(σ + 1)σm−1

. (2.29)

In particular, if we run the Kruskal process to completion by settingp0 = 1, we haveP(0,m)(1) =

1/(σ+1)σm−1. The meaning of this result should be clear: due to the isotropy of the Bethe lattice,

the path from the origin to infinity (which exists atp0 with probabilityP∞(p0)) must pass through

one of the(σ+ 1)σm−1 vertices a distancem away, and all paths are equally probable, so the path

is a random walk without backtracking on the Bethe lattice. In section 2.2.7, I will interpret this

path as an isotropic random walk with fractal dimensionDp = 2 in Euclidean space.

We can obtain all the right eigenfunctions ofK by rewriting the eigenvalue equation forK,∫ 1
0 dp2K(p1, p2)vλ(p2) = λvλ(p1), in terms of the integralVλ(p) =

∫ p
0 dp

′ vλ(p′). This gives an

ordinary differential equation forVλ(p),

(
λ− pF (p)σ−1

) d
dp
Vλ(p) = F (p)σ−1Vλ(p), (2.30)

whose general solution is

Vλ(p) = C exp
∫ p

dp′
F (p′)σ−1

λ− p′F (p′)σ−1
. (2.31)

for some proportionality constantC. By definition,Vλ must have the initial conditionVλ(0) = 0

and be continuous for allp. The only way to satisfy the inital condition (other than in the degenerate

caseVλ = 0) is by havingλ = pF (p)σ−1 for somep, which implies that the eigenvalueλ lies in

the interval(0, 1/σ]. For 0 < λ < 1/σ, there are two solutionsp±λ to λ = pF (p)σ−1, with
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p−λ = λ < pc < p+
λ . The only way to satisfy continuity is by imposingVλ(p) = 0 for all p < p+

λ

(otherwiseVλ would be singular atp−λ ). It may be verified that, forλ = 1/σ, the above solution

reproduces the result we found previously:p±λ = pc = 1/σ andv1/σ(p) ∝ Φ0(p).

As p→ pλ from above, the solutions (2.31) have a power law behavior,

Vλ(p) ∼ (p− pλ)αλ+1. (2.32)

ExpandingF (p) nearpc, we findαλ ∼ −2σ(pλ − pc) aspλ → pc from above. Asp+
λ → 1

(i.e., λ → 0), we getαλ → −1, andαλ always lies between0 and−1. This establishes that the

eigenfunctionsvλ are positive and integrable for allλ ∈ (0, 1/σ].

Green’s function formalism

To make progress with multi-point connectedness functions such as (2.25), I first introduce the

generating function

Φ̃w(p) =
∞∑

j=0

wjΦj(p), (2.33)

for complexw. This may be thought of as a discrete Fourier-Laplace transform. Inserting this into

(2.21) and summing overj yields

∫ 1

0
dp′
[
δ(p− p′)− wK(p, p′)

]
Φ̃w(p′) = Φ0(p). (2.34)

I solve this integral equation by finding the resolvent operator (or Green function)gw such that

∫ 1

0
dp2

[
δ(p1 − p2)− wK(p1, p2)

]
gw(p2, p3) = δ(p1 − p3). (2.35)

The formal solution of (2.35) is simply

gw(p1, p2) = δ(p1 − p2) +
∞∑

j=1

wjK∗j(p1, p2). (2.36)
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Because the set of eigenvalues ofK is the interval(0, 1/σ], the series will not converge for|w| > σ,

as we will see below. From the structure ofK, we expect in general thatgw vanishes forp1 < p2.

Because of theδ-function terms in (2.35) (note thatK contains aδ-function piece),gw contains a

δ-function term as well as a smooth term. For|w| < σ, theδ-function part is clearly

gw(p1, p2) =
δ(p1 − p2)

1− wp1F (p1)σ−1
+ . . . , (2.37)

where the omitted parts are ordinary functions. Forw real and in the interval[σ,∞), the coefficient

of theδ-function blows up atp1 = p2 = 1/w and atp1 = p2 = p1/w, in terms of the valuesp+
λ

related to the eigenvaluesλ of K as above.

Equation (2.35) can be converted into a differential equation by defining

Gw(p2, p3) =
∫ p2

0
dp′2 gw(p′2, p3) (2.38)

with the obvious boundary conditionGw(0, p3) = 0. Then

(
1− wp1F (p1)σ−1

) d

dp1
Gw(p1, p2)− wF (p1)σ−1Gw(p1, p2) = δ(p1 − p2). (2.39)

Forp1 ≤ pc we haveF (p1) = 1 and (2.39) is solved by

Gw(p1, p2) =
θ(p1 − p2)
1− wp1

, (2.40)

which vanishes ifp2 > pc.

The solution to (2.39) for allp1 and p2 is obtained by solving the equation without theδ-

function term forp1 > p2 as in (2.30) (withλ = 1/w), and choosing the constant to obtain the

correct discontinuous behavior atp1 = p2 (because of theδ-function). Because of the boundary

conditionGw(0, p2) = 0, we impose the requirement thatGw must vanish forp1 < p2 for all p2.

The result is

Gw(p1, p2) =
θ(p1 − p2)

1− wp2F (p2)σ−1
exp

∫ p1

p2

dp′
wF (p′)σ−1

1− wp′F (p′)σ−1
. (2.41)
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Thengw is obtained asgw(p1, p2) = ∂Gw(p1, p2)/∂p1. Bothgw andGw can be seen to be complex

analytic forw 6∈ [σ,∞). gw exhibits singular behavior ifw is real and in[σ,∞) (as expected),

and nowhere else, which means that the spectrum ofK is precisely the interval(0, 1/σ]. For

w 6∈ [σ,∞), there is no solution of the homogeneous equation obeying the initial condition that

could be added to the solution. These results agree with the earlier statements for the two regimes

|w| < σ andp1 < pc.

Asymptotics of the iterated kernel

In order to obtain universal critical exponents, we need to investigate the scaling regime, which

means probing the behavior of connectedness functions on length scales that are large relative to

the lattice spacing, hence we need to determine the largem behavior ofK∗m. Using the definition

of gw as a generating function, we have

K∗m(p1, p2) =
1

2πi

∮
dw

gw(p1, p2)
wm+1

, (2.42)

where the contour is a small circle around the origin. Becausegw is analytic inw except on[σ,∞),

we can increase the radius of the contour until we hit the first singularity inw, which is located

on the real axis at the valuewc defined by1− wcp2F (p2)σ−1 = 0. Parameterizing the contour as

w = wce
−iτ , the most strongly divergent piece of the integrand at this singularity will determine

the large-m behavior ofK∗m via

∫ π

−π
dτ

eiτm

(iτ)z
=

2πmz−1

Γ(z)
+ imz−1

(
e−iπzΓ(1− z;−imπ)− eiπzΓ(1− z; imπ)

)
, (2.43)

whereΓ(z; t0) =
∫∞
t0
dt e−ttz−1 is the incomplete gamma function. The first term on the right-

hand side of (2.43) comes from the part of the contour coming in fromτ = 0+ + i∞, encircling the

singularity at the origin and returning toτ = 0− + i∞. If z is not an integer, there will be a branch

cut fromτ = 0 to τ = +i∞, but we may use the same contour and obtain the same answer. The

last terms come from the segments of the contour running fromτ = −∞ to τ = −π andτ = π to
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τ = ∞; using the asymptotic form of the incomplete gamma function we see that

imz−1
(
e−iπzΓ(1− z;−imπ)− eiπzΓ(1− z; imπ)

)
∼

2
mπz

sin
(

2πm+ π(1− z)
2

)
+O(1/m2), (2.44)

so these terms may be neglected relative to the first asm→∞.

Exact asymptotic form of the iterated kernel

In order to obtain the explicit asymptotic behavior ofK∗m in closed form, we needF (p) in

closed form, and therefore specialize to the caseσ = 2 for the remainder of this section. In this

caseF (p) was found in (2.13) and

exp
∫ p1

p2

dp′
wF (p′)σ−1

1− wp′F (p′)σ−1
=
(
pw
2 (1− w(1− p1))
pw
1 (1− w(1− p2))

) 1
w−1

(2.45)

whenp1 > p2 > pc. Defininghw(p) = 1− w(1− p) for brevity, we then have

gw(p1, p2) =
d

dp1

[
θ(p1 − p2)
hw(p2)

(
pw
2 hw(p1)
pw
1 hw(p2)

) 1
w−1

]
. (2.46)

It might appear that (2.46) has an essential singularity atw = 1, but in fact

lim
w→1

gw(p1, p2) =
d

dp1

[
θ(p1 − p2)

p1
e

1
p1
− 1

p2

]
, (2.47)

and the singularity with smallest|w| is given byhwc(p2) = 0; i.e. wc = 1/(1 − p2). With this

definitiongw may be rewritten as

gw(p1, p2) =
d

dp1

θ(p1 − p2)

(wc − w)
w

w−1

(
pw
2 hw(p1)

pw
1 (1− p2)w

) 1
w−1

. (2.48)

49



CHAPTER 2. MINIMUM SPANNING TREES: BETHE LATTICE

Because1/2 ≤ p2 ≤ 1, we know1 ≤ wc/(wc − 1) ≤ 2 and the factor of(wc − w) is responsible

for all divergences asw → wc. To find the leading-order divergence of this factor, we use

(wc − w)−
w

w−1 = exp

[
log(wc − w)

(
−wc

wc − 1
−

∞∑
n=1

(wc − w)n

(wc − 1)n+1

)]

= (wc − w)−
wc

wc−1 +O
(
(wc − w)−

wc
wc−1

+1 log(wc − w)
)
, (2.49)

which, withw = wce
−iτ , diverges as(iτ)−1/p2 . We may now use (2.43) to evaluate

K∗m(p1, p2) =
1

2πwm
c

∫ π

−π
dτ eiτmgwce−iτ (p1, p2). (2.50)

Because of cancellations that take place in (2.46) whenp1 = p2, we must take the derivative with

respect top1 explicitly before them→∞ limit. The result is

K∗m(p1, p2) ∼ δ(p1 − p2)(1− p2)m

+ θ(p1 − p2)
(1− p1)(1− p2)
p1(p1 − p2)2

(
p2(p1 − p2)
p1(1− p2)

)1/p2 (1− p2)mm1/p2−1

Γ(1/p2)
. (2.51)

2.2.5 Asymptotics of the two-point function and mass

Building on the results of the previous section, I may now obtain the behavior of the two-point

functionC(2) and hence the scaling properties of the mass of one component of the Bethe lattice

MSF. I present two versions: an essentially exact version forσ = 2, and an asymptotic calculation

valid for all σ in the regionp0 − pc small.

Exact asymptotics

If we make no further approximations, when we calculate correlation functions such as (2.26)

it is clearly easier to integrate overp2 first and then find the large-m behavior rather than attempt

to integrate (2.51) directly overp2. As an example we now calculate the asymptotic behavior of
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C(2)(m; p0). Insertingδm,m1+m2 in (2.26) gives

C(2)(m; p0) =
∫ p0

0
dp1dp2

1
2πwm

c

∫ π

−π
dτ eiτmΦ̃wce−iτ ,wce−iτ (p1, p2), (2.52)

where

Φ̃w1,w2(p1, p2) =
∫ 1

0
dp′1dp

′
2 gw1(p1, p

′
1)gw2(p2, p

′
2)Φ(0;0,0)(p

′
1, p

′
2). (2.53)

with Φ(0;0,0)(p′1, p
′
2) = θ(p′1 − pc)δ(p′1 − p′2)/p

′2
1 for σ = 2. This integral is done easily:

Φ̃w,w(p1, p2) =

d

dp1

d

dp2

1
w + 1

(
hw(p1)hw(p2)

pw
1 p

w
2

) 1
w−1

[(
1

2− w

)w+1
w−1

−
(

p

hw(p)

)w+1
w−1

]
, (2.54)

wherep = min(p1, p2). Clearly, since the integrand in (2.53) has no support belowpc, we obtain

a branch cut starting atwc = 1/pc = 2 and this is the maximum radius the contour inw may take.

Since the only divergence asw → 2 comes from the first term in the square brackets, we obtain

Φ̃2e−iτ ,2e−iτ (p1, p2) =
d

dp1

d

dp2

h2(p1)h2(p2)
p2
1p

2
2

[
1
3

(
1

2iτ

)3

+O
(

log τ
τ2

)]
. (2.55)

Then, using ∫ π

−π
dτ

eiτm

(iτ)3
∼ m2π +O(1/m) (2.56)

and ∫ p0

pc

dp
d

dp

h2(p)
p2

=
2p0 − 1
p2
0

(2.57)

we finally obtain

C(2)(m; p0) ∼
(

2p0 − 1
p2
0

)2

2−m

(
m2

48
+O(m logm)

)
. (2.58)

We see thatC(2)(m; p0) scales asm2/σm for largem, and this behavior is obtained foranyp0pc.
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Asymptotics in the critical regime

Next I present an alternative calculation valid for allσ whenp0 − pc is small. I will define

δp = p− pc (bute.g.δ(p1 − p2) is aδ-function as usual). First we write

pF (p)σ−1 ' pc − δp, (2.59)

F (p)σ−1 ' 1− 2σδp, (2.60)

valid asp → pc from above. Then, using (2.41),Gw can be calculated forw 6∈ [σ,∞). Because

all the singular behavior asw → σ arises from the denominator of the integrand of (2.41), we may

approximateF σ−1(p) ' 1 in the numerator and

Gw(p1, p2) = θ(p1 − p2)
δp1 + 1/w − pc

w(δp2 + 1/w − pc)2
(2.61)

for δp1, δp2 both small and positive. Then if we consider the transform

C̃(2)
w (p0) =

∞∑
m=0

wmC(2)(m, p0) (2.62)

we notice that the transform of the sum overm1 in eq. (2.26) becomes simply a product ofgws

inside the integral in eq. (2.25), and we neglect the factorsF (p1), F (p2) as these do not affect the

leadingm dependence. Further we can neglect2P(0;m) as it falls off faster than the term we keep.

Also Φ(0;0,0)(p1, p2) = 2σδ(p1 − p2) for p1 abovepc, and zero below. Finally, we will estimate

the expected mass inside radiusm,

M(m, p0) = C(2)(0; p0) +
m∑

m′=1

(σ + 1)σm′−1C(2)(m′, p0) (2.63)

directly, as this is similar to the definition of the transform ofC(2): we simply evaluate the trans-

form atw = σ(1− 1/m), which cuts off the sum at aroundm. This is a value at whichGw is not
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singular. Thus we have to calculate

C̃(2)
w (p0) = 2σ(δp0 + 1/w − pc)2

∫ δp0

0
dδp′

1
w2(δp′ + 1/w − pc)4

. (2.64)

For fixedp0, the dominant contribution comes from the lower limit, and contains(1−wpc)−3 times

factors that go to constants asw → σ = 1/pc. Hence the mass behaves as

Msoft(m, p0) ∼
2
3
σ(σ + 1)δp2

0m
3 (2.65)

asm → ∞ [we inserted a factor(σ + 1)/σ to account for the number of neighborsσ + 1 at the

first step inM(m, p0), as in eq. (2.63)]. This method in fact differs from the definition above in

using a soft cut-off for the sum overm′ instead of a hard one,m′ ≤ m. Now that the form of the

summand is known, we can evaluate it using either form of cutoff. Hence we find that for thehard

cut-off, the result is smaller by a factor6:

M(m, p0) ∼
1
9
σ(σ + 1)δp2

0m
3. (2.66)

Thus the correlation function behaves as

C(2)(m, p0) ∼
1
3
(σδp0)2m2σ−m, (2.67)

which agrees with the result forσ = 2.

Remarks

Equations (2.66) and (2.67) are the main results of this section. From the structure of the

expression forGw, the lower limit always dominates, so thism dependence holds for allp0 > pc,

at sufficiently largem. More precisely, the results are valid only ifδp0 is greater than order1/m.

This means thatm is much larger than the correlation length atp0, which is proportional to1/(δp0).

The main contribution to the integral is fromδp′ less than of order1/m. This is in agreement with

the “superhighways” idea [20, 22], which I will return to in section 3.6.1.
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Notice also that the factorδp2
0 is present in both results because the probability that one vertex

is connected to infinity isP∞(p0) ' 2σ(σ + 1)δp0/(σ − 1), for δp0 small and positive, and so is

∝ δp2
0 for two vertices (the two events are uncorrelated, because the two points are separated by

more than the correlation length). The dependence onσ is the same within subleading terms of

relative order1/σ.

2.2.6 k-point connectedness functions and moments of the mass

Definitions

We may extend the method to estimate asymptotics of correlation functions of any orderk, that

is the probabilityC(i1, . . . , ik; p0) that some given set of vertices (labeledi1, i2, . . . , ik) are on

the same connected component of MSF(p0) and that this component is infinite. The procedure is

straightforward: to compute thek-point correlation function for a given set ofk distinct vertices,

one draws the smallest subtree of the Bethe lattice such that allk given vertices are connected, and

choose any vertex on this subtree as the root point, along which the connection to infinity occurs in

the MSF(p0) (eventually, we will sum over the possible root points). Thus the leaves of the subtree

(i.e. the vertices of degree one) must be among the givenk vertices, but if any of thek given

vertices are not leaves, they can be anywhere on the subtree. Starting from the root, we propagate

out to (or possibly through) each of thek given vertices, along the subtree. The subtree can be

viewed as made of chains of edges connected by degree-two vertices, with the ends of the chains

at either (i) the root point, which has degree≥ 1, (ii) the leaves of the subtree, or (iii) vertices of

degree> 2 other than the root point. For each such chaine of me steps, we associate the iterated

kernelK∗me(pi, pj), where the labelsi, j are associated to the two ends of the chain, withi the

end further from the root point. For the initial distribution at the root, if there aren chains leaving

it (n ≤ σ), we generalizeΦ(0;0,0) to

Φ(0;0,...,0)(p1, . . . , pn) =
[
d

dp1

(
1− F σ+1−n(p1)

)] n∏
j=2

δ(p1 − pj). (2.68)
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Similarly, by comparingdP∞(p0)/dp0 with Φ0(p′) andΦ(0;0,0)(p′1, p
′
2), we see that at a vertex of

the subtree of degreen 6= 2, we must associate with it a factor

vn(p1, p2 . . . , pn) = F 2−n(p1)
n∏

j=2

δ(p1 − pj). (2.69)

After multiplying together all these factors, we must integrate over all the parameters likepi be-

tween the limits0 andp0. There are two of these parameters for each chain on the subtree; clearly

some could be eliminated using theδ functions. Finally, we must sum over all possible root points

on the tree. This procedure yieldsC(i1, . . . , ik; p0) (unlike the earlier description for thek = 2

case, there are no exceptions to this prescription for cases of vertices coinciding with each other or

with the root point).

Higher moments of the fractal mass

The higher-point correlation functions can be used to calculate higher moments of the mass,

M(m, p0)k. These are the average of thekth power of the sum over positions at distance less than

m from the origin of the “indicator function” that is one if and only if the vertex is on the same

connected component of MSF(p0) as the origin.M(m, p0)k is equal to the sum of thek + 1-point

correlation functionC(i1, . . . , ik+1; p0) over all positions ofi2, . . . , ik+1 within m steps of the

origin ati1.

Form large, the largest contribution toM(m, p0)k will come from configurations ofil, (l = 1,

. . . ,k + 1) for which, in the subtree in the calculation ofC(i1, . . . , ik+1; p0), all the given vertices

are at its leaves, the root point has degree2, and the vertices of degree> 2 have degree3. For these

there are2k chains (iterated kernels) in the subtree. We can estimate the power ofm asm → ∞

using the same approximations as fork = 1. The sums over position are estimated by using the

propagatorgw in place of allK∗me ’s, withw = σ(1−1/m) in each one. The factors at the vertices

of the subtree (other thanδ-functions) can be dropped, at least whenδp0 is small (and for larger

δp0 do not affect the scaling behavior). The integrals over thepi associated with the leaves can be

done by usingGw in place ofgw for these chains. The remaining integrals overpi’s associated with

the other vertices and the root point are dominated by the lower limitδpi = 0, and can be estimated
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by power counting. As each additional leaf on the subtree leads to an extra factorGwgw and one

additional integral similar to that at the root (as fork = 1 above), this yields finally (neglecting

constant factors)

M(m, p0)k ∼ m3k ∼ [M(m, p0)]k. (2.70)

As all kth moments scale like thekth power of the first moment, this means that the (random)

massM(m, p0) does not have a very broad distribution, and its typical behavior is well-described

by its expected value. Hence the connected components of MSF(p0) on the Bethe lattice are not

multifractals.

2.2.7 Fractal dimensions and mean-field theory

So far I have developed a method for computing correlation functions on the Bethe lattice,

while our real interest is in lattices in Euclidean space of dimensiond. For sufficiently highd,

we would expect that a mean field theory holds for quantities such as exponents; this assertion

will be justifiedpost hocin the following chapter by a perturbation analysis of corrections due to

fluctuations neglected in the mean field theory. The Bethe lattice results provide the mean-field

theory results, once we have explained how to convert them to apply to Euclidean space.

For a hypercubic lattice on Euclidean space, if we choose a path starting from the origin ran-

domly (with equal probability for each), then it behaves as a random walk, and afterm steps will

be of order
√
m in Euclidean distance from the origin. In the set of all paths from the origin, any

two paths initially coincide but ultimately part company. If we neglect the possibility that they

subsequently intersect (and also that a path may intersect itself, including by backtracking), then

the union of the paths forms a tree, equivalent to the Bethe lattice withz = 2d. Hence in this

correspondence, separations on the Bethe lattice behave like distancessquaredon the Euclidean

lattice [85],

m ∼ r2 (2.71)

which allows us to infer mean-field scaling dimensions from the Bethe lattice theory. More for-

mally, to apply the Bethe lattice results as an approximation for the lattice, in equation (2.20) we
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must now sum over all neighbors of the given site, since the path may go through the site in any

direction. Equation (2.33) needs to be replaced by a Fourier transform

Φ̃k(p) =
∑
x

eik·xΦx(p), (2.72)

which means that in (2.34) and all subsequent equations we make the substitution

w →
∑
n̂j

e−ik·n̂j = 2d− k2 +O(|k|4), (2.73)

where{n̂j} are the basis vectors of the hypercubic lattice. This leads to the same relation (2.71).

We established that the probability the path from any vertex to infinity passes through a given

vertex a distancem away behaves asP(0;m)(p0) ∼ σ−m; summing this over all sites within a ball

of radiusm on the Bethe lattice gives

P(0;0)(p0) +
m∑

m′=1

(σ + 1)σm′−1P(0;m′)(p0) ∼ m. (2.74)

Then we expect that in Euclidean space, the mass of the path lying within radiusR scales as

Mp(R, p0) ∼ R2, consistent with the picture of this path (mentioned earlier for the Bethe lattice)

as a random walk, with dimensionDp = 2. This is the same as the dimension of the backbone of

a critical percolation cluster ford ≥ dc = 6 [39].

Similarly, the mass of the component connected to the origin on the Bethe lattice,M(m, p0) ∼

m3 becomesM(R, p0) ∼ R6 within radiusR in Euclidean space, meaning that a connected com-

ponent of the MST has a mean-field fractal dimensionD = 6. Because the union of the spanning

trees fills the lattice, this strongly suggests that the critical dimension of the MST will bedc = 6,

as discussed in Section 2.1.6. This is the same critical dimension as for percolation (at threshold).

We emphasize again that the result is valid forp0 greater than of order1/m ∼ 1/R2. Since the

correlation lengthξ behaves as|p0 − pc|−νperc, with νperc = 1/2 for d > 6, this means it holds

for R > ξ, and thus involves distance scales at which ordinary correlations for percolation decay

exponentially.
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2.3 Related applications

In this section I briefly discuss the applicability of the scaling results obtained in the previous

section to other models of interest — this material will not be needed to understand the arguments

that follow. In section 2.3.1 I first consider a simple extension of the wired Bethe lattice model

examined above, in which we allow the degree of each vertex to be an iid random variable. Since

the geometry of these graphs is still locally treelike, with the only cycles present being infinite

(going out to the boundary), it should not be surprising that my previous analysis carries through

essentially unchanged.

In section 2.3.2 I address the continuum MST problem, briefly referred to in 1.1.1 — recall

that in this case, the edge costs are distances induced by an embedding of the vertices in Euclidean

space. The appropriate mean-field approximation to such a model is the Poisson-weighted infinite

tree (PWIT). This is another example of a locally treelike graph, so my analysis is also applicable

here.

2.3.1 Random, locally treelike graphs

The results of the previous sections admit a simple generalization to certain classes of random

graphs. We consider a tree where the coordination number of each vertex is an iid random variable

distributed according toρ(σ). In what follows, averages with respect toρ are denoted by angle

brackets. The fixed-point equation forF (p), (2.12), becomes

F (p) = 1− p+ p
∞∑

σ=0

ρ(σ)F (p)σ. (2.75)

Again,F (p) is defined as the smallest solution at fixedp. In what follows we assume1 < 〈σ〉 <∞,

which are the conditions necessary for the graph to admit a conventional percolation transition:

F (p) = 1 for p ≤ pc = 1/〈σ〉, F (p) < 1 for p > pc, and we can construct a nontrivial ensemble

of MSTs under wired boundary conditions at infinity.

At this point we find it helpful to multiply the kernel defined in (2.22) by a factor ofσ. This

has the effect of summing the connectedness functions over lattice sites (done in,e.g., (2.63))
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simultaneously with averaging over edge costs. This modification allows us to relate the spectrum

and eigenfunctions of the random graph kernel〈σK〉 back to those obtained above:e.g., 〈Φ0(p)〉

is an eigenfunction of〈σK〉 butnot of 〈K〉.

The entire calculation goes through as before, with occurrences ofF (p)σ−1 in the Bethe lattice

Green’s function replaced by〈σF (p)σ−1〉 and the transform variablew rescaled by1/〈σ〉. Under

the additional assumption〈σ2〉 < ∞, one may repeat the asymptotic analysis of section 2.2.5 and

obtain 〈
Msoft(m, p0)

〉
∼ 2

3
〈σ(σ + 1)〉δp2

0m
3. (2.76)

The generalization extends to the higher moments of the cluster mass discussed in section 2.2.6.

One may also consider “quenched” moments of cluster masses, of the form

Mk,`(m, p0) ≡
〈(

M(m, p0)k
)`
〉

(2.77)

for ` > 1. These quantities cannot readily be calculated with the techniques discussed above and

are beyond the scope of this section.

2.3.2 Poisson-weighted infinite tree

Another possible specialization of the MST problem (which is frequently relevant in practice)

is the continuum model introduced in section 1.1.1, in which the edge costs are distances between

the corresponding vertices, here taken to be distributed according to a Poisson process onRd. This

means the underlying graph is formally the infinite complete complete graph.

An appropriate mean-field model for this variant of the MST problem is the Poisson-weighted

infinite tree (PWIT) [15, 44, 45], which effectively ignores all triangle inequality-type correlations

induced by the metric structure ofRd and keeps only the probability distribution for separations

of points. The PWIT is a tree with infinite degree at each vertex, and the costs associated with

the edges incident on each vertex are iid and given by a Poisson process on` ≥ 0 with density

ρ(`) ∝ `d−1, which is the same as the measure on the set of distances between the points of the

uniform Poisson process onRd.
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Since the PWIT is a tree, we may view it as theσ → ∞ limit of the Bethe lattice used in the

calculations above. As we have noted above, the form of the MST depends only on the relative

order of edge costs and not on the distribution they are drawn from. The results on the Bethe

lattice do not have a sensibleσ → ∞ limit, so it is necessary to produce a finite-degree random

tree by deleting the highest-cost edges. In order to obtain an average degreeσ + 1, we cut off the

distribution withρ(`) at` = O((σ+1)1/d). For eachd ≥ 1 in this model, the percolation threshold

`c is non-zero, and since the behavior is dominated by edges close to`c, the results for the PWIT

will be in the same universality class as the Bethe lattice model.

In fact, if we identify` = (σ + 1)p, theσ → ∞ limit of the Bethe lattice model is the PWIT

for d = 1. Notice that the limit of our expressions exists, because by writingF (p) = 1−G(`)/σ,

thenF σ−1 → e−G, and the fixed-point equation forF becomes [45]

G(`) = `(1− e−G(`)). (2.78)

In the transforms, we should also sets = w/σ. Then the limit of the theory makes sense for the

massesM ,Mp withinm steps of the origin:M ∼ 2
3δ`

2m3 (again,δ` = `−`c, where herèc = 1).

For the PWIT one would naturally wish to express such quantities in terms of the distance` defined

as the sum of thèe’s along a path on the tree, and since most edges accepted are either below, or not

far above,̀ c, these massesM(`), Mp(`) scale the same way, and again` ∼ R2 because the paths

are random walks. When this measure of distance is used, the number of connected components

inside` is also well-behaved. Note that because it is believed that continuum percolation is in the

same universality class as bond percolation, we would expect universal properties of the continuum

MST to be the same as those of the lattice model anyway, so that all of these conclusions are

consistent.

2.4 Conclusions

In this chapter, I have achieved the following results. For a finite graph, I defined a process

MSF(p0) which is a random forest that becomes the MST forp0 = 1. Using the Bethe lattice with
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wired boundary conditions, and taking the infinite size limit, I showed that the infinite connected

components of MSF(p0) on the Bethe lattice contain of orderm3 vertices withinm steps of any

vertex on this component, for anyp0 greater than the valuepc of the threshold for bond percolation

on the Bethe lattice. This result is essentially rigorous. Transferring it (heuristically) to Euclidean

space, this means that the mass of an infinite connected component of MSF(p0) within a ball of

radiusR scales asRD with D = 6, for d sufficiently large andp0 greater than the valuepc of

the threshold for bond percolation on the lattice used. This then implies that ford > 6 there are

of orderRd−6 large connected components that intersect such a ball. I also gave a non-rigorous

second argument for these results, using scaling ideas (this argument directly addresses the critical

dimensiondc above which the results hold). The results also hold (rigorously) for the Poisson-

weighted infinite tree, and (heuristically) for the continuum MST model in Euclidean space.

Following the reasoning of Newman and Stein [23], these results for the MST imply that the

strongly-disordered spin-glass model has an uncountable number of ground states ford > 6, of

which of order2O(Rd−6) can be distinguished within a ball of radiusR. Ford ≤ 6, the logarithm

of the number of ground states is smaller than any power ofR, and possibly only of order one, or

simply one (with probability one).
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Chapter 3

Minimum spanning trees: Loop

corrections

In the previous chapter I developed a mean-field theory for connectedness functions of compo-

nents of the minimum spanning tree (MST), by working on the Bethe lattice. The corresponding

fractal dimensions were argued (in section 2.2.7) to be valid for the MST on Euclidean lattices of

dimension greater thandc. In this chapter I examine how these results are modified ford < dc, for

the specific casep0 ≤ pc. Spanning clusters do not proliferate in low spatial dimension (recall sec-

tion 2.1.2), so within a window we expect to see of order one space-filling MSF component. This

means that thek-point connectedness functions defined earlier have trivial behavior (DMSF = d).

In this chapter, I therefore restrict my attention to the “one-point” function, or alternatively the

fractal dimensionDp of paths on the MST.

On the Bethe lattice, the only difference between the Kruskal process and dynamic bond perco-

lation occurred when a growing cluster formed a cycle which extended out to the (wired) boundary

of the lattice. In this chapter, I describe how to account in a consistent manner for the fact that

clusters on a finite dimensional lattice will also develop cycles of finite extent, which must also

be dealt with in accordance with Kruskal’s algorithm. For simplicity, in this chapter I neglect the

presence of paths to the wired boundary, which means I investigate MSF(p0) (defined in section

2.1.3) forp0 ≤ pc: in other words, minimal spanning forests (MSFs) on subcritical percolation
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clusters. The implications of this will be discussed in section 3.6.

I accomplish this by, again, making use of the close correspondence between the Kruskal pro-

cess and dynamic bond percolation (section 2.1.3). Therefore, I begin in section 3.1 by reviewing

low-density expansions for percolation connectedness functions on finite-dimensional graphs of

finite extent. I formulate this expansion in terms of basic geometric notions such as the existence

of paths. In section 3.2 I implement the no-cycle condition to obtain a lattice expansion for con-

nectedness functions on components of MSF(p0). Although the primary utility of these results is

to provide a basis for the continuum field theory of section 3.3, the lattice expansion is of interest

in its own right and may be taken as the starting point for a mathematically rigorous formulation of

these results usinge.g., lace expansion methods [49].

In section 3.3 I describe how to take the continuum limit of this lattice expansion, obtaining

a perturbative expansion in terms of Feynman diagrams. I emphasize that my result differs from

conventional field theory in that my results are formulated entirely in terms of a perturbative, dia-

grammatic expansion; at no point do I make reference to an action as a generating functional for

these diagrams. Because the MST problem is nonlocal, I find it likely that no such action defined in

terms of a finite number of locally-interacting fields exists (I will elaborate on this point in section

3.7).

In section 3.4 I prove that a consistent renormalization group (RG) may be defined for my per-

turbation expansion. This is a highly non-trivial task (and the section in question is quite technical),

for the reasons just explained: my expansion is defined in terms of performing various manipula-

tions on percolation diagrams, and I must prove various factorization properties to establish that

these manipulations are sufficiently local for the RG to be defined in any sensible way. I find that

the theory is renormalizable to all orders — this is perhaps the most remarkable result of this chap-

ter. In section 3.5 I then perform a one-loop RG calculation and obtain the fractal dimension of

paths on MSF(p0) as an asymptotic series inε = dc − d, which is the main quantitative result of

the chapter.
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3.1 Graphical expansions for percolation

In this section I review the construction of low-density (high-temperature) graphical expansions

for connectedness functions in bond percolation. Bond percolation on a finite-dimensional lattice is

conventionally treated as theQ→ 1 limit of the low-density expansion of theQ-state Potts model

[88–90]. The partition function this model is a polynomial inQ and also arises as the generating

function forQ-colorings of the vertices of the graph upon which the model is formulated, with

weights that depend on whether adjacent vertices are given the same or different colors. This

generating function is the celebrated Tutte polynomial of graph theory [91]. Although theQ → 1

limit of this function can be takena posteriori, it lacks a mathematical definition in terms of state

variables (colors), so in order to establish a correspondence with percolation I instead use a method

originally due to Essam [40, 92]. This has the advantage of being phrased explicitly in terms

of geometric quantities, and is closely related to the lace expansion [49] from rigorous statistical

mechanics.

I summarize the relevant results from percolation in this section both for the purposes of in-

troducing notation and terminology, and also because my discussion of MSFs in the following

section will closely parallel the computations done here. In section 3.1.1 I define an expansion

(3.8) for two-point connectedness functions, with the generalization ton-point functions being

given in section 3.1.2. In section 3.1.3 I show that these are in fact equivalent to the usual Potts

model expressions. In section 3.1.4 I take the first step towards a continuum theory by introducing

the notion of “topological graphs,” defined independently of an embedding in the lattice. The main

results of this section are the graphical expansions (3.8), (3.16) with diagrammatic weights given

in simplest form in (3.13), (3.18).

3.1.1 Two-point connectedness functions

Essam’s expansion for percolation [40, 92] is based on the principle of inclusion and exclusion

from elementary probability theory [93]. This may not be familiar to readers with a physics back-

ground, so I summarize it here. We start with a set of events (i.e., boolean-valued functions){Xi}
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for i in some index setI. In order to calculate probabilities we introduce the indicator function

I[Xi] ≡

 1 Xi true,

0 Xi false.
(3.1)

The probability that an eventXi will happen is then simply the expectation value〈I[Xi]〉 taken

with respect to the appropriate ensemble. The principle of inclusion-exclusion is the expansion

I
[∨

i∈I

Xi

]
=

∑
∅6=I′⊆I

(−1)|I
′|+1I

[∧
j∈I′

Xj

]
. (3.2)

where ‘∨’ denotes a logical ‘or’ and ‘∧’ denotes a logical ‘and’. An analogous series may be ob-

tained for the probability that all the events occur, by using De Morgan’s law¬(∨iXi) = ∧i(¬Xi),

where ‘¬’ denotes logical negation. This yields

I
[∧

i∈I

Xi

]
=
∑
I′⊆I

(−1)|I
′|I
[∧

j∈I′

¬Xj

]
. (3.3)

Note that in this caseI ′ may be the empty set, so the first term of this series is 1.

We apply this to bond percolation at a parameter valuep by first investigating the two-point

connectedness function, defined as

Cx,y(p) ≡ 〈I[x,y connected atp]〉

= 〈Ic(x,y)|p〉.
(3.4)

where the angle brackets denote an average with respect to all realizations of the edge costs. The

pointsx,y are connected if at least one self-avoiding walk (referred to as a “path” in what follows)

on the lattice connecting them has formed by the time the percolation parameter has been raised to

`0. DefiningΓx,y to be the set of all self-avoiding walks on the lattice betweenx andy, we may

write

Ic(x,y)|p = I
[ ∨

γ∈Γx,y

(γ ≤ p)
]
. (3.5)
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where I define the event

(γ ≤ p) ≡
(

max
e∈γ

`e ≤ p

)
; (3.6)

i.e., we require all edgese on the pathγ to be present by the time the parameter is raised to the

valuep. Using equation (3.2) to expand the right-hand side of (3.5) by inclusion-exclusion yields

Ic(x,y)|p =
∑

∅6=Γ′⊆Γx,y

(−1)|Γ
′|+1I

[ ∧
γ′∈Γ′

(γ′ ≤ p)
]
. (3.7)

I obtain an expansion in terms of graphs from (3.7) by grouping together all terms that test the

same set of edges on the lattice; the terms in the series are now indexed by graphs whose edges are

“covered” by subsetsΓ′ of the paths in the original summation, in the sense that every edge on the

graph must be on at least one path. Because the paths are self-avoiding walks, all the graphsGx,y

generated from their unions must be vertex-irreducible: removing any vertex from the graph must

leave at least one of the pointsx,y in each connected component. I denote the set of such graphs

by Gx,y.

LettingΓx,y(G ∈ Gx,y) denote the set of paths onG connecting the root pointsx,y, equation

(3.7) becomes

Ic(x,y)|p =
∑

G∈Gx,y

∑
Γ′⊆Γx,y(G)

(−1)|Γ
′|+1I[Γ′ coversG]I[G ≤ p]. (3.8)

All of the factors in the summand are constant when averaged over edge costs, with the exception

of I[G ≤ p]. Referring back to the definition (3.4), we perform the average over edge costs to

obtain the graphical expansion

Cx,y(`0) =
∑

G∈Gx,y

d(G) Pr[G ≤ `0], (3.9)

where I introduce a diagrammatic quantity

d(G ∈ Gx,y) ≡
∑

Γ′⊆Γx,y(G)

(−1)|Γ
′|+1I[Γ′ coversG], (3.10)
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which is independent of the edge costs and referred to by Essam as thed-weight of the graphG.

Alternate form for the d-weight

The definition ofd(G) may be extended to cover the case whereG is any two-rooted graph

as follows: ifG consists of more than one connected component, there is no way to cover all its

edges with paths connecting the roots, sod(G) = 0. Note that, because the “covering” criterion

is defined in terms of the edge set only, addition of isolated vertices does not change a graph’s

d-weight. Similarly, ifG is not vertex-irreducible, by definition some edges — the “tadpoles” or

“dangling ends” — cannot be covered by a self-avoiding path, since backtracking is forbidden, so

againd(G) = 0. Sinced(G) vanishes for these additional cases, the sum in (3.9) may be extended

to all two-rooted subgraphs of the underlying lattice.

The preceding derivation also applies to connectedness functions on an arbitrary graphG in-

stead of the whole lattice; the sum in (3.10) is then over appropriate subgraphs ofG. I define this

generalized function byCx,y(G, p). Equation (3.9) generalizes to

Cx,y(G, p) =
∑

E′⊆E(G)

d(G′
E′) Pr[GE′ < p], (3.11)

whereG′
E′ is the subgraph ofG consisting of allG’s vertices and a subsetE′ ⊆ E of its edges.

Evaluating (3.11) atp = 1 yields

I[E(G) connectsx,y] =
∑

E′⊆E(G)

d(G′
E′). (3.12)

SinceG is now an arbitrary graph and I have extended the sum in (3.11) to cover all subsets

of E(G), we may easily invert this sum by M̈obius inversion [93], which for this case merely

reproduces inclusion-exclusion. We obtain

d(G) =
∑

E′⊆E(G)

(−1)|E(G)|−|E′|I[E′ connectsx,y], (3.13)

which is equivalent to (3.10) but easier to work with in later proofs in that the sum is more straight-
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forward than the one over self-avoiding paths. It is worth remarking that the sum over paths was

only used to arrive at the form (3.9) for arbitraryG. Once this has been done, the coefficients (3.13)

were obtained with no further reference to paths.

3.1.2 n-point connectedness functions

The expansion (3.8) generalizes readily ton-point connectivity functions [94, 95]; the criterion

is simply thatn root pointsx1, · · · ,xn are connected if and only if there exists at least one path

from x1 to eachxi, 2 ≥ i ≥ n, where we selectx1 arbitrarily. Note that in enumerating the set

of paths fromx1 to xi, we must include those paths that pass through other root points. Using

inclusion-exclusion (3.2) and equation (3.5) again, we may write the indicator function for this

event as

I[x1, · · · ,xn connected atp] =
n∏

i=2

Ic(x1,xi)|p (3.14)

=
n∏

i=2

∑
∅⊂Γ′i⊂Γx1,xi

(−1)|Γ
′
i|+1I

[ ∧
γ∈Γ′i

(γ ≤ p)
]
. (3.15)

Repeating the previous derivation and grouping together terms that test the same set of edges, we

obtain the diagrammatic expansion

Cx1,··· ,xn(p) =
∑

G∈Gx1,··· ,xn

d(G) Pr[G ≤ p], (3.16)

where then-pointd-weight is

d(G ∈ Gx1,··· ,xn) ≡
n∏

i=2

∑
∅⊂Γ′i⊂Γx1,xi (G)

(−1)|Γ
′
i|+1I[∪iΓ′i coversG]. (3.17)

The argument following (3.10) also carries though, since the above definition of thed-weight

may be extended to arbitrary graphs and we may perform Möbius inversion on the connectedness
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function evaluated on an arbitraryn-point graph, obtaining

d(G ∈ Gx1,···xn) =
∑

E′⊆E(G)

(−1)|E(G)|−|E′|I
[
E′ connectsx1, · · ·xn

]
. (3.18)

Our final results, equations (3.16) and (3.18), constitute a complete low-density epxansion for all

connectedness properties of percolation clusters. I now show that this is entirely equivalent to the

conventional treatment in terms of theQ→ 1 limit of theQ-state Potts model.

3.1.3 Equivalence with the Potts model

Potts model partition function

The development of the field theory for the Potts model is described in detail elsewhere [89, 90,

96, 97] and I recall only the parts of the derivation which are relevant to my discussion here. The

Q-state Potts model on a graphG [88] has a degree of freedomα(x) associated with each vertexx

of G which may take on any ofQ discrete values (usually referred to as colors). The Hamiltonian

for this model in the absence of a source field is

HPotts= −J
∑
〈x,x′〉

(δα(x),α(x′) − 1), (3.19)

where the sum is over pairs of neighboring verticesx,x′. The partition function can be expanded

in the form [98]

Z =
∑
{α(x)}

e−βHPotts =
∑
{α}

∏
〈x,x′〉

[
(1− e−βJ)δα(x),α(x′) + e−βJ

]
(3.20)

=
∑

E′⊆E

p|E
′|(1− p)|E|−|E

′|QNc(GE′ ). (3.21)

In the second line I have expressed the partition function as a sum over cluster configurationsGE′

where an edge onE′ is present if the two vertices it is incident upon have the same color. Here

p = 1− e−βJ andNc(GE′) is the number of connected components of the graphGE′ . Viewed as

a function ofQ andp, this sum is closely related to the Tutte polynomial of the graphG [91].
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If we takeQ → 1, the above partition function corresponds to the sum of probabilities for the

setsE′ of occupied edges in bond percolation with independent probabilitiesp for occupying each

edge. However, exactly atQ = 1 the partition function is triviallyZ = 1, so in order to use the

partition function as a generating functional for correlation functions we must work at arbitraryQ

and thena posteriorievaluate the derivative with respect toQ of the resulting expressions atQ = 1

[90]. (Note that, on the other hand, the critical exponents of percolation are those of theQ-state

Potts model evaluated exactly atQ = 1). This limitation (that one cannot directly work with the

correlation functions of percolation from the start) necessitates my use of Essam’s expansion.

The internal symmetry group of the Potts model isSQ, the permutation group onQ objects.

This may be made manifest by letting the lattice degrees of freedom consist of an overcomplete

set ofQ vectors~eα, α = 1, . . . , Q, in aQ − 1 dimensional space. These vectors are obtained by

projecting the position vectors of a regularQ-simplex inQ-dimensional space onto the subspace

orthogonal to the vector(1, 1, . . . , 1). More concretely, if we let the coordinates of these vectors

with respect to some basis beeαi , i = 1, . . . , Q− 1, the set of vectors may be uniquely defined up

to relabeling and change of basis by requiring that

Q∑
α=1

eαi = 0, (3.22)

Q∑
α=1

eαi e
α
j = Qδij , and (3.23)

Q−1∑
i=1

eαi e
β
i = Qδαβ − 1. (3.24)

In equations (3.22) – (3.24), I have normalized the vectors following the convention used in [90,

96, 99]. Note that [89] and [97] adopt a different normalization.

By (3.24) the Potts interaction may be rewritten using

δα(x),α(x′) =
1
Q

(
Q−1∑
i=1

e
α(x)
i e

α(x′)
i − 1

)
; (3.25)

we may think of the variables{i} being associated with the edges ofG just as the{α}s are asso-

70



CHAPTER 3. MINIMUM SPANNING TREES: LOOP CORRECTIONS

ciated with its vertices.

Potts model correlation functions

To obtain the two-point connectedness function, we introduce factorse
α(x1)
i1

, eα(x2)
i2

into the

partition sum. If they are not in the same connected component in the expansion, the sum over all

α’s gives zero by (3.22). That is,

Cx1,x2(p) =
d

dQ

∑
i1,i2

Ci1,i2(x1,x2)
∣∣∣∣
Q=1

. (3.26)

where

Ci1,i2(x1,x2) ≡
∑
{α}

e
α(x1)
i1

e
α(x2)
i2

∏
〈x,x′〉

[
pδα(x),α(x′) + (1− p)

]
(3.27)

= δi1,i2

∑
E′⊆E

I
[
E′ connectsx1,x2

]
p|E

′|(1− p)|E|−|E
′|QNc(GE′ ), (3.28)

where we also used (3.23).

Now we rewrite

pδα(x),α(x′) + (1− p) = p(δα(x),α(x′) − 1) + 1. (3.29)

(Although this does not explicitly involve theeαi ’s, this choice is motivated by the form of eq. (3.24)

asQ → 1; note that there are many similar expressions that become equal to this forQ = 1.) We

expand the Potts correlation functionCi1,i2(x1,x2) using this decomposition for each edge, and

then once more forδα(x),α(x′) − 1 on each edge. This yields

Ci1,i2(x1,x2) = δi1,i2

∑
E′⊆E(G)

p|E
′|dQ(GE′), (3.30)

where

dQ(GE′) =
∑

E′′⊆E′

(−1)|E
′|−|E′′|I

[
E′′ connectsx1,x2

]
QNc(E′′). (3.31)
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We pick up a factor ofQ − 1 from
∑

i1,i2
δi1,i2 ; removing this and settingQ = 1 is equivalent

to evaluating the derivative in (3.26). We therefore recover the expressions (3.11) and (3.13). The

derivation can be readily generalized, at least to the3-point connectedness function, so I have

proved Essam’s diagrammatic expansion is identical term-by-term with the low-density expansion

of the Potts model in theQ→ 1 limit.

3.1.4 Topological properties of the diagrammatic weights

One implication of the results of the preceding sections is that thed-weight is a “topological

invariant” of the graphG in the sense thatd(G) is unchanged by replacing edges ofG with chains

of edges (i.e., inserting vertices of degree two). This means that we can consider the expansion in

terms of what I call topological graphsG ∈ Gx,y, equivalence classes of lattice graphs obtained by

removing any degree-two vertices. These are simply graphs, without any embedding in the lattice,

with two distinguished vertices labeledx,y. Using this property, we may rewrite the expansion

(3.9) as

Cx,y(p) =
∑

G∈Gx,y

d(G)
A(G)

∑
λ:G→G

Pr[G ≤ p], (3.32)

with analogous expressions for then-point functions. Here the second sum is over all possible

embeddingsλ : G → G which map the edges ofG into self-avoiding chains of edges on the lattice,

producing the set of lattice graphs summed over in (3.9). Note that these chains must not only be

self-avoiding walks, but also must avoid intersection with chains arising from different edges ofG.

If the topological graphG has any non-trivial automorphisms which leave the root pointsx, y

fixed, then there is more than one embeddingλ which produces the same lattice graphG. Conse-

quently, we must divide by the numberA(G), which is the number of elements in the automorphism

group ofG. This number is known as the “symmetry factor” from the theory of Feynman diagrams

(seee.g.[100–102]), and will play such a role in the continuum theory.

This topological property of thed-weights is crucial for extending the lattice expansion (3.32)

to a continuum theory, a point which I will return to in section 3.3.1. It also simplifies lattice calcu-

lations, since it greatly reduces the number of different graphs for whichd(G) must be calculated.
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Singly-connected edges

I now introduce another quantity in the lattice expansion which will have a useful counterpart

in the theory of MSF paths. This is the derivative ofCx,y(p) with respect to the valuepe of p on

a particular edgee: the probability thatx andy are connected by a cluster atp changes atpe = p

only if x andy are not connected whenpe = p − dp, and are connected whenpe = p. This

implies that forpe = p, any path fromx to y on the cluster must traversee [103]. An edge with

this property is called a singly-connected edge, also known as “red bonds” in the terminology of

[39, 104]. We may define

Ce
x,y(p) =

∫ p

0
dpe

∂

∂pe
Cx,y(p, pe), (3.33)

which is the probability that at parameterp, x andy are connected, ande is a singly-connected

edge on the same cluster. Note that this is not the same as the3-point connectedness function

that was defined above, and its lattice expansion (which may be obtained straightforwardly, as a

consequence of the definition, in terms of that forCx,y(p)) still contains the samed weights as for

Cx,y(p). In fact, the entire expansion is remains the same as (3.32), with the additional condition

that the edgee belong to all embedded graphsG in the series. Note that due to the formulation

of this expansion via inclusion-exclusion, the edgee doesnot have to be singly connected in each

term.

In terms of topological graphs, we may view the series as extending over those graphs having

the inverse image ofe as a marked edge (either of the ends of which may be degree-two vertices),

which is mapped to the single edgee under all embeddingsλ. In this case the relevant automor-

phisms ofG must fix this edge as well asx, y, and I denote the number of these byA′(G). Clearly

A′(G) ≤ A(G): the one group of automorphisms is a subgroup of the other. These different ways

of writing the function are equivalent.

I now proceed to develop a graphical expansion for MSF connectedness functions, analogous

to (3.32) in that it takes the form of a weighted sum over topological graphs and their lattice

embeddings. This will be the basis for the continuum theory analyzed in section 3.3.
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3.2 A graphical expansion for MSF paths

In this section, I define a lattice expansion for the equivalent of the “one-point” connectedness

functionP(0;m) on the Bethe lattice: this is the probability that two pointsx,y are connected by

MSF(p0) and the connecting path passes through a third pointz, which I will refer to as the “path

vertex.” I denote this object bỹCz
x,y(p0), and its properties will yield the fractal dimension of MSF

pathsDp. If we were to pursue the analogy with percolation as closely as possible, it would be

more appropriate to work with the probability the MSF path passes through an edgee instead of a

vertexz (by analogy with (3.33)); however, these quantities are equivalent in the continuum limit.

I obtain a diagrammatic expansion forC̃z
x,y(p0) by imposing the no-cycle condition involved in

the Kruskal process to the connectedness expansion for bond percolation obtained in the previous

section. Again, for simplicity, I restrict my discussion to the situation where only finite cycles are

formed, which means that we must takep0 ≤ pc, and hence the connectedness functions I calculate

are those for the MSF constructed on finite percolation clusters.

An important difference between percolation clusters and MSF(p0) is that any two points may

be connected by at most one path on the latter, namely the MST path with those endpoints if it

has formed byp0. In section 3.2.2 I develop a method to identify this path, based on properties

of the MST which are first proved in section 3.2.1. I then formulate a diagrammatic expansion for

C̃z
x,y(p0) in terms of lattice graphs in section 3.2.3 and in terms of topological graphs in section

3.2.4. My principal results are the expansions (3.50), (3.67) with new diagrammatic weights given

in (3.49), (3.54).

3.2.1 MST paths as geodesics

We identify MSF paths using theirgeodesicproperty, briefly alluded to in section 2.1.1: the

pathγMST(x,y) on the completed MST connecting two pointsx,y is the unique such path which

minimizes the maximum edge cost forall contiguous subsets of the path, which I now show.
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Definitions

In what follows, we examine the set of all self-avoiding paths with fixed endpointsx,y on

some arbitrary finite graphG, which I denote byΓx,y. A pathγ ∈ Γx,y is a minimax path if, out of

all paths inΓx,y, it minimizes the cost of the most expensive edge (which I refer to as the barrier)

on the path;i.e.it is a minimum overΓx,y of the maximum (over edges on a path) of the cost of

an edge. In general, there are many minimax paths between two given points, since that property

only concerns a single edge out of all the edges on the path. This point does not appear to be well

appreciated in the literature,e.g. [10, 12, 20], which will frequently refer in the singular to “the”

minimax path between two points.

These sources really mean the geodesic path, which is defined as a pathγ ∈ Γx,y such that,

for any verticesw, z ∈ γ, the subsetγ′ ⊆ γ connecting these vertices is a minimax path from the

setΓw,z. In particular, this holds for cases wherew, z are adjacent vertices connected by a single

edge, so we may equivalently define geodesics as those paths whose edges are all minimax paths

connecting the vertices to which they are incident. This implies that geodesics cannot be cycles.

I empahsize that the geodesic path is the correct strong disorder limit of the optimal path [19],

defined as the path minimizing the total cost of all edges on the path; hence these paths are of

central importance for strong disorder transport problems.

Existence and uniqueness

I now prove that the geodesic between arbitrary endpointsx,y is unique, if it exists. Specif-

ically, I let γ be a geodesic and show that no other pathγ 6= γ which shares the same endpoints

may also be a geodesic. Clearlyγ andγ must both be minimax paths and so must pass through

the same most costly edgee1, possibly in different directions. Label the incident vertices ofe1 as

w1, z1 such thatγ traverses the points in the orderx,w1, z1,y. It then follows that any minimax

path fromx to w1 must pass through a distinct barrier edgee2, whose cost is less than that ofe1

by the assumption of distinct edge costs. This means that no path transversing the four vertices in

the orderx, z1,w1,y can be a minimax path on the segment fromx to w1, since the barrier edge

of such a segment would bee1. If w = x, then we can start fromy instead, and ife1 has endpoints
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x andy then we are done.

This establishes thatγ transverses the four identified points in the same order asγ. By repeat-

edly splitting upγ at the barrier edges of its subpaths, we establish thatγ must pass through the

same vertices asγ in the same order, hence the geodesicγ is unique.

As a consequence of the minimax path property (section 2.1.1), all paths on the MST are

geodesics. I now prove that all geodesics are MST paths: if the edgeei,j connecting adjacent

verticesi, j is also the minimax path betweeni andj, it is by definition the cheapest edge across

the cut constructed by taking all paths fromi to j and removing the most expensive edge on each.

By the strong cut property (section 2.1.1), the existence of such a cut means that the edgeei,j is

on the MST, and as noted above, all geodesics are a union of barrier edges likeei,j . Therefore,

the MST of a graph is the set of all of its barrier edges. Since a MST path exists for arbitrary

endpoints, provided they lie on the same connected component ofG, this establishes the existence

of a geodesic under the same condition.

Ultrametricity

It’s worth mentioning that the minimax property of the MST gives rise to an (ultra)metric

structure from which the geodesic paths may be obtained — this justifies my choice of the term

“geodesic” for these paths.

For the remainder of this section, I assume the costs are non-negative, which can be guaranteed

without loss of generality by shifting them by a positive constant. The cost of the barrier edge then

gives rise to a distance measure∂, or metric, between any verticesx,y of G. As noted above, this

cost is uniquely defined forx 6= y; I define∂(x,y) = 0. By definition, a metric should be finite

and non-negative, symmetric (∂(x,y) = ∂(y,x)), equal to zero if and only ifx = y, and obey

the triangle inequality. The first three properties are clear from properties of minimax paths given

above. In fact,∂ obeys a stronger form of the triangle inequality: for anyx, y, z,

∂(x,y) ≤ max (∂(x, z), ∂(z,y)) . (3.34)

These four properties imply that∂ is an ultrametric. For ordinary metric spaces, one defines
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geodesics to be paths of shortest “length” using the metric, and this motivates my terminology

above. Further, ifx, y, z are three distinct points, the ultrametric property implies that if∂(x,y) ≤

∂(x, z) and∂(y, z), then∂(x, z) = ∂(y, z).

It is well known that an ultrametric space with a finite number of points can be viewed as

a tree, which we imagine depicted with the points as the leaves located on a hyperplane, other

vertices to one side of the hyperplane, connected by straight lines, and the ultrametric represented

by the height above (in the direction orthogonal to the hyperplane) the leaves to which one must go

in walking from one leaf to another along the tree. In the present case, this essentially corresponds

to the MST. The tree is trivalent (except at the leaves) with probability one. The trivalent vertices

represent the edges on the MST, with their height as their cost. In fact, if we consider the subforest

of the tree consisting of the vertices at height less than or equal to some bound, then this gives

MSF(p).

3.2.2 Identifying MST paths through binary comparisons

I now denote the geodesic path betweenx,y asγMST(x,y). The geodesic properties derived

above allowγMST(x,y) to be selected from the setΓx,y of all paths connectingx,y by means of

repeated comparisons using a binary ordering relation≺, defined as follows. Letγ andγ′ be two

paths inΓx,y. Lete1, e2, · · · en be the first, second, ...n-th most expensive edges onγ, and likewise

for e′1, e
′
2, · · · e′n on γ′. We sayγ ≺ γ′ if and only if there exists somej such that̀ ej < `e′j and

`ei = `e′i for all i > j: in other words, we compare the most expensive edges whose costs are not

identical. I now prove that

γMST(x,y) = min
γ∈Γx,y

γ; (3.35)

in other words,γMST(x,y) is the minimal element of the setΓx,y under the ordering defined by≺.

I assume all edge costs to be distinct (which, of course, holds with probability 1 in the case

where thè e are chosen from a continuous distribution), which implies thatei = e′i ⇐⇒ `ei = `e′i

and¬(γ � γ′) ⇐⇒ γ � γ′: i.e., the relation≺ defines atotal order on the set of all paths between
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fixed endpoints. Under this assumption, for any two pathsγ, γ ∈ Γx,y we have

γ ≺ γ ⇐⇒ max
e∈γ−γ∩γ

`e < max
e′∈γ−γ∩γ

`e′ . (3.36)

We letγ satisfy

γ = min
γ∈Γx,y

γ. (3.37)

In particular,γ is less than all elements inΓ(γ;x,y) ⊂ Γx,y, which I define as the set of paths

in Γx,y having no edges in common withγ. By (3.36), this means≺ compares only the most

expensive edges on the paths, so ifγ ≺ γ ∈ Γ(γ;x,y) thenγ must be a minimax path.

Similarly, for any subpathγ′ ⊆ γ with endpointsw, z, I defineΓ(γ;w, z) ⊂ Γx,y as the set

of those paths that differ fromγ only on this subpath; in other words the set of thoseγ such that

γ − γ ∩ γ = γ′. If γ ≺ γ ∈ Γ(γ;w, z), thenγ′ is a minimax path fromw to z, and since our

assumption implies that this holds for all choices ofw andz, this means thatγ is a geodesic, and

hence the unique path on the MST by the results of the previous section.

Remarks

Mathematically inclined readers will notice that I have been cavalier in assuming the existence

of a minimalγ in the continuum limit, where the setΓx,y becomes infinite. This is justifiable for

my purposes, since I may construct the continuum limit as a sequence of increasingly large finite

lattices. In section 2.2.3, I definedx andy to be connected only ifγMST(x,y) does not intersect

the boundary, so we are only interested in finding bounded paths.

Furthermore, in this chapter we only examine the casep0 ≤ pc. By Kruskal’s algorithm (section

2.1.1), the MSF atp0 is supported on the percolation clusters atp0, and the fact that we don’t go

above the percolation threshold means that the connected components of the MSF atp0 containing

x andy will be bounded with probability 1. This means that, despite my notation, we effectively

always deal with a finiteΓx,y, which always contains its minimal and maximal elements.

I finally note that identifying MST paths through the procedure (3.37) is most convenient for

the purposes of my diagrammatic expansion (3.67), despite being very computationally inefficient,
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since we make many unnecessary comparisons with paths that aren’t in any of the setsΓ(γ;w, z).

On the other hand, the geodesic characterization of MST paths is less directly useful for my pur-

poses, since it requires keeping track of the locations of the most expensive edges. The geodesic

properties of MST paths are very useful computationally: they are essential to constructing linear-

time algorithms for MST path verification [105] which were used in [106] to give a randomized

algorithm which constructs the entire MST in linear time.

3.2.3 A lattice expansion for MSF paths

I now seek an expansion, analogous to (3.8), for the probability that the pointsx,y are con-

nected by a path on the MSF atp which passes throughz, which I denote by

C̃z
x,y(p) ≡ 〈I[x,y connected atp andγMST(x,y) passes throughz]〉 (3.38)

= 〈Ic(x,y; z)|p〉. (3.39)

Due to the greedy nature of Kruskal’s algorithm, we never remove edges from the MSF asp is

increased, so if a path connecting two points on the MSF at a parameter valuep exists, it must be

identical to the unique path connecting those points on the completed MST. In section 3.2.2 I used

the geodesic properties of the MST path to arrive at the definition

γMST(x,y) = min
γ∈Γx,y

γ, (3.40)

where ‘min’ denotes the minimal element under the relation≺ defined in (3.36). This lets us write

the indicator function in (3.38) as

Ic(x,y; z)|p = I
[

min
γ∈Γx,y

γ ≤ p
]
I(z)c

[
min

γ∈Γx,y

γ
]
, (3.41)

where for brevity, I introduce

I(z)c [γ] ≡ I[γ passes throughz]. (3.42)
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and, again,Γx,y is the set of all self-avoiding paths onG betweenx andy.

In order to write this as a sum over all pathsγ ∈ Γx,y, I introduce a third indicator function to

select the minimal path from the sum, which I write as

Ic(x,y; z)|p =
∑

γ∈Γx,y

I[γ ≤ p]I(z)
c [γ]I

[ ∧
γ′∈Γx,y

(γ � γ′)
]
. (3.43)

Expanding this third indicator function by inclusion-exclusion gives

Ic(x,y; z)|p =
∑

γ∈Γx,y

I[γ ≤ p]I(z)c [γ]×
∑

Γ′⊆Γx,y

(−1)|Γ
′|I
[ ∧

γ′∈Γ′

¬(γ � γ′)
]
. (3.44)

Because the uniqueness of the edge costs implies¬(γ � γ′) ⇐⇒ (γ � γ′), we may restrict

the sum over subsets ofΓx,y to those not containingγ itself. We now reorganize the double sum

by grouping together all terms that test the same set of edges, as was done for equation (3.8) for

percolation. For each term in (3.44), the edges inγ ∪ Γ′ will form a graphG ∈ Gx,y, the set of

all vertex-irreducible graphs with root verticesx,y. When we regroup the sum in terms of these

graphs, we will obtain a sum over setsΓ′′ = γ∪Γ′ of paths fromx to y which coverG and contain

the chosen pathγ, similar to what was obtained to percolation. Unlike the percolation case, we

still have the outermost sum in (3.44), which will now run over elements ofΓ′′, so the graphical

expansion is

Ic(x,y; z)|p =∑
G∈Gz

x,y

I[G ≤ p]
∑

Γ′′⊆Γx,y(G)

I[Γ′′ coversG]
∑
γ∈Γ′′

(−1)|Γ
′′|+1I

[ ∧
γ′∈Γ′′−γ

(γ � γ′)
]
I(z)
c [γ]. (3.45)

As in the derivation of (3.9), we may factor out the dependence on the parameterp as

Ic(x,y; z)|p =
∑

G∈Gz
x,y

dMSF(G)I[G ≤ p], (3.46)
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where I have introduceddMSF(G), the analogue of Essam’sd-weight (3.10) for MSF paths:

dMSF(G) ≡
∑

Γ′⊆Γx,y(G)

(−1)|Γ
′|+1I[Γ′ coversG]

∑
γ∈Γ′

I
[ ∧

γ′∈Γ′−γ

(γ � γ′)
]
I(z)c [γ]. (3.47)

In (3.47), I have suppressed the dependence ofdMSF(G) on the pointsx,y, z and on the edge costs

of G.

In the analogous statement (3.10) for percolation, we foundd(G) was independent of edge costs

and depended on topological properties ofG only. Here we are not so lucky: to evaluatedMSF(G)

we need to be able to compare paths which coverG using the relation�. By the definition (3.36),

a necessary and sufficient set of information to do this is the relative ordering of the edge costs of

G. I incorporate this by indexing the edges ofG arbitrarily and defining an ordering of their costs

to be given by a permutationπ ∈ S|E(G)| on the set of|E(G)| elements, via

`π(i) < `π(j) ⇐⇒ i < j. (3.48)

With this notation, we see thatdMSF is a function of the graphG and edge cost orderingπE(G), so

I write dMSF(G|π) (leaving the dependence onx,y, z implicit).

The second sum in (3.47) merely detects whether the maximal path inΓ′ passes through the

pointz, so for a fixed edge cost orderingπ we may write

dMSF(G|π) =
∑

Γ′⊆Γx,y(G)

(−1)|Γ
′|+1I[Γ′ coversG]I(z)

c [max
γ∈Γ′

γ]. (3.49)

Note that, as a consequence of our use of inclusion-exclusion, this definition is mildly counterin-

tuitive: we are attempting to calculate the probability that the MSF path passes throughz, and by

definition the MSF path (if it exists atp) is the minimum out of all paths inΓx,y. However, for

each graph in the perturbative expansion of this probability, the relevant event is that themaximal

path of the coveringΓ′ passes throughz.

We may now take the expectation value ofIc(x,y; z)|p over all realizations of the edge costs
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in order to obtain the analogue of (3.9),

C̃z
x,y(p) =

∑
G∈Gz

x,y

∑
πE(G)∈S|E(G)|

dMSF(G|πE(G)) Pr[(G ≤ p) ∧ πE(G)]. (3.50)

The orderingπE(G) and the event that all edges inG have cost less thanp are independent, so the

last probability in (3.50) factorizes. BecauseG is a graph embedded on the lattice and the edge

costs are iid, all orderings of the edge costs are equally probable andPr[π] = 1/|E(G)|!; this will

need to be modified modified when the expansion is done in terms of topological graphs in section

3.2.4.

Alternate form of dMSF

We may also computedMSF in terms of edge subsets instead of covering paths, analogous to

my derivation of (3.13) from (3.10). The argument proceeds the same way: we first generalize

to MSF path connectedness functions on an arbitrary graphG ∈ Gz
x,y, denoted byC̃z

x,y(G, p).

Because (3.49) contains a factor ofI[Γ′ coversG] in the summand, we also havedMSF(G|π) = 0

for disconnected or vertex-reducible graphs, and the sum in the generalization of (3.50) may be

extended to all subgraphs ofG as

C̃z
x,y(G, p) =

∑
π∈S|E(G)|

∑
E′⊆E(G)

dMSF(GE′ |π′E′) Pr[GE′ ≤ p] Pr[πE′ ], (3.51)

whereπE′ is the relative ordering of the costs of the edges inE′ induced by the orderingπE .

Because we knowdMSF(G|π) is dependent onπ, we must work under the sum over edge cost

orderings in performing the M̈obius inversion step. We therefore work with the conditional quantity

C̃z
x,y(G, p|π) ≡

∑
E′⊆E(G)

dMSF(GE′ |π′E′) Pr[GE′ ≤ p] (3.52)

appearing as a summand in (3.51). Evaluating this atp = 1 yields

I[E(G) connectsx,y]I(z)c [γMST(G|π)] =
∑

E′⊆E

dMSF(GE′ |π′E′), (3.53)
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whereγMST(G|πE(G)) is the path connecting the root pointsx,y on the minimal spanning tree of

G obtained under the edge cost orderingπ. Möbius inversion of this sum gives

dMSF(G|π) =
∑

E′⊆E(G)

(−1)|E(G)|−|E′|I[E′ connectsx,y]I(z)
c [γMST(GE′ |π′E′)]. (3.54)

This definition ofdMSF is more convenient than (3.49) for the proofs of section 3.4.4. It is also,

in principle, more convenient for computation, since for large graphs the size of the setΓx,y(G)

of self-avoiding walks grows faster than|E(G)|, hence the sum in (3.54) is more easily performed

than that in (3.49).

3.2.4 Expansion in terms of topological graphs

In the previous section, I gave a lattice expansion (3.50) for the path vertex connectedness

function. If we wish to extend this expansion to a continuum theory, we must express this quantity

as a sum over topological graphsG. In particular, the combinatorics involved in enumerating

the embeddings of a topological graph onto the lattice are highly non-trivial (see section 3.3.1 for

further remarks), so in this section I seek to minimize the embedding dependence of the information

required to compute (3.50).

I consider a given lattice graphG which corresponds to a topological graphG under some

embeddingλ. For clarity in what follows, I denote elements of the edge sets ofG,G by different

symbols: we havee ∈ E(G) andε ∈ E(G). I let λ(ε) ⊂ G denote the chain (self-avoiding path on

the lattice) ofNε edges on the lattice that the topological edgeε is mapped to.

Interestingly, for both percolation and the MST problem, the only edge cost information rele-

vant for the connectedness functions is the cost of the most expensive edge onλ(ε), which I denote

by

Lε = max
e∈λ(ε)

`e. (3.55)

Then in percolation, to determine whetherλ(ε) connects its endpoints, we only need to check

whetherLε ≤ p. Likewise, by the optimal path property,λ(ε) is on the MST ofG only if Lε is less

than the maximal edge cost encountered on all other paths onG connecting the same endpoints.
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In particular, sincedMSF(G|π) is computed in terms of connectedness properties (whether the

MST path between the root points of the diluted graphGE′ goes through the MSF path vertex at

z), it may be computed using only the relative ordering of the{Lε}, which I denote byπ′E(G). We

may think ofLε as an induced cost on the edgeε of G, but its value depends on the embedding

(throughNε) and soPr[π′E(G)] does as well. Suppressing this dependence for now, we have

dMSF(G|π) = dMSF(G|π′E(G)). (3.56)

and the lattice expansion (3.50) may be written as

C̃z
x,y(p) =

∑
G∈Gx,y,z

∑
π′∈S|E(G)|

dMSF(G|π′E(G))

A′(G)

∑
λ:G→G

Pr[π′E(G) ∧ (G ≤ p)], (3.57)

by summing over all orderings of the non-maximal cost edges ofG. HereA′(G) is the relevant

symmetry factor as defined in section 3.1.4. Strictly speaking, it is defined here for automorphisms

fixing the inverse image of the vertexz rather than an edgee; the cases relevant to the continuum

expansion later are those in which the vertexz has degree two. The relevant point of comparison

for the continuum theory is the case wheree is shrunk to a single vertex of degree two. Eq. (3.57)

is the main result of this section, and should be compared with the percolation result (3.32). In the

following section I describe how the factor ofPr[π′E(G)∧(G ≤ p)] may be put in a more convenient

form — note that, as it stands, it may not be factorized as was done for the lattice expansion.

Assigning weights to the orderings

To put the quantityPr[π′E(G) ∧ (G ≤ p)] in a more tractable form, I return to basic consid-

erations of Kruskal’s algorithm on weighted lattice graphs. As the simplest example, I take the

case whereG consists of two root vertices connected in parallel by two edgesε1, ε2. I consider an

embeddingλ whereλ(ε1), λ(ε2) are chains ofN1, N2 lattice edges, whose most expensive edge
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has costL1, L2, respectively. Obviously,

Pr[G ≤ `0] =
∏

e∈E(G)

p0 =
∏

ε∈E(G)

pNε
0 . (3.58)

Note here I make use of the uniform rescaling of edge costs introduced in section 2.1.2. Again, the

only difference between the percolation and Kruskal processes is that, in the latter, an edge with

cost`e must not be accepted if it forms a cycle with edges accepted at`0 < `e. This means that

we must modify the factorPr[G ≤ `0] so that it keeps track of which of the paths corresponding

to edges ofG form first as`0 is raised. We may accomplish this by first generalizing (3.58) to the

multivariate probability

PG(`1, `2) ≡ Pr[(L1 ≤ `1) ∧ (L2 ≤ `2)]

= pN1
1 pN2

2 .

(3.59)

Clearly, we recoverPr[G ≤ `0] asPG(`0, `0). The utility of generalizing toPG is that it allows us

to calculate the probability of orderings onG through a process of differentiation and integration

similar to that performed on the Bethe lattice. For example, the probability thatG has formed by

`0 and that its most expensive edge was onλ(ε2) is

Pr[L1 < L2 ≤ `0] =
∫ `0

−∞
d`2

∫ `2

−∞
d`1

d

d`1

d

d`2
PG(`1, `2) (3.60)

=
N2

N1 +N2
pN1+N2
0 . (3.61)

This is self-evident from the iid nature of the edge costs: the most costly edge could be any of the

N2 edges among the total numberN1 +N2.

The result (3.60) generalizes to any graphG, with edgesE(G) = {ε1, . . . , εn} which have

lengths ofN1, . . . , Nn and maximum costsL1, . . . , Ln under a given lattice embedding. We fix an

orderingπ′E(G) = π′, defined so thatLπ′(1) < Lπ′(2) < · · · < Lπ′(n). Eq. (3.59) generalizes to

PG(`1, `2, . . . , `n) = Pr
[ n∧

i=1

(Li ≤ `i)
]

=
n∏

i=1

pNi
i . (3.62)
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The generalization of (3.60) is then

Pr[π′ ∧ (G ≤ `0)] =∫ `0

−∞
d`π′(n)

∫ `π′(n)

−∞
d`π′(n−1) · · ·

∫ `π′(2)

−∞
d`π′(1)

n∏
i=1

d

d`i
Pr
[ n∧

i=1

(Li ≤ `i)
]
. (3.63)

In the discussion which follows, I find it useful to identify the integro-differential operator

OMSF(π′, `0) =
∫
· · ·
∫

−∞≤`π′(1)≤···≤`π′(n)≤`0

n∏
i=1

d`i
d

d`i
. (3.64)

We have ∑
π′∈Sn

OMSF(π′, `0)f(`1, . . . , `n) = f(`0, . . . , `0), (3.65)

for any nonsingular functionf of n parameters, since in summing over all the simplicial domains

of integration we simply recover the integral of a total derivative. Equation (3.63) becomes

Pr[π′ ∧ (G ≤ `0)] = OMSF(π′, `0)PG(`1, `2, . . . , `n)

=
n∏

i=1

Nπ′(i)∑i
j=1Nπ′(j)

p
Nπ′(i)
0 = Pr[G ≤ `0]

n∏
i=1

Nπ′(i)∑i
j=1Nπ′(j)

.
(3.66)

Using this result in (3.57) gives the desired expansion in terms of topological grpahs,

C̃z
x,y(`0) =

∑
G∈Gx,y,z

∑
π′∈S|E(G)|

dMSF(G|π′)OMSF(π′, `0)
∑

λ:G→G

Pr
[ ∧

ε∈E(G)

(Lε ≤ `ε)
]
. (3.67)

This is the central result of this section, which should be compared with the percolation result

(3.32). I now describe how a continuum theory may be constructed from this expansion.

3.3 A continuum perturbation expansion for MSF paths

In this section I describe how to turn the topological graph expansion obtained in the previous

section into a continuum theory. I will argue that this may be accomplished by replacing the paths
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of edgesλ(ε) by continuum random walks and neglecting the self-avoidance and excluded-volume

constraints on the set of allowable embeddings. Given these modifications, the only remnant of the

lattice structure will be a short-distance (ultraviolet) cutoff. We expect the resulting perturbation

series to be asymptotic, rather than convergent, as is typical for Feynman diagram expansions.

The continuum theory is defined by performing a modification procedure on each Feynman

diagram of the field theory corresponding to bond percolation, and hence is defined to all orders

in perturbation theory. Very roughly, we may think of the above procedure as “disassembling”

each term the perturbation expansion for a percolation connectedness function into its histories of

formation under the Kruskal process. However, the resulting expansion doesnot arise from the

path integral of any action functional, so we do not technically have a “field theory of MSF paths,”

although I will show in the following section that many of the standard techniques of field theory

remain applicable.

In section 3.3.1 I argue that the excluded volume constraint implicit in the lattice expansions

may be safely neglected in the region aroundd = 6. I then describe how the lattice expansions of

the previous section may be converted into a Feynman diagram series in the continuum in section

3.3.2. I describe how this series incorporates my existing mean-field scaling results in section

3.3.3, and in section 3.3.4 I describe how mean-field theory breaks down via a Ginzburg criterion

analysis, confirming the valuedc = 6 obtained previously in section 2.2.7. This sets the stage for

the renormalization group calculations I begin to set up in section 3.4.

3.3.1 The excluded volume constraint

A lattice expansion in terms of topological graphs, such as (3.32), is very close to describing a

continuum theory. The only remaining roadblock lies in the sum over embeddingsλ, which carries

an effective excluded volume constraint: edges ofG must be mapped to self-avoiding chains of

lattice edges, and all these chains must be edge-disjoint (and hence also vertex-disjoint): no edge

on the lattice may be used more than once. This is a highly non-trivial constraint to deal with in

low dimensions. If we drop this constraint, we would have a sum over “free embeddings”λ̄, which

map edges ofG to random walks in the lattice, which are allowed to intersect. This is the starting
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point for a continuum theory: as is well known, the generating function for unconstrained random

walks may be thought of as the propagator of a free scalar field (e.g., [100]).

For percolation, the excluded volume constraint may be avoided by further modifications to the

expansions given above. This is Essam’s “ρ expansion”, given in [40, 94], which takes the form

Cx,y(`0) =
∑

G∈Gx,y

d∗(G)
∑

λ̄:G→G

Pr[G ≤ `0], (3.68)

Thed∗ weights are defined in a manner similar to thed weights, and in factd(G) = d∗(G) for all

graphs having no vertices of degree greater than three.

There certainly seems to be no obstacle to extending theρ expansion to the expansion for

MSF paths derived in the following section, but I do not pursue this line of inquiry (which may

be relevant for a mathematically rigorous reformulation of the results given here). Instead, in what

follows, I assume we may drop the excluded volume constraint without difficulty or modification

of my lattice expansion. This is because my ultimate aim is a renormalization group calculation

organized as an asymptotic series inε = dc − d. The dimensionalitydc = 6 is sufficiently high

that the differences between self-avoiding paths and random walks will be negligible — or, more

precisely, correspond to RG-irrelevant operators. Diagrammatically, imposing the self-avoidance

constraints would lead to new graphs involving vertices of degree 4 or higher (arising from the

intersection of two paths in Essam’s expansion), which are RG-irrelevant interactions. For the

remaining marginally relevant cubic interactions, we haved∗(G) = d(G) and no modifications

need to be made.

3.3.2 Continuum expansion for MSF paths

Continuum field theory of percolation

I begin by considering percolation connectedness functions, defined via (3.32) (and its gener-

alization ton-point functions). Recall that these are equivalent to the corresponding MSF connect-

edness functions in the absence of any path vertex insertions, since the connectivity properties of

the bond percolation and Kruskal processes are identical at any stage of cluster growth.
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Since I argued in the previous section that we may safely neglect the excluded volume con-

straint present in the sum over embeddings, for a given topological graphG we may take the chains

of edges produced by the lattice embedding to be independent random walks. The sum over em-

beddings may then be done by associating the propagator of a scalar field with each edge ofG; it

is most natural to do this in terms of the Fourier transform with respect to the positionsxi of the

embedded vertices ofG. The Fourier representation of the Green’s function for the probability a

random walk connects two vertices has the formG0(q, t0) = 1/(q2 + t0), the same as the prop-

agator of a scalar field [100]. Here the parametert0 ≥ 0 corresponds to the square of the mass of

the scalar field and arises from formally weighting all random walks according to length.

In scalar field theory, this mass can be viewed as arising from a quadratic interaction, which is

the only RG-relevant interaction atd = 6. Therefore, in the field theory of percolation we should

think of t0 as depending monotonically on the percolation parameterp; näıvely, t0 decreases to

zero asp increases topc (however, this statement will be modified by perturbative corrections).

Criticality corresponds tot0, since this means the length scale set byt0 diverges. This argument

is borne out by the conventional derivation of the field theory of percolation via the Hubbard-

Stratonovich transformation [89, 90].

The above considerations let us associate a Feynman diagram with each topological graph via

the substitution ∑
λ̄:G→G

Pr[G ≤ `0] →
1

A(G)
IG(x1, . . . ,xn; t0). (3.69)

Here the symmetry factorA(G) arises from counting the automorphisms ofG in the usual way

(see discussion following eq. (3.32)), andIG(x1, . . . ,xn; t0) is a standard Feynman integral from

scalar field theory, constructed by associating the propagatorG0(x−y, t0) of a scalar field to each

edge ofG, and a factor ofg0 to each cubic vertex. The positions of then external (root) vertices

are given byx1, . . . ,xn. In the momentum basis this is

IG({kext}; t0) =

g−n
0

∏
ε∈E(G)

(∫
ddqε

(2π)d

1
q2

ε + t0

) ∏
v∈V (G)

g0(2π)dδd

(
(kext)v −

∑
ε∈E(G)

Nε,vqε

)
. (3.70)
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HereN is the incidence matrix ofG under an arbitrary orientation of the edges:

Ne,v = 1 if v is the head ofe,

= −1 if v is the tail ofe, and

= 0 otherwise.

(3.71)

The external momenta{kext,i}i = 1, . . . n are the Fourier conjugates of the positions{xi} of

the graph’s root vertices, and(kext)v is the net external momentum flowing into vertexv. The

momentum integrals should be done over the first Brillouin zone of the lattice we began with,

which I denote by
∫

BZ d
dq, but as we are interested in long-distance (scaling) properties we will

approximate this region by a sphere of radiusΛ, which we will (for now) take to be of order1/a,

wherea is the lattice spacing. At this stage,g0 is strictly speaking of order one, but will be viewed

as small in the perturbation expansion (which may therefore be organized as an expansion ing0).

Since the percolationd-weights are topologically invariant (section 3.1.4), the continuum ex-

pansion for the percolation connectedness functions then simply becomes

C{xi}(`0) →
∑

G∈G{xi}

d(G)
A(G)

IG({xi}; t0). (3.72)

I restrict the sum to topological graphs with vertices of degree three (as discussed above), except

for the marked pointsxi, which are of degree one (thus we haveg0 for each cubic vertex). Both

of these simplifying assumptions can be justified because other contributions can be shown to be

RG-irrelevant near six dimensions, using arguments developed in section 3.4.

In section 3.1.3 I showed that thed-weightsd(G) are simply the combinatoric factors encoun-

tered in the standard treatment of percolation via the Potts model, andG{xi} is the set of all cubic

graphs with the given number of external legs, so this shows that this sector of my theory repro-

duces the standard field theory of bond percolation. The reader may compare my treatment with

the conventional derivation via the Hubbard-Stratonovich transformation [89, 90]. I phrased my

derivation in non-standard terms (not making use of an action functional) due to the fact that the

MSF path vertex cannot be expressed in terms of any local operator: instead we must phrase the
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argument to follow entirely in terms of diagrammatic expansions.

Mass insertion diagrams in percolation

We may define an analogous expansion for the functionCe
x,y(p) associated with singly-connected

edges (defined in section 3.1.4). Here we sum over diagrams with two marked degree one external

points atx, y, and with a single degree two vertexz marking the position of the single lattice edge

e, as discussed above. This defines a setGz
x,y. The appropriate symmetry factor isA′(G), and we

pick up|V (G)|−3 factors ofg0 from the internal vertices. In the same way that this function on the

lattice was obtained by differentiating with respect to the costpe of one edge, this function in the

continuum can be obtained by differentiating the Feynman diagram expression forCx,y(p) with re-

spect to the masstε associated with the edgez lies on (and no subsequent integration in the present

case). In particular, this produces the correct symmetry factors. This procedure actually leads to

the volume integral overz of the desired quality (i.e., zero momentum flows throughz), but can be

modified to allow some momentum to enter atz, as given above. In field theory this operation is

referred to as insertion of a mass- orφ2 operator, whereφ would be the field corresponding to the

degree one external points [96].

Continuum theory of path vertex functions

I now consider the path connectedness functionC̃z
x,y(p) for MSF(p), which (again) is the

probability that at parameter valuep there is a path on MSF(p) from x to y passing throughz. I

treat the continuum version of the expansion in exactly the same way as I did for percolation, with

the functionCe
x,y(p) discussed above being the closest analogue.

In the expansion for the path vertex connectedness functions (3.67) we needed to sum orderings

π′ of the costsLε of the edgesε of the diagram, weighted by appropriate factors. The first step was

introducing the generalization

Pr[G ≤ `0] = Pr
[ ∧

ε∈E(G)

(Lε ≤ `0)
]
→ Pr

[ ∧
ε∈E(G)

(Lε ≤ `ε)
]
. (3.73)
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I have argued above that when we pass to the continuum expansion the analogue of the parameterp0

is the mass squaredt0, so in the continuum expansion we should proceed by giving each propagator

an independent mass parametertε:

∏
ε∈E(G)

1
q2

ε + t0
→

∏
ε∈E(G)

1
q2

ε + tε
. (3.74)

The operatorOMSF(π, `0) may trivially be rewritten in terms of the{tε} variables: because

every derivative is paired with an integral, the Jacobians involved in changing from the{Lε} to the

{tε} cancel, and hence we do not require more detailed information on how thets depend on the

edge costs. The only difference is that orderingπ is reversed: smallLε corresponds to largetε;

in Kruskal’s algorithm on the lattice we approachpc from below while here we approachtc from

above. Therefore, (3.64) becomes

OMSF(π, t0) =
∫
· · ·
∫

∞>tπ(1)≥tπ(2)≥···≥tπ(n)≥t0

∏
ε∈E(G)

dtε
d

dtε
. (3.75)

and the expansion for the MSF path vertex functions in the continuum is

C̃z
x,y(`0) →

∑
G∈Gz

x,y

∑
π′∈S|E(G)|

dMSF(G|π′)
A′(G)

OMSF(π′, t0)IG(x,y, z; {tε}). (3.76)

The set of graphs involved are the same as those used in the mass-insertion graph of bond perco-

lation (defined above), so we may compute this by starting with the expansion forCe
x,y(t0) and

making the substitution

d(G)IG(x,y, z; t0) 7→
∑

π′∈S|E(G)|

dMSF(G|π′)OMSF(π′, t0)IG(x,y, z; {tε}) (3.77)

on a diagram-by-diagram basis.
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Summary

To summarize, the Feynman diagram rules for the MSF path vertex connectedness function, as

specified in (3.77), are as follows:

1. Begin with the set of diagramsGz
x,y and the associated Feynman integralsIG(x,y, z; t0)

defined as the Fourier transform of (3.70).

2. Associate a unique masst0 ≤ tε <∞ to each propagator.

3. For each orderingπ′ ∈ S|E(G)| of these mass parameters, act on the integrand with the

operatorOMSF(π′, t0) defined in (3.75).

4. Integrate over the momenta left undetermined by theδ-functions appearing in (3.70), subject

to the cutoff|qε| < Λ.

5. Multiply the result of each integral by the appropriate diagrammatic weightdMSF(G|π′)/A′(G),

with dMSF defined in (3.49) andA′(G) defined in section 3.1.4.

6. The sum of this quantity over all mass parameter orderings is the appropriate contribution to

the MSF path connectedness function.

In sections 3.4.1, 3.4.2 I will reformulate these rules so as to be more amenable to actual

computations. Note that we must act withOMSF before any momentum integrations are performed,

since the latter may produce expressions that diverge at the upper limit of the integrations inOMSF.

This situation could alternatively be remedied by cutting off the domain of integration inOMSF to

{tε} < Λ2, at the expense of complicating my renormalization group calculation below.

Colloquially, we may think of the above procedure as “disassembling” each term the perturba-

tion expansion for a percolation connectedness function into its constituent orderings or, roughly,

histories of formation under the Kruskal process. This disassembly is accomplished byOMSF; we

then reweight each history appropriately via the substitutiond → dMSF and then sum up all the

pieces. This isnot a literal explanation of the above procedure due to the fact that the expansions

have been derived via inclusion-exclusion (some terms arise as corrections to overcounting in other

terms) but it is perhaps the most intuitive explanation for the manipulations above.
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3.3.3 Scaling and fractal dimensions: mean-field theory revisited

The perturbation expansion that we have now obtained can be organized as a loop expansion:

the lowest order contribution tõCz
x,y is orderO(g0

0), and is simply the diagram that takes the form

of a path fromx to z to y, which possesses no loops (cycles), while higher orders ing0 contain

additional loops, one for each factor ofg2
0. The lowest order result, in position space and att0 = 0,

takes the form (in this and the following, all separations like|x− y| are assumed large,� a)

C̃z
x,y ∝

1
|x− z|d−2|z− y|d−2

. (3.78)

By contrast, the 2-point connectedness function at criticality, obtained as a single scalar propagator,

is proportional in this order to1/|x − y|d−2. [At zero-loop order, these results are the same for

MSF(pc) and for critical percolation.] Dividing the two gives the conditional probability that there

is a path fromx to y passing throughz, given that there is a path fromx to y. Integrating overz

gives∝ |x − y|2. This is viewed as proportional to the total number of steps on the (lattice) path,

even through the events of the path passing through the variousz are not disjoint. The exponent2

indicates that the fractal dimension of the path is 2, which is the correct result for a random walk.

Thus I have shown that

Dp = 2 (3.79)

at zero-loop order. This will be found to be correct ford > 6, and also ford = 6 up to logarithmic

corrections. The same dimension is believed to hold for paths on critical percolation clusters for

d > 6, by similar field-theoretic arguments. Geometrically, it is because on large scales these

clusters are trees, with no loops [39], and hence are the same in the MSF(pc) process.

In general, and specifically ford < 6 as I will show, the scaling exponents will be different. At

pc, quite generallỹCz
x,y will have the scaling behavior

C̃bz
bx,by = b−(d−2+η)−(d−Dp)C̃z

x,y (3.80)
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for anyx, y, andz, and scalarb, while the 2-point connectedness behaves as

Cbx,by = b−(d−2+η)Cx,y. (3.81)

Thus these two functions determine two exponentsη andDp for MSF(pc), andη will be the same

as for percolation, as I will explain shortly (η = 0 for d > 6). Then in the same way as at zero

loops, we infer the fractal dimensionDp for the MSF path. From the geometric point of view,

d−Dp is the co-dimension of the path.

The exponentη describes the decay with distancer of the probability that two points are con-

nected by a critical percolation cluster, namely∼ r−(d−2+η). In a field-theoretic point of view,

(d−2+η)/2 = xφ is the dimension of the Potts field operatorφ, whiled−Dp = xp is the scaling

dimension for the path-vertex “operator”.xφ is related to the fractal dimensionDperc of the critical

percolation clusters as the codimensionxφ = d−Dperc, soDperc = (d+ 2− η)/2.

For the percolation functionCe
x,y, the correspondingφ2 operator ate has dimensionxφ2 =

d−Dsc, andDsc is the fractal dimension of the set of singly-connected edges on the path fromx to

y on the critical percolation cluster [39]. Ford < 6 this set does not usually form a connected path.

We see that the MSF path must include the singly connected edges, which leads to the inequality

Dp ≥ Dsc. (3.82)

Because the functionCe
x,y is connected via differentiation with the change in connectivity withp

(or t0), the scaling dimensionxφ2 of theφ2 insertion controls the length scale produced by taking

p < pc; this length is the correlation lengthξ, and we can define the exponentν by ξ ∼ (pc− p)−ν

asp → pc. It follows thatDsc = ν−1 [39]. This discussion shows how the fractal dimensionDp,

and others, can be extracted from the renormalized perturbation calculations.

3.3.4 Beyond mean-field theory: breakdown of perturbation theory ford < 6

In section 3.4, I will prove that the perturbation expansion for the MSF path connectedness

functions can be treated in a similar manner as that for standard field theories. In the current section,
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at the risk of getting slightly ahead of myself, I will take these properties as given and describe the

mechanism by which the mean-field scaling behavior of the previous section is corrected below

dc, and how these corrections come about due to the breakdown of the naı̈ve perturbation series

outlined above, which necessitates the introduction of the RG formalism.

Proper vertices

A first step is to introduce one-particle irreducible (1PI) functions. A diagram is defined to

be 1PI if it does not become disconnected when a single edge is removed. Now for the MSF

path connectedness functioñCz
x,y, the (dominant) diagrams that contribute have a single edge

emerging fromx andy. For terms of orderO(g2
0) (asg0 → 0), the diagram possesses at least

one loop (cycle). It can then be decomposed into a chain of one or more disjoint 1PI 2-point

graphs, connected by single edges. The vertex labeledz is either inside one of the subdiagrams

(subgraphs), or on one of the single edges. The 1PI subdiagrams not containingz will be called

self-energy diagrams.

For thedMSF-weight of such a diagram, it is easy to see that the weights associated with each

1PI subdiagram factor. This is because the MSF path must pass through each of the 1PI subdi-

agrams in turn. For the self-energy diagrams, all paths through the subdiagram (which must be

considered when evaluating thedMSF-weight) contribute a non-zero amount (all diagrams we con-

sider are connected tox, y, z). Consequently, the factor in thedMSF-weight for the subdiagram

is independent of the orderingπ′E restricted to the subdiagram, and then the weight reduces to the

same expression as in percolation. (This is not true, however, for the 1PI subdiagram that contains

the path vertex atz.) The application of theOMSF operator and the sum over orderingsπ′E can

now be carried out using (3.65). Then the contribution of such a self-energy diagram is the same

as in percolation. The self-energy diagrams can be formally summed to all orders in perturbation

theory to yield the self-energyΣ(q, t0), and then each of the two series of alternatingG0(q, t0)’s

andΣ(q, t0)’s can be summed as a geometric series, giving the full Green’s functionG(q, t0),

G(q, t0)−1 = G0(q, t0)−1 − Σ(q, t0) (3.83)
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(Dyson’s equation). I pause to point out that the 2-point connectedness function for MSF(p), in

which we do not require the path on the MSF to pass through any particular pointz, is similarly

shown in this diagrammatic point of view to be the same as in percolation, and is given byG(q, t0).

Consequently, the exponentη defined above forp = pc must be the same as the similarly-defined

exponent in percolation.

The MSF path connectedness function, with zero momentum entering at the path vertex, can

now be written formally as

∫
ddz C̃z

x,y(t0) =
∫

ddq
(2π)d

e−iq(x−y)G(q, t0)Γ(2,PV)(q,0; t0)G(q, t0), (3.84)

whereΓ(2,PV)(q, 0; t0), which I call the path vertex function, is the Fourier transform of the sum of

all 1PI diagrams with two external points (connected tox, y), plus the path vertex atz, which has

here been assigned zero momentum. (The generalization toΓ(2,PV)(q1,q2; t0) should be obvious.)

Diagrams contributing toΓ(2,PV) are depicted in figure 3.1. Similarly, I also define, for theN -point

connectedness functionsG(N)(q1, . . . ,qN ) without the path vertex (N = 2, 3; G(2) = G), and the

2-point connectedness function with a mass (orφ2) insertion, which are the Fourier transforms of

the percolation functionsG(2) = Cx,y,G(2,1) = Cz
x,y:

G(N)({qi}; t0) =
N∏

i=1

G(qi, t0)Γ(N)({qi}; t0); (3.85)

G(N,1)({qi};q; t0) =
N∏

i=1

G(qi, t0)Γ(N,1)({qi};q; t0). (3.86)

In these functions, aδ-function that sets the total wavevector to zero has been removed, and{qi}

stands for the ordered setq1, . . . ,qN . This causes a minor difference in notation from that for the

path vertex function above: in the functionsG or Γ containingN orN + 1 wavevector arguments,

one of the wavevectors could be eliminated, which is what was done inΓ(2,PV) above, and I oc-

casionally do this for the others also without further comment. The functionsΓ(N) andΓ(N,1) are

called the 1PI vertex functions (of the types indicated). I identifyΓ(2)(q1,−q1; t0) = G(q1; t0)−1.
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+ · · ·+ ++!PV(q,0) =

Figure 3.1: Perturbation expansion for the path vertex function given in (3.76). I represent the path
vertex by the open circle connected to a wavy line. Note that these diagrams do not include any
notation corresponding to the operation ofOMSF. The lowest non-trivial term is the second one on
the right-hand side.

The problem of calculating the path exponentDp has now been reduced to the calculation of

the 1PI path vertex functionΓ(2,PV). The external linesG are the same as in percolation, because of

the factorization and ordering independence of the weights for the self-energy diagrams (which we

are assuming for now). Similar, but more subtle, factorizations play an important role in the later

part of the argument also. The path vertex, on the other hand, is not the same as the mass-insertion

vertex in percolation which it resembles.

Ginzburg criterion and the breakdown of perturbation theory

To illustrate the perturbation expansion, let us now evaluate the first correction, of orderg2
0,

to Γ(2,PV) (see Fig. 3.1) at zero external momentum. From the rules given above, this correction

comes from the graph with three propagators connected to form a triangle, and the contribution is

(note thatA′ = 1 for this graph)

IMSF(4, t0) =
∑

π′∈S3

dMSF(4|π)OMSF(π, t0)IΛ(4, {t1, t2, t3}), (3.87)

where the last integral is

IΛ(4, {t1, t2, t3}) = g2
0

∫ Λ ddk
(2π)d

1
(k2 + t1)(k2 + t2)(k2 + t3)

. (3.88)

Heret3 is the mass-squared on the edge not adjacent to the path vertex. Our momentum-space rules

required us to integrate up to radiusΛ. Since the diagram is evaluated at zero external momenta, it
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is symmetric under permutations of the{tε} and

OMSF(π, t0)IΛ(4, {t1, t2, t3}) =
1
3!
IΛ(4, {t0, t0, t0}). (3.89)

Applying (3.54), we havedMSF(4|π) = 0 for the two orderings in whicht1 and t2 > t3, and

dMSF(4|π) = −1 for the other four orderings. Thus the result is

IMSF(4, t0) = −2
3
IΛ(4, {t0, t0, t0}). (3.90)

For the corresponding simple mass-insertion vertex in percolation, the result would be instead

−IΛ(4, {t0, t0, t0}).

Droppingg2
0 and numerical factors, the contribution to the path vertex function behaves like

the integral

I ′Λ =
∫ Λ

0

kd−1dk

(k2 + t0)3
. (3.91)

At present, we are interested in this for fixedΛ ast0 → 0, so as to reachp = pc. We see that for

d > 6, (3.91) behaves asΛd−6 asΛ → ∞, and is finite (for anyΛ) ast0 → 0. But for d < 6,

the reverse is the case: the integral converges asΛ → ∞, but diverges (for anyΛ) as t(d−6)/2
0

ast0 → 0. In the borderline cased = 6 the integral diverges logarithmically at both ends. For

non-zero external wavevectors, the dependence of the integral onΛ is the same in all cases. Note

that similar statements apply for percolation; only the numerical prefactor is different.

There are similar results for diagrammatic contributions with more loops. Simply counting the

number of propagators and integrations gives the “superficial degree of divergence”, which for the

path vertex function is always∼ g2
0Λ

d−6 or g2
0t

(d−6)/2
0 for d > 6 andd < 6 respectively, raised to

the power of the number of loops (independent cycles) in the diagram, as in the one-loop example

above. Note that this is the same as if theOMSF operator were absent, becauseOMSF leaves the

overall degree (ink, at t0 ' 0) of the integrand unchanged. The consequence for perturbation

theory at fixedΛ andd > 6 is simple: each term in the perturbation expansion ofΓ(2,PV) for

MSF(p) (p ' pc) is finite ast0 → 0. This is true for the self-energy diagrams on the external

lines also, and the value ofΣ(q, t0) at q = 0 determines an effective shift in the value oft0 that
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corresponds top = pc: pc must correspond to the value oft0 such thatt0 − Σ(0, t0) = 0, and

there are also other finite changes in the normalization ofG. (In this case one would wish to sum

up self-energy insertions in the lines inside ofΓ(2,PV) also. However I have not shown that these

take the same form as on the external lines. This will be addressed below.) But the consequence

is that in each order,Γ(2,PV)(q, t0) ∼ O(1) asq → 0 at p = pc, whileG(q, t0)−1 ∝ q2. This

in turn implies that there is no change in the exponents from their lowest order values,η = 0 and

Dp = Dsc = 2. Note that here I disregard the possibility that the sum of an infinite number of

finite terms might diverge, which might invalidate the conclusion.

For d ≤ 6, this perturbative argument breaks down as the corrections become arbitrarily large

ast0 → 0, in particular in the regiont0 < g
4/(6−d)
0 (the Ginzburg criterion). In order to handle

this, the use of RG techniques becomes essential. These techniques effectively re-sum and redefine

the expansion. There are several formulations of the RG. These may be divided into two classes.

One class of particularly powerful techniques is the field-theorists’ RG, in which the aim initially

is to takeΛ → ∞ (or a → 0) at fixed separations or momenta, in such a way that the limits of

the correlation (or connectedness) functions exist, thus recovering a true continuum theory. This is

called renormalization of the theory. Subsequently, the renormalized theory is used to set up the

RG, and calculate exponents ford ≤ dc. The leading alternative is the Wilsonian RG, in which

the cutoff is kept finite. The Wilsonian RG is more difficult to use for higher numbers of loops.

Both approaches lead to equivalent results for physical quantities such as exponents ford ≤ dc,

wheredc = 6 for percolation and MSF(pc). In this chapter I will follow the approach of the

field theorists, since we want to make statements about the behavior of the expansion for arbitrary

numbers of loops.

For d > 6, we can see from above that the effective expansion parameter isg2
0Λ

d−6. As

Λ → ∞, it is then necessary to makeg0 → 0 such thatg2
0Λ

d−6 does not diverge. In fact the

situation is even worse than this would suggest: there simply is no rational way to define the limit

Λ →∞ so that the connectedness functions at fixedq and (for example)p = pc have finite limits,

without introducing an infinite number of parameters. This is referred to asnon-renormalizability

of the perturbation expansion. But by keeping the cutoffΛ finite, and using the Wilsonian point of
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view, we can see that the exponents in this region take their simple zero-loop values, as indicated

above. Accordingly, I concentrate ond ≤ 6 from here on.

3.4 Renormalizability of the MSF field theory

In this section I give the proofs which establish that my perturbation expansion for MSF paths

is renormalizable. Recall that diagrams of this theory with no path vertex are identical to those of

percolation theory and hence pose no problem, while we construct diagrams involving the MSF

path vertex by the substitution (3.77):

d(G)I(G) 7→
∑

π∈S|E(G)|

dMSF(G|π)OMSF(π, t0)I(G, {tε}), (3.92)

where the integralsI(G) andI(G, {tε}) are identical Feynman integrals with only cubic interaction

vertices, containing the factorg0 for each such interaction, but in the latter integral the mass-

squaredt0 is generalized to a distinct parametertε for each edgeε of the graphG. In this section, I

will drop the prime from the orderingsπ′ throughout; orderingsπE(G) are nonetheless the induced

orderings on the set of highest costsLε of the setE(G) of edgesε ∈ E(G) of a topological graph

(Feynman diagram) or subgraphG. dMSF andOMSF were defined in (3.54), (3.75) respectively,

and as defined both depend on the structure of the entire graphG. In particular, it is not entirely

evident from the definition (3.54) howdMSF(G|π) could be computed from knowledge of its values

on subgraphs ofG.

Because the results and arguments are highly technical, I now give a more in-depth summary

of the results obtained in this section. I begin in section 3.4.1 by introducing common terminology

and explaining the parametric formulation of Feynman integrals. In section 3.4.2 I obtain the effect

of theOMSF operator, which is very simple in the parametric formulation: it introduces a simple

product factorFπ into the integrand, which depends on the choice of an orderingπ for the costs on

the graph.

In section 3.4.3, I prove that the superficially-divergent subintegrations (as the cutoffΛ →

∞) associated to a connected subgraphH come only from a subsetS′ ⊂ S|E(G)| of all possible
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orderings on the edges ofG. Specifically, ifH is a three-point subgraph or a 2-point subgraph

containing the path vertex, thenS′ = π[0], in which all costs in the subgraph are cheaper than

all those outside. Similarly, ifH is a two-point subgraph (i.e. a self-energy), the only superficial

divergences are for orderingsS′ = π[0] ∪ π[1], in which at most one edge inH has cost higher than

one or more outsideH. Moreover, for these orderings, with one class of exceptions the divergences

in self-energy or cubic coupling (three-point) subgraphs are the same as those in the corresponding

percolation diagrams, up to thed-weights. These results generalize easily to diagrams with several

superficially-divergent subdiagrams, if these are pairwise either disjoint or one inside another.

Having identified the important orderings, I consider in section 3.4.4 the behavior of thedMSF

weights for these orderings. I show that the weights obey nice factorization properties for connected

subdiagrams with two or three external points for orderings in classπ[0], and also (in a different,

more general form) for self-energy subdiagramsH with orderings in which one or more edges in

H is more costly than at least one outsideH. The factorization has the form

dMSF(G|πE(G)) = d(H)dMSF(G/H|πE(G/H)) (3.93)

if the path vertex is not inH (note the appearance of ad-weight from percolation), and

dMSF(G|πE(G)) = dMSF(H|πE(H))dMSF(G/H|πE(G/H)) (3.94)

if the path vertex is inH. The precise definitions, in particular forπE(G/H), will be given in

section 3.4.4. Here and below I use notationG/H to denote the diagram obtained by contracting

the subgraphH to a single vertex (which may be of degree 2, producing a harmless extension of

the class of diagrams to be considered).

In section 3.4.5 I come to the heart of the proof. I use a theorem of Bergère and Lam [106]

to show that the Feynman integral for each diagram in my perturbation expansion can be rendered

absolutely convergent by a procedure of subtracting all the superficially divergent parts of the

integrand. Furthermore, utilizing the results of preceding sections, all the terms that have to be

subtracted for divergent subdiagrams (including those containing the path vertex) are the same as
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those for a corresponding full diagram, with the exception of one class of terms as mentioned above,

which is dealt with in section 3.4.6. Subject to the latter result, this means that all divergences

are dealt with by renormalizing parameters and the overall scale of the vertex functions, as in a

renormalizable field theory.

Finally, in section 3.4.6 I prove that the class of exceptional subleading divergences in the self-

energy subdiagrams cancel in the sum over all diagrams of a given order. This completes the proof

of renormalizability to all orders in the perturbation expansion.

3.4.1 Definitions

I begin by considering an arbitrary Feynman integral associated with a diagramG appearing in

the perturbative expansion of a correlation function in, for example, the field theory of percolation.

x y

x! y!

z

!
x y

z!

G

H

G/H

G !H

Figure 3.2: Depiction of an arbitrary graph contributing to the MSF path connectedness function.
The various root vertices used in the definition of this function are labeled with open circles.

First, we recall the expression for a Feynman integral associated withG given in eq. (3.70).

Let V,E be the vertex and edge sets ofG, and letNε,v be its incidence matrix under an arbitrary

orientation of its internal edges; i.e.

Nε,v = 1 if v is the head ofε,

= −1 if v is the tail ofε, and

= 0 otherwise.

(3.95)
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Neglecting the cutoff for a moment, the momentum integral with which we are concerned is

IG({kext}) =
∏

ε∈E(G)

(∫
ddqε

(2π)d

1
q2

ε + tε

) ∏
v∈V (G)

(2π)dδd

(
(kext)v −

∑
ε∈E(G)

Nε,vqε

)
. (3.96)

Here (kext)v is the net external momentum incident on the vertexv. Since we will replace the

percolationd-weight with the appropriatedMSF-weight, we neglect the factord(G) and alsog0 to

the power of the number of internal cubic vertices (or other couplings for interactions of different

degree that may be present more generally).

Parametric representation of Feynman integrals

We make progress by expressing the Feynman integral (3.96) in terms of integrals over the

Schwinger parametersα. This makes use of the identity1/X =
∫∞
0 dα e−αX to rewrite part of the

integrand as ∏
ε∈E

1
q2

ε + tε
=
∏
ε∈E

∫ ∞

0
dαε e

−αε(q2
ε+tε). (3.97)

(For brevity, I letAG denote the set of parametersαε introduced above.) The total ofd|V | δ-

functions can be rewritten using the identity2π δ(k) =
∫
dλ eiλk for each. Integrals over the

internal momentaqε are now Gaussian and can be performed, and then theλ-integrations become

Gaussian and can be performed, except for one which produces aδ-function expressing conserva-

tion of the total momentum,(2π)dδd(
∑

v∈V (kext)v). Omitting thisδ-function, we have

IG({kext}) =
1

(4π)Ld/2

∫ ∞

0

∏
ε∈E

dαε P
−d/2(AG) exp

(
−kT

ext∆
−1kext−

∑
ε∈E

αεtε

)
. (3.98)

Here∆ is a|V | × |V |matrix, which is a Laplacian onG, defined by

∆(AG)v1,v2 =
∑
ε∈E

Nε,v1

1
αε
Nε,v2 , (3.99)

andP (AG) is defined as

P (AG) =

(∏
ε∈E

αε

)
det′∆(AG), (3.100)
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in which the determinantdet′ is that of∆ with one row and column removed, so as to remove the

zero mode.kext is viewed as a|V |-component vector, andL = L(G) is the cyclomatic number of

G, the number ofindependentloops (cycles) ofG. P (AG) is a homogeneous polynomial of degree

L. These expressions are quite general and may be obtained for the diagrams of any field theory;

for a further discussion consult [101, 107]. It is interesting thatP (AG) and also∆−1 can be related

to weighted sums over spanning trees onG [101, 107] by the Kirchoff matrix-tree theorem [93];

it is not clear to us whether this fact is deeply involved in the renormalizability of the theory of

MSF(p).

For many diagrams, the integralI(G) as written in (3.96) or (3.98) is ultraviolet divergent and

must be regularized, which is done by restricting the momentum integrations in (3.96) to the region

|qε| < Λ. I implement this in (3.98) by taking the range of integration of each of theαε to be

[Λ−2,∞), which exponentially suppresses contributions from|qε| � Λ.

I make use of the parametric representation for Feynman integrals for two reasons. First, it

greatly simplifies the study of renormalization of the expansion, as in the field theories in [101,

106, 108]. The second reason is that, as I show in the next section, the action ofOMSF takes a

particularly simple form in this representation. Application ofOMSF directly to (3.96) results in

intractable integrals over the{tε} for diagrams beyond one-loop order, while I am able to obtain

its action on an arbitrary graph in closed form in equation (3.102).

3.4.2 Effect of theOMSF operator

The preceding discussion applied to the diagrams from the field theory for percolation. To

investigate how things change when we calculate MSF diagrams, we specify a given total ordering

π of the masses ofG, such that

i < j ⇐⇒ tπ(i) > tπ(j). (3.101)

The diagrammatic contribution to the MST theory is obtained by summing over all total orderings

of edge costs consistent with the placement of the path vertex, according to (3.54). To find the

contribution from one orderingπ, we apply the operatorOMSF(π, t) defined in (3.75) to both sides
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of (3.97), obtaining

∫
· · ·
∫

∞>tπ(1)>···
···>tπ(|E|)>t

∏
ε∈E

dtε
d

dtε

1
q2

ε + tε
=
∫ ∞

Λ−2

|E|∏
i=1

απ(i) dαπ(i)∑i
j=1 απ(j)

e−
P

ε∈E αε(q2
ε+t). (3.102)

The integrand on the right-hand side is that appearing on the right-hand side of (3.97), multiplied

by a factor

Fπ(AG) ≡
|E|∏
i=1

απ(i)∑i
j=1 απ(j)

, (3.103)

(I note thatFπ(AG) is of the same form as I obtained on the lattice in equation (3.66). This is

another manifestation of the well-known equivalence between scalar field theory and a system of

random walkers.) Thus finally my prescription for evaluating the contribution of each diagram is

that it is given by the parametric Feynman integral as for percolation, but with the factor

∑
π

dMSF(G|π)Fπ(AG) (3.104)

inserted inside theα integrals, replacing thed(G) weight for the percolation theory.

The factorFπ(AG) obeys0 ≤ Fπ(AG) ≤ 1 for anyAG ∈ [0,∞)|E|, and has the property that

it reduces to one as we go towards the limit in which

απ(1) � απ(2) � · · · � απ(|E|). (3.105)

It tends to suppress orderings which do not obey the version of these inequalities in which all�’s

are replaced by<’s. Thus it acts to replace the strict inequalities on thetε’s by corresponding

but softer conditions on theαε’s. This result makes intuitive sense: high-momentum (smallα)

propagators correspond to lattice walks consisting of relatively few edges. In the Kruskal process,

we expect the shortest paths to be completed first, at the lowest value ofp, corresponding to a larger

mass-squaredt0.

It will be useful to simplify theFπ factors as much as possible, by performing (or partially

performing) the sums ofdMSF(G|π)Fπ over orderingsπ as much as possible before performing the
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integrals. I now give some basic formulas that are a step in this direction. First, I obtain another

proof of (3.65) from the fact that ∑
π∈S|E|

Fπ(AG) = 1. (3.106)

A more general fact that will be useful is that if we consider a subset of edgesE′ ⊆ E of E and

orderingsπ such that the masses on edges ofE′ are greater than all those inE −E′, and sum over

all such orderings that fix an ordering onE − E′ (such orderings can be written asπ = σ ◦ π0 for

π0 any one such ordering andσ a permutation inSE′ ⊂ SE), then:

∑
σ∈SE′

Fσ◦π0(AG) =
|E|∏

i=|E′|+1

απ0(i)∑i
j=1 απ0(j)

, (3.107)

in which the right-hand side is independent of the choice ofπ0. This follows by using eq. (3.106)

applied to the restricted sum over orderings. Indeed, as the derivation of this identity only used the

sum over a smaller set, this can be used in a proof by induction (on the size|E|) of eq. (3.106)

itself. The induction step, of taking|E′| = |E| − 1 and summing the right-hand side eq. (3.107)

over cosetsS|E|/S|E|−1 is simple.

3.4.3 Power counting for MSF Feynman integrals

In this section, I describe how the divergent behavior of a given diagram of the MSF path theory

differs from that of the diagram from percolation theory from which it was obtained, and obtain

some basic statements about the form of the divergences for each ordering.

In the absence of theFπ factor, the parametric form of the Feynman integrals may in general

suffer from divergences associated with the regionα→ 0 for some or allα’s. These take the place

of the possibly more familiar divergences at largek in the original momentum space integrals over

qε; recall that the latter integrals have already been done, after exchanging orders of integration. For

a 1PI graphG, the superficial degree of divergence ofI(G) is obtained easily from the momentum-

space form by counting the total number of powers of allqε’s and integrations
∫
ddqε, and is given

by

ω(G) = dL(G)− 2|E(G)|. (3.108)
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This formula holds for any field theory of scalar fields interacting via non-derivative couplings.

The same result is easily obtained in the parametric representation also [101, 106, 108]. It may

be obtained more formally by rescaling theαε → ρ2αε for all edges ofG, with ρ → 0+. The

formula may also be applied to the subintegral associated with a connected 1PI subdiagramH of

G (strictly, a subdiagram is a subset of the vertices ofG, together with all edges that connect these

vertices); this will be denotedω(H). In this case, it is obtained from the behavior as the subset of

αε associated with edges ofH are scaled to zero by a common factor. Notice that the superficial

degree of divergence for a subgraphH might be larger than that forG. A graph or subgraph is

said to be superficially divergent if its superficial degree of divergence is positive or zero, and

superficially convergent if its superficial degree of divergence is negative. (A graph withω = 0

may diverge more slowly than any power ofΛ, for example logarithmically, or may be convergent.)

It is a theorem that ifω is negative forG and for all its subgraphs, then the associated Feynman

(parametric) integral is absolutely convergent.

For the theory with cubic interactions that I consider here, the only connected 1PI graphs that

are superficially divergent atd = 6 dimensions are (a) any self-energy diagram (with two external

points), because all haveω = 2, (b) any vertex correction diagram, that is a graph with three

external points, because all haveω = 0, and c) a self-energy graph with aφ2 insertion, which have

the same form as the vertex diagrams in b). Here in a) and b) an external point means that a line

that “leaves” the graph (joined to it by a cubic vertex like the others) was removed to leave the

1PI part. The graphs containingφ2 are relevant to the path vertex that we wish to consider in this

chapter. Other graphs are superficially convergent.

Ordering dependence of the superficial degree of divergence

Turning to my theory for MSF(p), the parametric form of the Feynman integral for a given

orderingπ is simply modified by the insertion of the factorFπ(AG). BecauseFπ(AG) is bounded,

it follows that the superficial divergence of any diagram or subdiagram of the MSF theory is no

worse than the corresponding diagram of percolation theory from which it was obtained. More

formally, Fπ is a homogeneous rational function of degree zero, and so the superficial degree of
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divergence forG is againω(G).

However, for a subgraphH of G, Fπ(AG) may reduce the superficial degree of divergence

belowω(H). Recall that for a subdiagram, we consider the limit asαε for ε ∈ E(H) go to zero

simultaneously, by scaling them with a common factorρ2, leavingαε for ε ∈ G − H unchanged.

Considering each of the|E(H)| factors inFπ(AG) that have numeratorαε for an edgeε ∈ E(H)

appearing in (3.103) in this limit, we see that in this limitρ→ 0,

Fπ(AG) = O
(
ρ2nπ(H,G)

)
, (3.109)

where I definenπ(H,G) to be the number of massestε for ε ∈ E(H) that are less than at least one

of the masses inE(G) under the orderingπ. (Clearlynπ(H,G) = 0 for H = G.) For a fixed 1PI

connected subgraphH of G, this provides a useful partitioning of orderings into setsπ[m], m = 0,

1, . . . :

π[m] = {π : nπ(H,G) = m}. (3.110)

Thus the orderingsπ[0] (which will prove most important in what follows), for whichFπ = O(1)

asρ→ 0, are those where all of the masses on the edges of the subgraphH are larger than those in

G −H, that is all the costs inH are lower.

We may add this result to the superficial degree of divergence to obtain the overall superficial

degree of divergence of a connected 1PI subdiagramH of a connected 1PI diagramG under the

orderingπ:

ωMSF(H,G|π) = ω(H)− 2nπ(H,G). (3.111)

This implies that it is only for classπ[0] that the superficial degree of divergence of the subgraph

H is unchanged byFπ. For subgraphs withω(H) = 0 (i.e. the vertex and path vertex diagrams),

orderings other than those inπ[0] give convergent subintegrals. For the self-energy subgraphs, with

ω = 2, orderings inπ[1] lower the superficial degree of divergence to0, and these are additional

divergences with which we will have to deal. Moreover, in all cases there are subleading terms in

the behavior ofFπ asρ → 0 for a subgraph, and while these terms are superficially convergent in

most cases, the first subleading term also has zero superficial degree of divergence in the case of
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the self-energy subdiagrams.

For further analysis, it is helpful to consider the sum
∑

π dMSF(G|π)Fπ(AG) and to attempt to

simplify it as much as possible, so that the evaluation of the parametric integrals reduces to those

for percolation as much as possible. Indeed, by the “contribution of a diagram” in general I mean

the weighted sum over orderings. In order to consider divergent subintegrals for subdiagrams, it is

useful to have factorization properties of the weightsdMSF. I consider these properties next.

3.4.4 Factorization properties of MSF diagrammatic weights

In this section I demonstrate that the diagrammatic weightsdMSF possess enough factorization

properties for my proof of the renormalizability of the perturbation expansion to go through. Let

us first recall that for thed-weights in percolation, the weight for a diagramG containing a 2-

or 3-point subdiagramH factors into the weight forH times that for the “quotient graph”G/H in

which the subgraphH is shrunk to a single vertex (formally, its vertices are identified, and its edges

are deleted):d(G) = d(H)d(G/H). This is immediate in the Potts model formulation in which

thed-weights originate from contracting together tensors, due toSQ permutation symmetry (apart

from the problem of giving a formal definition of theQ → 1 limit). It can also be derived from

the combinatorial definitions described in section 3.1.3 (this is shown in the case of some 2-point

subdiagrams in Ref. [92]). It is important for the proof of renormalizability, as the contributions

of such subgraphs in Feynman integrals will be treated as “correcting” or “renormalizing” the

parameters attached to 2- and 3-point vertices in the graphical expansion. We require some similar

properties in the expansion for MSF(pc).

1PI decomposition

Recall that the weights can be defined as in eq. (3.54) [forE = E(G)],

dMSF(G|π) =
∑

E′⊆E

(−1)|E|−|E
′|I[E′ connectsx,y]I(z)

c [γMST(GE′ |πE′)]. (3.112)
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This differs from the diagrammatic weight for percolation (3.13) only in the presence of the ad-

ditional indicator functionI(z)c [γMST(GE′ |πE′)]. A graph that is not 1PI can be decomposed into

(connected) 1PI subdiagrams lying on a chain of single edges and such 1PI parts that form a path

from x to y, and possibly other 1PI parts. That is,G may be constructed as a treeG0 (with x, y, z

marked) which is then decorated by replacing its verticesv with subgraphsHv. As the MSF path

must pass through a chain of 1PI parts, it follows that for those 1PI subdiagrams that do not contain

the vertex atz, the indicatorI(z)
c is independent of the path through such a 1PI subdiagram, and

accordingly thedMSF weight factors into a product of weights for the single edges and for the 1PI

parts. Moreover thedMSF factor for each such 1PI subdiagram reduces tod in percolation for that

subdiagram (for a single edge, the weight is 1). Likewise, for a vertex-reducible subdiagram or

“tadpole”, such as a 1PI part connected to the rest by a single edge, thedMSF-weight is the same as

in percolation and vanishes. Similarly thedMSF weight for a diagram that contains a disconnected

subdiagram vanishes. Hence from here on we need consider only connected, vertex-irreducible 1PI

diagramsG that contain the path vertex atz, as well as root points that we can relabel asx, y.

Ordering dependence

For MSF(p), the weightsdMSF depend on the orderingπ of the costs of the edges of the topo-

logical graphG, as well as onG. In this section, I will denote these costs by the original symbol`ε

for edgeε ∈ G (these costs in fact stand for the maximum, earlier denotedLε, of the chain of edges

that are the image ofε under an embedding ofG in the lattice). In terms of the costs, the ordering

π is defined by

i < j ⇐⇒ `π(i) < `π(j). (3.113)

(I use the costs, rather than the mass-squared’s for which the inequalities are reversed, because I

find the former arrangement to be more intuitive.) In seeking a factorization similar to that for the

d-weights in percolation, there are two issues. Because thedMSF-weights depend on a choice of

ordering, one issue is whether some factorization holds at all for each ordering, and a second is, if

there is some factorization, what ordering would be used for the quotientG/H. What I obtain below

may not be the most general possible result. Instead I obtain statements for two (overlapping) sets
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of conditions, and these are sufficient for my purposes.

Factorization for orderings in π[0]

Motivated by the considerations of which orderings produce ultraviolet-divergent Feynman

integrals associated with a subgraph, I first show that for orderingsπ such that all edges in a

connected subgraphH have lower cost than all others inG, whereH is a 2- or 3-point subgraph,

and in the 2-point case the vertexz can also be present, factorization holds:

dMSF(G|π) = dMSF(H|πH)dMSF(G/H|πG−H). (3.114)

Here the right-hand side involves the orderingπH, which isπ restricted toH, andπG−H which

is π restricted toG − H. (For graphsG, subgraphsH, and quotientsG/H, I will allow abuses of

notation likeπE(H) = πH.) Further, in the case in whichH does not containz, we already know

thatdMSF(H|πH) = d(H). We recall that these orderings are those in classπ[0], which produce the

leadingdivergence for the 2- or 3-point subgraphs. Further, the factorization generalizes to the case

in which there are several disjoint such subgraphs, and the costs in the union of the sets of edges

of the subgraphs are lower than those in the remainder ofG (regardless of the relative orderings

among the edges in the subgraphs). In this case, each disjoint subgraph carries a weight as for the

single subgraph considered above. Then, because the 2-point (or self-energy) subgraph (that does

not containz) also has subleading divergences that occur when its costs do not obey the preceding

conditions, I also derive a more general result for such a subgraph for any ordering. These results

can be combined to handle a large class of orderings and subgraph structures.

First I show that, ifH is a 2- or 3-point subgraph, then in the sum over subsets of edgesE′ ⊆ E

in dMSF we can replace

I[E′ connectsx,y] = I[E′(H) connects{xi}]I[E′(G/H) connectsx,y], (3.115)

wherex,y are the root points ofG, and{xi} are the root points ofH, because other terms cancel.

To see this, first notice that if for a 2- or 3-point subgraphH, the “diluted” edge set ofH,E′(H) =
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E′ ∩ E(H) [and similarly forE′(G/H)], does not connect all the root vertices, then there is at

least one root vertex not connected to any of them (this does not hold for a subgraph with more

than three root points). Choose one of these, and without loss of generality suppose it isx1. In

G there is a single edge incident onx1 that is not inH (call it εx1). The minimum spanning tree

pathγMST(GE′ |πE′) from x to y onE′ clearly cannot pass thoughx1 for such anE′, whatever the

orderingπ. We can pair off such subsetsE′ by choosing pairs ofE′ which are the same subsets

except that the edgeεx1 is in one and not in the other. These subsets differ in size by one, and the

indicator functionI(z)c [γMST(GE′ |πE′)] takes the same value for both. Hence these contributions

cancel, and the result follows.

Now I turn to the factoring ofI(z)c [γMST(GE′ |πE′)]; it is here that the form of the ordering enters.

The case in which all edges in the subgraphH have costs lower than all those inG − H is quite

simple. First, the same property is inherited in the orderingπE′ restricted toE′. As the Kruskal

process runs onE′, these edges are tested first, and when that is completed the root points of the

subgraph are connected (this follows because I have shown thatE′ connects these vertices). For

the remainder of the process, from which the pathγMST(GE′ |πE′) is obtained, the subgraphH [or

its diluted version which I denoteHE′(H)] can be viewed as collapsed to a single vertex to produce

GE′/HE′(H). It is useful now to distinguish two cases: eitherz is in H, or it is not. In the first

case, the MSF path must enterH to reachz, and then leave. This implies that a) onGE′/HE′(H),

the image ofH is the point through which the MSF path must pass, and b) once withinH the path

must pass throughz. That is, we can write for the indicator function

I(z)c [γMST(GE′ |πE′)] = I(z)c [γMST(HE′(H)|πE′(H))]

× I(H)
c [γMST(GE′/HE′(H)|πE′−E′(H))] (3.116)

The summation over subsets of the edgesE′ can be written as a sum over subsetsE′(H) and over

E′′ = E′−E′(H), and so the factorization of thedMSF-weights as in eq. (3.114) follows. Likewise,

in the case where the path vertex is located inG −H, we can simply write

I(z)c [γMST(GE′ |πE′)] = I(z)
c [γMST(GE′/HE′(H)|πE′−E′(H))], (3.117)
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and again the form in eq. (3.114) follows, though nowdMSF(H|πH) = d(H). Together these prove

all the relations shown in Fig. 3.3 for the the stated class of orderings.
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Figure 3.3: Factorization properties ofdMSF(G|π) for connected subgraphs that are proved in the
text for orderings in the classπ[0].

For graphs with several disjoint subgraphs of the same type as the single connected subgraphs

considered above, the same proof goes through if all edges in all the subgraphs are less costly than

those outside. That is, the edges in one of the connected subgraphs need not be all more, nor all

less, costly than those in another one of the subgraphs. Thus this result is more general than simply

iterating the application of the preceding result, though the final factored form of thedMSF-weight

is the same as if it were.

Arbitrary ordering: two-point subgraph case

I now turn to a more general argument for the case of a connected 1PI 2-point subgraphH and

any orderingπ. It holds if the path vertexz is within H, however for orderings not in the class

π[0] which are already covered by the preceding proof, the corresponding Feynman integrals are

convergent, so I will not make of this, and can assume thatz is not inH.

Let εH be the most costly edge inH for the orderingπ. Now we consider the evaluation of the

dMSF-weight. For each diluted edge-setE′, this involves comparison of paths fromx to y (which

exist because the contribution todMSF vanishes ifx andy are not connected). We saw above that
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we can assume that the root pointsx1, x2 of H are connected byE′(H). Further, there are paths

from x to y throughHE′(H), because otherwiseHE′(H) is either disconnected from bothx andy,

or is part of a tadpole, and in either case the weight vanishes as we saw above. To find the MST

path fromx to y, the task can be broken into subtasks, and one of these is first to find the MST

path throughHE′(H) between its root points. If the MST path fromx to y passes throughHE′(H),

the portion withinHE′(H) must be this MST path. I now show that (within the sum definingdMSF)

this pathγMST(HE′(H)|πE′(H)) betweenx1 andx2 must pass through the most costly edgeεH of

H. For suppose thatεH ∈ E′(H), but the MST path does not traverse it. Then there is another

edge set which is the same asE′ except thatεH is omitted, and these terms cancel in pairs (note

that the MST paths are the same for these edge sets). But the terms withεH ∈ E′(H) andεH on

γMST(HE′(H)|πE′(H)) do not cancel in a similar way, as removingεH from this edge set leaves the

root verticesx1 andx2 disconnected, and we know that those edge sets cancel among themselves.

The reason the root vertices become disconnected on removingεH (soHE′(H) is not 1PI) is that

if not, then a less-costly path (in the sense of the ordering≺ in section 3.2.2) between the roots

would exist.
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Figure 3.4: The factorization property ofdMSF(G|π) proved in the text for arbitrary ordering of
edge costs.

It follows that in comparing possible MST paths onGE′ , the subgraphHE′(H) can be replaced

by a single edge fromx1 to x2 with cost `εH . I use this result to define the induced ordering

πG/H for the quotient graph for such a 2-point subgraphH; this ordering gives the ordering for

any diluted edge setE′(G/H). Note however that here we are forced to viewH as replaced by an

edge, not a vertex, in the quotient graph. [Further,H is bordered by two other edges, and these

three edges form a chain, which by the general elementary arguments given earlier can be replaced
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by a single edge of cost the maximum of the costs of the three edges, for the purposes of finding

the MST pathγMST(HE′ |πE′) from x to y.] We can summarize this whole argument as showing

that the indicator function can be written as

I(z)
c [γMST(GE′ |πE′)] = I(εH)

c [γMST(HE′(H)|πE′(H))]

× I(z)c [γMST(GE′/HE′(H)|πE′(G/H))], (3.118)

while the edge subsetsE′(G/H) that have to be summed over are subsets of the set(E′−E′(H))∪

{εH} (the latter change cause no difficulty, and again the three edges in a chain can be replaced by

one, with the cost as described above). This then shows that the weight factors as

dMSF(G|π) = dMSF(H|πH)dMSF(G/H|πG/H), (3.119)

where thedMSF forH is that for the path fromx1 to x2 to pass thoughεH, while the second simply

requires a path on the quotient graphG/H to pass throughz. However, the argument already given

above for the MST path withinH on the diluted edge setsE′(H) shows that if the former condition

is dropped, then the evaluation of the sum is the same. That is

dMSF(H|πH) = d(H) (3.120)

for dMSF(H|πH) with the MST path vertex at the most costly edge ofH under the orderingπH.

Thus we obtain factorization in the same form as before, as desired (see Fig. 3.4). This agrees

with the result for an ordering in classπ[0] (because thenπG/H = πG−H), but gives the correct

generalization to other orderings, for the case of a 2-point subgraph. For other orderings, the

highest cost inH has to be compared with those in the remainder ofG; I emphasize again this

aspect of the definition ofπG/H.

In the present case, the argument can simply be used again ifG/H contains a 2-point subgraph.

For 3-point subgraphs, I expect that a more complicated generalization exists, but I have not looked

for it.
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3.4.5 Proof of renormalizability

In this section, I assemble the preceding results to describe the divergences of the diagrams or

subdiagrams in MSF(p) theory, and compare them with the corresponding ones in the perturbation

expansion for percolation. Here by a diagram, I mean the corresponding Feynman integral, includ-

ing the sum over orderings of thedMSFFπ factors inside the parametric integral. The initial results

provide the direct motivation for the renormalization of the perturbation series. Then I describe the

proof of renormalizability.

Summary of results so far

We saw in section 3.4.3 that for a subdiagramH and an ordering in the classπ[0] (or for the

whole diagramG, and any ordering), the superficial degree of divergenceωMSF(H,G|π) is the same

asω(H). I consider only 2- or 3-point subdiagrams, including the 2-point subdiagram that contains

the path vertex. For any fixed ordering on the edgesE(G) − E(H) not inH, we can consider the

sum ofdMSF(G|π)Fπ(AG) over all the orderingsπH of edges inE(H) such that the ordering of all

edges is inπ[0]. For each ordering in the sum, we saw in section 3.4.4 that thedMSF weight reduces

to dMSF(H|πH)dMSF(G/H|πG−H) (for the path vertex case) ord(H)dMSF(G/H|πG−H) (for the

other cases). For the latter cases in which the path vertex is not inH, the weightdMSF(G|π) is

independent of the orderingπH, and the sum over the latter can be performed using eq. (3.107),

which shows that the part of theFπ associated with the subdiagram has reduced to unity, as in

eq. (3.106). The remaining factor on the right hand side of eq. (3.107) depends on theα’s for the

subdiagram, but of course not on their ordering. To leading order as all thoseα’s are scaled to

zero, the resulting subintegration has exactly the same divergence (not only degree of divergence)

as the corresponding subdiagram in the field theory of percolation near criticality [including the

d(H) weight], and the remainingFπ factor is that for the quotient graph,FπG−H(AG/H). (Note

that here I disregarded the possibility thatH itself contains a subdiagram that is divergent; this will

be handled later.) For the path vertex, the leading divergence of the subintegral is not identical to

any in the percolation theory, as the sum ofFπ overπH does not reduce to a factor unity for the

subdiagram; the 2-point vertex function with a mass (φ2) insertion, which it resembles, is different,
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though it has the same degree of divergence [an example of such an integral was discussed in eq.

(3.90)]. Nonetheless, the weighted sum ofFπ has similar factorization properties.

Motivated by these observations, I aim to prove that my perturbation expansion for the path

vertex function can be renormalized in a manner very similar to that for percolation. Indeed, the

mass, field, and coupling renormalizations will be exactly the same as in percolation, even when

they occur inside a 1PI diagram for the path vertex function (we saw earlier that this is so for

the self energy parts outside the 1PI path vertex function, that is connected to this function by

a single line). For the path vertex itself, the renormalization works and takes a similar form as

that for a mass insertion in percolation, but the coefficients are different. I will prove this to all

orders in perturbation theory. First, I will establish that it is possible to perform subtractions as in

ordinary field theory Feynman diagrams (e.g. for percolation), with the result that our subtracted

amplitudes are non-diverging for each graph in every order in perturbation theory. Then I will

show that, because of a cancellation of some sub-leading pieces involving self-energy insertions,

the subtractions take the same form as in percolation, as indicated above. This then leads almost

immediately to the RG equations, and the epsilon expansion for the exponents.

Renormalization of Feynman integrals

The idea for rendering the Feynman integral associated to a diagram finite is intuitively simple.

We identify all the diverging sub-integrations associated to subdiagrams of the types already listed

above (called “renormalization parts”), for which the divergence is related to the behavior of the

integrand as a corresponding set ofα parameters is scaled to zero, and then subtract away these

parts of the integrand. One would hope that the resulting integrand is then convergent, and even

absolutely convergent. It is necessary to prove this non-obvious result, which I will do using results

from the literature.

The procedure is somewhat complex because a given diagram may contain several diverg-

ing subdiagrams. The subdiagrams may themselves contain diverging sub-subdiagram (these are

revealed by considering several dilatation parametersρi attached to distinct subdiagrams, which

go to zero in some order). These possibilities cause no problems for disjoint subdiagrams (that
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have no common edges), nor for a nested sub-subdiagram (entirely contained in a subdiagram).

The case of subdiagrams that are neither disjoint nor nested, called “overlapping divergences”, is

more difficult, but turns out not to be a problem. One makes subtractions corresponding only to

non-overlapping and nested subdiagrams. The procedure was defined by Bogoliubov and Parasiuk

in recursive terms [109], finiteness was proved by Hepp [110], and a non-recursive definition in

terms of “forests” was given by Zimmerman [111]. Together, this formulation is called the BPHZ

method. These authors worked in terms of momentum-space integrals. For the later formulation

and proofs within the parametric formulation, see Refs. [106, 108] and the review in Ref. [101].

Renormalization of parametric Feynman integrals

I briefly outline the result due to Bergère and Lam [106] that I will use. First it will be useful

to introduce the “generalized Taylor operators”T n [106, 108]. For a functionf(x) of a positive

variablex that behaves asf(x) ∼ a0x
ν asx → 0 (a0 6= 0), such thatx−νf(x) is infinitely-

differentiable on[0, a) (a > 0), and for our purposes withν an integer, (such a function is said to

have the Taylor series property) these are defined for any integern to extract the Laurent-like series

of terms:

T nf(x) = a0x
ν + a1x

ν+1 + . . .+ aν+nx
n, (3.121)

(wherea0, . . .aν+n are complex numbers) with propertiesT nf(x) = 0 if n < ν, and (1 −

T n)f(x) ∼ xq with q > n. While the series has the Laurent form, I do not assumef is complex

differentiable away from0, and the coefficients can be calculated fromf at positivex only, by

ordinary Taylor expansion ofx−νf(x) atx = 0. For a function of several variablesx1, x2, . . . , we

may define generalized Taylor operatorsT ni
xi

similarly by acting with one of them at a time, but we

must be careful as they do not generally commute.

In the following these operations will be applied acting on some subsetE′ of α’s for a graph

G by a dilatation parameterρ as ρ → 0, and then settingρ = 1 in the result: T n
E′f(AG) =

T n
ρ f({ρ2αi : i ∈ E′}, {αi : i 6∈ E′})|ρ=1. Thus these extract precisely the leading and subleading

terms that we have been discussing, up to ordern. Here whenf({ρ2αi : i ∈ E′}, {αi : i 6∈ E′})

has the Taylor series property as a function ofρ, we say it has it with respect to the setE′, and it is
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in this case that the operatorT n
E′ is defined.

We will need some definitions for properties of the functions to which the Theorem applies.

We will consider what Berg̀ere and Lam [106] call a “nest” of edge subsets, which is a filtration,

that is a setN = {E1, . . . , Er} of edge subsets such that

∅ ⊂ E1 ⊂ E2 ⊂ · · · ⊂ Et ⊆ E(G) (3.122)

in which the inclusions are strict except possibly the last. For a functionZ(AG), we say that it has

the “simultaneous Taylor series property” with respect to the filtrationN if there is a set of integers

νEr such that(
∏t

r=1 ρ
−νEr
r )Z(ρ2AG) has simultaneous Taylor series in the set ofρr near, and does

not vanish at,ρr = 0 for all r; hereρ2AG stands for the ordered setAG of α’s, but eachαi acquires

a factorρ2
r for each subsetEr to whichi belongs. For example, the function1/(α1 + α2) has the

simultaneous Taylor series property for the filtrationE1 = {1}, E2 = {1, 2}.

Now I can state (a special case of) the theorem of Bergère and Lam: if (i)Z(AG) is infinitely

differentiable for0 < αi < ∞; (ii) Z(AG) and itsα derivatives are polynomially bounded when

arbitrary subsets ofAG are scaled to∞; (iii) Z(AG) has the simultaneous Taylor series property

with respect to every filtrationN of edge subsets, then the integral

IR =
∫ ∞

0

|E(G)|∏
i=1

dαi e
−

P
i αitR[Z(AG)] (3.123)

with t > 0 is absolutely convergent. Here theR operation is the subtraction operator which can be

defined as

R = 1 +
∑
N

∏
E′∈N

(−T −2|E′|
E′ ), (3.124)

where the sum is over all filtrationsN of the setAG of α’s.

In its general form, the theorem applies to many integrals that are not related to Feynman

diagrams in any obvious way. Now we wish to apply it to the Feynman integrals in my perturbation

expansion. First I point out that these integrals do satisfy the hypotheses of the theorem. Indeed,

the integrands of our integrals contain factors that occur in the field theory of percolation, which
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for this purpose is no different from a cubic-interaction scalar field theory, times the factorFπ for

some orderingπ (timesdMSF and summed overπ, but we need not consider this here; this sum can

be exchanged with the integral and then taken under theR operation if desired). The integrand in

the cubic theory satisfies the conditions, and it is easy to see that theFπ factor does not change this.

To go further, I note that when applied to Feynman integrals based on a graph (the graph made

no appearance in the statement of the theorem),R can also be expressed in many other ways,

one of which is as the sum over forests of renormalization parts [106]. As we know, a forest is a

collection of trees, but here the trees are not spanning trees on our lattice or our graphG. Instead, a

forest is any set of renormalization parts inG (which are 1PI connected 2- or 3-point subdiagrams),

such that for any two such parts in the set, either one is entirely contained in the other (both for

its vertices and its edges), or else they are disjoint. (Often in the literature, a forest is pictured as

a set of non-intersecting boxes overlaid on the depiction of the Feynman diagram.) In this form

for R, the sum over all filtrations is replaced by a sum over all forests, and each edge setE′ in the

product is that of a single renormalization part belonging to that forest. I note that in the BPHZ

formulation, whether in parametric form or not, no divergent integral or cutoff is mentioned. The

subtractions are carried out instead on the integrand (which however, before the subtractions are

performed, does have the property of diverging more strongly in some limits).

Renormalization of MSF path vertex integrals

I will apply the theorem to the integral for a diagramG, in which the sum over orderings, and

dMSF factors, are taken into the integrand. That is,

Z(AG) =
∑
π

dMSF(G|π)Fπ(AG)P−d/2(AG) exp(−kT
ext∆

−1kext). (3.125)

My earlier remarks imply that for each renormalization part, the subtractions (in forest form) re-

move precisely all the superficially divergent pieces and no more. Thus in this form, theR op-

eration is exactly what one might expect it to be from the discussion preceding the statement of

the theorem, and the theorem says that these subtractions result in an absolutely convergent inte-

gral. For subdiagramsH of a diagramG, these subtractions are exactly the same as those for a
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diagram of the same type (number of external points, and presence or absence of the path vertex),

with one exception. This is the subleading superficial divergence in the case ofH a self-energy

subdiagram. In the subleading generalized Taylor expansion (that is,T −2|E(H)| − T −2−2|E(H)|

acting on the dilatation factor for the subdiagram), part of it comes from expandingFπ to orderα

(for someα in the subdiagram) times the leading term from the percolation integrand; the terms

from Fπ arise from orderings in classπ[1] and from subleading terms in classπ[0]. This does not

correspond to the subtraction made to any whole diagram, and would thus be difficult to include in

the renormalization scheme. Fortunately, these subtractions cancel, not for the given diagram, but

between diagrams of the same order that differ only in the placement of the self-energy insertion

in the graph. This cancellation result will be proved in section 3.4.6 below.

Hence because we are always interested in the sum of all diagrams in each order anyway, the

only subtractions that have to be made correspond to those that would be made toG when it is a

renormalization part. It follows that the subtractions correspond to subtracting the Taylor series

in k2 for the subdiagram, wherek is the wavevector entering the subdiagram, and replacing the

original graph by the quotient by the subdiagram, times these Taylor coefficients in place of the

subdiagram. For the vertex and path vertex cases, the subtraction is simply at zero wavevector,

while for the self-energy the first order term ink2 has to be subtracted also. This is easily seen, as

the subtractions toG itself are just its Taylor expansion ink2 to the given order [101, 106, 108].

If we include the zero-loop parts of the vertex functions, this implies that the renormalized vertex

functions in this renormalization scheme obey

Γ(2)
R (0; g, t) = t,

d

dk2
Γ(2)

R (k; g, t)
∣∣∣∣
k=0

= 1,

Γ(3)
R (0,0,0; g, t) = g,

Γ(2,1)
R (0,0,0; g, t) = 1,

Γ(2,PV)
R (0,0,0; g, t) = 1.

(3.126)

In view of the condition on the 2- and 3-point vertex functions atk = 0, the coupling and mass-

122



CHAPTER 3. MINIMUM SPANNING TREES: LOOP CORRECTIONS

squared appearing in the propagators in the expansion can be identified with therenormalized

values, so there is no subscript zero on these quantities.

Now that the renormalized perturbation series defining theΓR are known to be finite, for exam-

ple at non-zero wavevectors away from the point0 at which the above conditions are given, we can

modify the renormalization scheme. Namely, we can add a finite part (more accurately, a series of

finite terms) to each subtracted piece in the definition of the renormalized integrand. These can be

chosen in each order to modify the renormalization conditions, and the combinatorics again works

out. This changes the renormalization scheme, and for example we can modify the conditions

above to specify values at non-zero wavevectors (except for the mass-squared):

Γ(2)
R (q = 0; g, t) = t,

d

dq2
Γ(2)

R (q; g, t)
∣∣∣∣
|q|=κ

= 1,

Γ(3)
R ({qi}; g, t)

∣∣∣
SP

= g,

Γ(2,1)
R ({qi}; g, t)

∣∣∣
SP

= 1,

Γ(2,PV)
R ({qi}; g, t)

∣∣∣
SP

= 1.

(3.127)

Here SP= symmetry point denotes a symmetric configuration of external momentaq1, q2, q3,

which (by rotational symmetry) we take to be any triple satisfyingq2
i = κ2 for i = 1, 2, 3,

qi ·qj = −κ2/2 (i 6= j). Note thatg andt now have a different meaning than before. In this form,

we can now sett = 0 and work directly at the critical point, as in each order in perturbation theory

the non-zero wavevector scaleκ prevents the left-hand-sides from diverging in the infrared (the

self-energy−Γ(2)(0; g, 0) is not infrared divergent). This renormalization at zero mass-squared is

quite convenient technically.

As I mentioned above, the BPHZ subtraction scheme requires no reference to, nor use of, a

cutoff. It is possible to develop the RG equations directly from this scheme, working with non-

divergent expressions only, and leading for example to the Callan-Symanzik equation when the

renormalization scheme at zero wavevector, non-zerot is used [112]. However, for calculational

purposes, I prefer to write intermediate quantities in terms of expressions that diverge asΛ → ∞

123



CHAPTER 3. MINIMUM SPANNING TREES: LOOP CORRECTIONS

as in traditional approaches. The bare vertex functions are given by the original, unsubtracted

Feynman integrals with cut-off, including as always thedMSFFπ factors. For emphasis, I now write

these asΓ0’s. They are viewed as functions of the bare couplingg0 and mass-squaredt0, as well

as the wavevectors and cutoffλ. Then all the subtractions that define the renormalized amplitudes

can be collected into changes of the parameters tog andt = 0, and changes in the scale of the

“operators”φ, φ2 and that described by the path vertex. That is

Z
N/2
φ (g0, κ,Λ)ZL

φ2(g0, κ,Λ)Γ(N,L)
0 ({qi}, {qj}; g0, t0,Λ)

= Γ(N,L)
R ({qi}, {qj}; g, κ,Λ), (3.128)

Zφ(g0, κ,Λ)ZPV(g0, κ,Λ)Γ(2,PV)
0 ({qi}; g0, t0,Λ)

= Γ(2,PV)
R ({qi}; g, κ,Λ), (3.129)

and in the limitΛ → ∞ the dependence of allΓR on Λ drops out. These equations require five

equations to define the dependence ofZφ, Zφ2 , ZPV, g0, andt0 on g, κ, andΛ, and these are

provided by the five conditions (3.127), when these are expanded in perturbation theory ing0. At

this point the treatment of my theory has come to closely resemble an ordinary field theory, the

main difference being the form of the Feynman rules for calculatingΓ(2,PV). The most important

conclusion of the analysis is that the path vertex is renormalized multiplicatively byZPV.

3.4.6 Cancellation proof for subleading terms

In this section I present the proof that the particular subleading terms in the Laurent expansion

as theα’s in a self-energy part (not containingz) go to zero, that do not appear for the self-energy

in an external line, actually all cancel among graphs with the same self-energy part inserted in

different edges.

First I show that the dependence on theα’s in a self-energy of the weighted sum ofFπ factors

simplifies. We suppose throughout this section that we consider a fixed graphG0 with an ordering

π0, and we then modify this graph to obtainGi by inserting a given self-energy graphH on an edge

i of G0. Thus, the edgei is replaced by two edgesi′, i′′, with the self-energyH in between. In the
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parametric integral for the diagram, the parameterαi in G0 is replaced by parametersαi′ , αi′′ , and

there are additional parameters for the edges ofH.

We know from section 3.4.4 that thedMSF weight forGi is determined by the orderingπGi/H in

which the cost replacing the original`i is the largest of̀ i′ , `i′′ and those inH, independent of how

these are ordered relative to each other. Moreover, the weight factors as

dMSF(Gi|π) = dMSF(H)dMSF(Gi/H|πGi/H). (3.130)

Throughout the argument, we will compare cases in whichπGi/H = π0 (in an obvious sense), and is

fixed. The sum of theFπ factors over the orderings of the edges that replacei can be calculated, and

this is done most easily by returning to the original calculation ofFπ from the action of theOMSF

operator in section 3.4.2. The desired sum has the effect of simplifying the integro-differential

operator to the following form, and acting under the parametric integral gives

∫
· · ·
∫

D

∏
ε∈E(G0)

dtε
d

dtε
e
−

P
ε∈E(Gi)

αεtε =
E(G0)∏
j=1

α′π0(j)∑j
k=1 α

′
π0(k)

, (3.131)

where (i)D is the usual (|E(G0)|-dimensional) integration domain forG0 with orderingπ0, defined

by tπ0(1) > · · · > tπ0(|E(G0)| > t0, and in the integrand,ti′ , ti′′ , and thet’s associated to edges inH

are all set equal toti, and (ii)α′j are the same asαj except forα′i, which is the sum ofαi′ , αi′′ and

all theα’s inH. The product on the right-hand side is simplyFπ0 for G0 but with this substitution;

I denote itF ′
π0

(i).

A second trick that is commonly used for parametric integrals is also useful: if the integrand

only depends on the sum of two parameters, sayα1 andα2, then these integrations can be combined

into a single integral overα which takes the place ofα1 + α2, at the cost of introducing a factorα

into the integrand: ∫
dα1dα2 . . . =

∫
dαα . . . . (3.132)

(This can be generalized to any number of variables, but I do not require that.) It can be shown

that, like the weighted sum ofFπ factors, the rest of the parametric integrand only depends on the
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sumαi′ + αi′′ (this can be shown by some further use of the relation, mentioned earlier, of this

integrand to combinatorics of weighted spanning trees, which I do not enter into). Then we use this

result to recover an integral over a singleαi in place of those two.

I now consider the generalized Taylor expansion of the integrand with respect to a dilatation

parameterρ applied to theα’s in H. The leading behavior is seen to give simply the integrand

for H from percolation (with zero external wavevectors), times the integrand andFπ0 factor for

the quotient graph, as discussed above. I now turn to the subleading terms of a particular form:

those that come from expanding the above factorF ′
π0

(i) to first order inρ2 (or simply inα’s inH),

times the leading behavior of the rest of the integrand, asρ → 0. The rest of the integrand factors

into that for the quotient graph times that for the subgraph, and we make use of the technique for

replacing theαi′ , αi′′ by αi. This factor in the integrand is now independent of which edgei of G0

was chosen for insertion ofH. ThedMSF factor is also independent ofi because of the choices of

ordering made earlier. Let us write
∑
αs.e. for the sum ofα’s associated toH. There are two types

of terms in the expansion ofF ′
π0

(i) at first order in
∑
αs.e. for eachi: a) those in which

∑
αs.e.

appears in the numerator, in which case it replacesαi, so giving the factor
∑
αs.e./αi timesFπ0 ;

b) those in which it comes from expanding a denominator, which must be one of those indexed

j ≥ π−1
0 (i). This gives a factor−

∑
αs.e./

∑j
k=1 απ0(k) timesFπ0 . We remember to multiply by

αi (because we replaced twoα’s by this one), and then sum over the positionsi of the self-energy

insertion. This gives

∑
i

1−
∑

i

∑
j:j≥π−1

0 (i)

αi∑j
k=1 απ0(k)

=
∑

i

1−
∑

j

∑
i:π−1

0 (i)≤j αi∑j
k=1 απ0(k)

= 0,

(3.133)

times other common factors. This completes the proof.

What I have shown is that this type of subleading term actually cancels in the sum of dia-

grams in each order. Because the superficial degree of divergence of a self-energy diagram at

six dimensions is2, these subleading parts are also superficially divergent, and are subtracted for

each diagram by theR operation defined earlier. We view the present result as showing that the
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subtracted terms cancel, and because the sum of the subtracted integrals is finite, these subtracted

terms can be dropped and the result is still finite. The cancellation is independent of other subtrac-

tions associated with renormalization parts, which might appear either insideH or disjoint from

it. In particular, this allows the cancellation to be made for any number of self-energy insertions

in a graph. The remaining terms subtracted from a self-energy insertion are then exactly those that

occur in percolation, for any number of self-energy insertions.

The principle underlying these pleasant cancelations is not entirely clear to us. It seems likely

(because they involve the derivative of the self-energy in percolation with respect tot) that they

are associated with the notion that theOMSF operator should be renormalized, so that it acts ont

rather thant0. This operator has the property that it is invariant under any reparameterization of the

variablestε → Tε = T (tε) provided thatT is a monotonic function and has no explicit dependence

on ε (this invariance of the geometry of MSTs is related to that emphasized in Ref. [10]). This

property ofOMSF was not explicitly used anywhere in my construction. I will not attempt to give

here a conceptual proof using these ideas.

3.5 One-loop renormalization group calculation

I have proved in the preceding section that the diagrammatic expansion for the MSF path theory

is renormalizable. These proofs were technical, but having established this fact, we are free to

make use of standard RG methods such as those discussed in Ref. [102]. I continue to take a rather

pedagogical approach in this section.

As I explained in sections 3.3.4 and 3.4, renormalizability of a theory means that we may

absorb the strongΛ-dependence of all correlation functions into a finite number of parameters and

the overall scale of the correlations, at the cost of introducing another scaleκ. In the scheme I use,

in which the renormalization conditions are at zero renormalized mass-squaredt = 0 and non-zero

wavevector of orderκ, the precise statement is that functionsg, Zφ, Zφ2 , ZPV exist such that (here

I append subscripts0 to denote the “bare” vertex functions as constructed above, with cutoffλ)

Z
N/2
φ (g0, κ,Λ)ZL

φ2(g0, κ,Λ)Γ(N,L)
0 ({qi}, {qj}; g0, t0,Λ) = Γ(N,L)

R ({qi}, {qj}; g, κ), (3.134)
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Zφ(g0, κ,Λ)ZPV(g0, κ,Λ)Γ(2,PV)
0 ({qi}; g0, t0,Λ) = Γ(2,PV)

R ({qi}; g, κ), (3.135)

whereΓR are independent ofΛ asΛ → ∞ with g, t = 0 fixed, up to corrections vanishing in this

limit. (HereL is the number of insertions ofφ2, and{qj} is the set of corresponding wavevectors.)

I will also now introduce dimensionless versions of the bare and renormalized couplingsg0, g:

u2
0 ≡

g2
0κ

−ε

(4π)d/2
, u2 ≡ g2κ−ε

(4π)d/2
. (3.136)

I introduced an angular factor(4π)d/2 in the above definitions for later convenience to simplify

expressions. For the vertex functions not containing the path vertex, the functions and their renor-

malization is exactly as percolation, and this is also true of the following calculations; I include

some details anyway to provide checks on the calculation.

The RG equations are obtained from the observation that the bare functionsΓ0 are independent

of κ when written in terms ofg0, soκ∂Γ0/∂κ = 0 at fixedg0, t0, Λ. Using the definition ofΓR

we obtain

(
κ
∂

∂κ
+ β(u)

∂

∂u
− N

2
γφ(u) + Lγφ2(u)

)
Γ(N,L)

R ({qi}, {qj}, u, κ) = 0, (3.137)

and (
κ
∂

∂κ
+ β(u)

∂

∂u
− γφ(u) + γPV(u)

)
Γ(2,PV)

R ({qi}, u, κ) = 0 (3.138)

In each of these equations the first and second partial derivatives are at fixedu and fixedκ, respec-

tively. The RGβ andγ functions appearing in equations (3.137), (3.138) are defined as

β(u) = κ
∂u

∂κ

∣∣∣∣
g0,Λ

, (3.139)

γφ(u) = κ
∂ logZφ

∂κ

∣∣∣∣
g0,Λ

, (3.140)

γφ2(u) = − κ
∂ logZφ2

∂κ

∣∣∣∣
g0,Λ

, (3.141)

γPV(u) = − κ
∂ logZPV

∂κ

∣∣∣∣
g0,Λ

, (3.142)
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and are finite asΛ → ∞ [102]. Hence in the limit they are independent ofΛ, and so also ofκ,

becauseu, β, and allγ’s are dimensionless; they are simply power series inu.

I then impose the following renormalization conditions, which are those we reached in section

3.4, but written now witht = 0 andu in place ofg. These serve to fix the dependence of the

parameters on one another:

Γ(2)
R (q = 0, u, κ) = t = 0,

d

dq2
Γ(2)

R (q, u, κ)
∣∣∣∣
|q|=κ

= 1,

Γ(3)
R ({qi}, u, κ)

∣∣∣
SP

= g,

Γ(2,1)
R ({qi}, u, κ)

∣∣∣
SP

= 1,

Γ(2,PV)
R ({qi}, u, κ)

∣∣∣
SP

= 1.

(3.143)

HereSP denotes a symmetry point of the external momentaq1, q2, q3, at which|qi|2 = κ2, as

defined in section 3.4 (though the precise definition is unimportant). These conditions are now used

to determineβ and theγ’s from the perturbation theory expansion ing0 of the 1PI vertex functions

Γ0 with a fixed cutoffΛ. The expressions make sense providedg0 is sufficiently small. I will calcu-

late to one-loop order, which means that only the one-loop diagrams for the renormalization parts

need to be calculated. This will give results for exponents to first order inε = 6 − d > 0. (More

generally, computing toO(εL) in theε-expansion requires computing all the renormalization parts

with L or fewer loops.)

Then the instances of equation (3.135) with which we need to deal are, toO(g2
0),

Γ(2)
R (q, u, κ) = Zφ

(
(q2 + t0)− Σ(q)

)
,

Σ(q, g0) = d2g
2
0I2(q);

Γ(3)
R (u, κ)|SP = Z

3/2
φ

(
g0 + d3g

3
0I3
∣∣
SP

)
;

Γ(2,1)
R (u, κ)|SP = ZφZφ2

(
1 + d2g

2
0I3
∣∣
SP

)
;

Γ(2,PV)
R (u, κ)|SP = ZφZPV

(
1 + g2

0

∑
π∈S3

dMSF(4|π)OMSF(π)I3(π)|SP

)
.

(3.144)
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Hered2, d3 are the percolationd-weights for these one-loop diagrams,d2 = −1, d3 = −2, and

dPV will be evaluated in a moment from the weightsd(G) and the operatordMSFOMSF; the values

will be substituted only at the end of the calculation. The negative sign in the equation forΓ(2)
R

arises because of Dyson’s equation.

a) b) c) d)

Figure 3.5: The 1PI one-loop diagrams for vertex functions that are ultraviolet divergent in six
dimensions: a) self-energy, b) cubic interaction vertex function, c) mass-insertion vertex function,
d) MSF path vertex function.

In equation (3.144),I2 andI3 are Feynman loop integrals which I now evaluate. To leading

non-trivial order, we can evaluate them at six dimensions, retaining only the terms that diverge

quadratically or logarithmically asΛ → ∞. These terms may be extracted by any of the standard

techniques for evaluating Feynman integrals, including those in section 3.4; I refer the reader to

[102, 113, 114] in particular. Denoting this approximation by', we find

I2(q) =
1
2

∫ Λ ddk
(2π)d

1
k2(k + q)2

,

' 1
2

1
(4π)d/2

(
Λ2 − q2

6
log

Λ2

q2

)
. (3.145)

The factor of1/2 appearing inI2(q) is a diagrammatic symmetry factor,A = 2 (in the other

diagrams,A orA′ = 1). Note that the bare propagators appearing in these integrals should have

mass-squaredt0 = tc determined so thatt = 0, but becausetc is O(g2
0) we may consistently

neglect its presence here. The other integral is

I3|SP =
∫ Λ ddk

(2π)d

1
k2(k + q1)2(k− q2)2

∣∣∣∣
SP

,

' 1
2

1
(4π)d/2

log
Λ2

κ2
. (3.146)

For the path vertex function, as we saw above,OMSF(π, tc)I3|SP is independent of the ordering
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π. (Unfortunately, this property does not hold to higher orders in perturbation theory forΓ(2,PV).)

The result for a single ordering is

OMSF(π, tc)I3|SP =
1
3!
I3|SP. (3.147)

Then for brevity I definedPV such that

∑
π∈S3

dMSF(4|π)OMSF(π, tc)I3|SP = dPVI3|SP. (3.148)

HencedPV = 1
6

∑
π dMSF(4|π) = −2/3, as we saw above.

We may now solve (3.144) by requiring that the renormalized proper vertices defined on the

right-hand side of (3.144) satisfy the normalization conditions (3.143) up to terms ofO(u4
0). We

obtain to this order

tc = 1
2d2u

2
0Λ

2, (3.149)

u = κ−ε/2g0

(
1 + (d3 − 1

4d2)u2
0 log

Λ
κ

)
, (3.150)

Zφ = 1− 1
6d2u

2
0 log

Λ
κ
, (3.151)

ZPV = 1 + (1
6d2 − dPV)u2

0 log
Λ
κ
. (3.152)

Finally, to this orderZφ2 is the same asZPV except thatd2 replacesdPV. Note that theZ ’s are

functions only of the dimensionless variablesu0 andκ/Λ, and we can setd = 6 (so ε = 0 and

g2
0 = u2

0/(4π)3)) in the one-loop terms, but not in zero-loop terms.

The RG functions are

β(u) = −1
2εu+

(
1
4d2 − d3

)
u3 +O(u5, εu3), (3.153)

γφ(u) = 1
6d2u

2 +O(u4, εu2), (3.154)

γPV(u) =
(

1
6d2 − dPV

)
u2 +O(u4, εu2). (3.155)

The fixed points of the RG are the values ofu = u∗ at whichβ(u) = 0. Clearly, one fixed point
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is atu = 0, but is unstable to the introduction of the cubic coupling ford < 6, becauseu grows asκ

decreases, corresponding to the behavior atlarger length scales. In six dimensions,u approaches

zero logarithmically asκ decreases, because the coefficient ofu3 is d2/4 − d3 = 7/4 which is

positive. Below six dimensions, there is another zero ofβ which results from the competition

between the two terms inβ, at

(u∗)2 =
2ε

d2 − 4d3
+O(ε2). (3.156)

Note that(u∗)2 is positive ford < 6 (ε > 0). For d > 6, this fixed point is not relevant to

percolation or MSTs.

The values of theγ’s at the fixed point value ofu give the “anomalous dimensions” of the

various operators (except that in the case ofφ, the anomalous dimension isγφ/2). These are the

difference of the total dimensionsx of the operators from their canonical or engineering dimen-

sions, which are the zero-loop values discussed earlier [102]. The co-dimensiond − x gives the

fractal dimension of the associated geometric object (set of points). The most interesting dimension

for us is that of the path vertex, which isxPV = d− 2 + γPV. The codimension yields the fractal

dimensionDp = 2− γPV of the path on the MSF(pc), as discussed in section 3.3.3. We find

γPV(u∗) ≡ 2−Dp =
(d2 − 6dPV)ε
3(d2 − 4d3)

+O(ε2), (3.157)

that is

Dp = 2− ε

7
+O(ε2). (3.158)

This is the main quantitative result of this chapter.

The otherγ’s produce fractal dimensions related to properties of percolation, which also apply

to MSF(p). First,

γφ(u∗) ≡ η =
d2ε

3(d2 − 4d3)
+O(ε2)

= − ε

21
+O(ε2). (3.159)
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Hence for the fractal dimensionDperc of the critical percolation clusters, which isDperc = d−xφ,

we find

Dperc = (d+ 2− η)/2 = 4− 10ε
21

+O(ε2). (3.160)

The otherγ is γφ2 , for which the value at the fixed point can be obtained from the formula for

γPV by replacingdPV by d2, that is

γφ2(u∗) ≡ 2−Dsc =
5ε
21

+O(ε2), (3.161)

and so for the fractal dimension of the set of singly-connected edges (see section 3.3.3) we find

Dsc = ν−1 = 2− 5ε
21

+O(ε2). (3.162)

The values I have obtained for both exponentsη andν agree with those in the literature on perco-

lation, to orderε [96, 97, 99], which provides a check on my calculation.

The comparison ofDp with Dsc raises some questions of inequalities obeyed byDp. There

are also some other fractal dimensions defined for paths on critical percolation clusters which have

been studied. These includeDmin, the fractal dimension of the shortest path on the cluster between

the given points, andDmax, the fractal dimension of the longest (self-avoiding) path between them

[39]. Here the length of the path is the number of edges of the lattice that it traverses. Then the

inequalities are fairly obvious: first, because all these paths must pass through the singly-connected

edges,Dsc is the smallest of all, and the remaining inequalities

Dsc ≤ Dmin ≤ Dp ≤ Dmax, (3.163)

follow from the definitions. To orderε, one hasDmin = 2 − ε/6 andDmax = 2 − ε/42 [115],

and all the inequalities are obeyedstrictly by the results to this order.Dp is close but not equal to

Dmin.
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3.6 Postscript: remarks for p > pc

The astute reader will notice that I have not really addressed the problem I set out to solve: my

goal was a computation of the fractal dimension of the path on the MST between two well-separated

points, and it is not obvious that I am justified in working atpc: we really want information outside

the critical scaling region,i.e. the dimensions of paths on scalesL � ξ with p > pc. In this

section I present a heuristic argument that the fractal dimension should, in fact, be equivalent to the

quantity I calculated.

The expansion for MSF(p) that I have obtained is naturally organized as a low-density expan-

sion, that is as an expansion in powers ofp. For large graphŝG, it becomes unwieldy, especially

for p greater than around the percolation threshold (to the extent that a threshold can be associated

with a finite graph, for example for a portion of a hypercubic lattice we can consider the threshold

pc of the infinite lattice). The corresponding expansion for the connectedness functionCx,y(p) in

percolation must produce the answer1 whenp → 1, but in a very complicated way, as a sum of

a large number of terms. For the MST, obtained from MSF(p) asp → 1, the probability that the

path on the MST fromx to y passes throughz remains non-trivial in the limit, and is again given

by a complicated set of terms. A general analysis of this sum on a large graph forp > pc would

require a resummation of terms to allow for the presence of the “giant cluster” in the corresponding

percolation. In the Potts model formulation of percolation, this is done by giving an expectation

value to the Potts spin.

3.6.1 The “superhighways” conjecture

There are claims (the “superhighways” argument) [20] (see also [116]) that in the Kruskal

process (on various families of graphs) the properties of the paths are essentially determined at

the percolation threshold. In the terminology of [20], the “superhighway” is the incipient infinite

cluster atpc, which connects “roads” consisting of paths on finite clusters that get connected to the

spanning cluster asp is raised abovepc. Numerically, the fraction of steps on a path on the MST

that are already present atp = pc, averaged over all pairs of end vertices for the path, goes to a

constant [20]. This suggests thatD′
p = Dp, where the prime distinguishes critical exponents aspc
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is approached from above rather than below. For the Bethe lattice and for Euclidean systems with

d > 6 we can argue that both dimensions equal2 (section 2.2.7), so equality holds, however, it is

less clear whether it holds ford < 6.

Some support forD′
p = Dp can be obtained from scaling arguments in percolation. Consider a

hypercube of sideL, and for bond percolation ask for the probability that two given opposite faces

are connected when the occupation probability for each edge isp. The percolation threshold is the

value ofp above which the connection occurs with probability one as the sizeL → ∞. ForL

finite, connection occurs atp = pc with low probability, but it occurs with probability approaching

1 atp − pc of order1/L1/νperc, whereνperc is the correlation length exponent in percolation [39].

At this value ofp, the correlation lengthξ is of order(pc− p)−νperc = O(L), and scaling properties

at scales less thanξ should be the same as those at thresholdp = pc. Hence we expect the fractal

dimensionD′
p of the path on the MST connecting the two faces (which is one of the paths on the

percolation cluster that do so when the faces are first connected asp increases) to beDp. However,

this path does not have the boundary conditions we wanted, as we only asked for the connection

of the two faces, not of two given vertices in the interior of a system. When the separationR of

the vertices is large, we may surround each by a nested sequence of concentric spheres of radii

say2−jR/3 for j = 0, 1, . . . and ask the same question for each annulus bounded by two of these

spheres. Then the relevantp will be different for each sphere (higherp is required to make the

connections to the vertices on smaller scales), but also the scaling holds for each one. In addition,

the clusters that connect each pair of spheres must also become connected together to form a single

cluster and an MSF path. Similar arguments apply to all of these. This does suggest, heuristically,

thatD′
p = Dp.

On examining this argument, a key part of it can be seen to be the idea that there is a unique

candidate “superhighway” (critical percolation cluster) that is used to make connections over large

distances on each scale, and so it is clear which ones must be connected by higher-cost “roads”.

This is a property of critical percolation clusters that holds ford < 6, but not ford > 6, where

the number of large clusters visible in a window of sizeW isW d−6 [39, 46]. This behavior may

itself underlie the result from chapter 2 that the number of connected components of the MST (or
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of MSF(p) for p > pc) has this same formW d−6 for d ≥ 6 (but order one ford < 6).

3.7 Conclusions

The results of this chapter fall into three main parts. First, I constructed an exact expansion for

the Kruskal process, or spanning forest MSF(p), in a series in powers ofp, which terminates for

a finite graph, and is analogous to a low-density expansion for percolation, or a high-temperature

expansion in a statistical mechanical model. The expansion is for the probability that the path on the

MSF fromx toy passes through a vertexz. Second, this expansion was used to obtain a continuum

formulation (with cut-off) forp ≤ pc (wherepc is the percolation threshold) in terms of Feynman

diagrams (the regionp > pc presents additional technical problems, and I will not discuss these

further here). This expansion was then shown to be renormalizable to all orders in perturbation

theory, so that the limit of infinite momentum-space cutoff (or zero lattice spacing) can be taken.

Third, the renormalized perturbation expansion was used to calculate the fractal dimension of any

path on MSF(p) at p = pc, to first order inε = 6 − d, for d ≤ 6: Dp = 2 − ε/7 + O(ε2). For

d > 6,Dp = 2. If the “superhighways” idea is correct, then the sameDp also applies to the region

p > pc, in which we expect the path dimension to be independent ofp on large enough length

scales.

It is important to realize that it was by no means obvious at the outset that such a field-theoretic

renormalization process would be possible. The problem is not obviously given by a local field

theory, and my expansion is not based on an action principle (at least, not in any apparent way).

Optimization is generally a non-local process as it involves making comparisons among (sums

of) costs globally; however, this is also true when one wishes to minimize a Hamiltonian, even if

its parameters (corresponding to costs) multiply local interaction terms. For minimum spanning

trees, the definition of the allowed or “feasible” configurations (i.e. spanning trees) is not local

either. It was not obvious that the expansion would be renormalizable with the same techniques

employed in local field theory. Indeed, in the end my procedure worked thanks to unexpected and

non-local cancellations of some subleading divergences (see section 3.4.6), for which I am unaware

of any analogues in local field theories. Undoubtedly the underlying reasons for this success with
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MSTs should be found in the applicability of Kruskal’s greedy algorithm and its connection with

percolation.

Future directions

The calculations can be extended in various ways. The exponents can be calculated to higher

orders inε, with increasing effort required for each additional order. The path vertex function, and

not only its scaling dimension, can in principle also be studied, as can more general correlation

functions with path vertices and mass-insertion vertices. In six dimensions, there are logarithmic

corrections to the simple scaling withDp = 2 that holds for dimensions bigger than six, and these

are calculable.

Independently of these applications of the renormalized perturbation expansion, the exact lat-

tice low-density expansion could be studied in low orders (say, the first thirty terms) in any dimen-

siond, as is conventionally done with high-temperature series. This would provide another way to

obtain scaling dimensions for correlation functions. Such techniques are frequently very accurate.

A further question is the Borel summability of the perturbation expansion, or of theε expansion

for the exponents. If an asymptotic expansion of a function is Borel summable, then it uniquely

determines that function [117]. If a few terms of the expansion are available, and it is believed to

be Borel summable, then an improved estimate for the quantity of interest, such as an exponent,

for a non-zero value of the parameter (sayε = 1) can be made, and for critical exponents these

values may be very accurate (comparable with high-temperature series methods). For percolation

at threshold, the asymptotic high-order behavior of the perturbation expansion has been shown in

Ref. [118] to have the form that is a necessary condition for the expansion to be Borel summable.

These results also apply to my theory, but again I also would need a similar result for the path

vertex function. It would be interesting to find a technique to estimate the high order behavior of

my expansion.

In conclusion, the introduction of the Kruskal process and geometric object MSF(p), based on

an optimization problem, provides a rich area for study not unlike conventional critical phenomena.

At p = pc, many techniques can be applied to it. It illuminates numerical work on such problems
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as optimal paths and transport in random media.
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Chapter 4

Fractional quantum Hall wavefunctions

In this chapter I consider a completely different problem from those in the previous chapters:

that of specifying possible phases of the fractional quantum Hall effect. Since the work of Laughlin

[50], the main tool we have for describing such phases has been the formalism of trial wavefunc-

tions, in which a microscopic, first-quantized electron wavefunction is given which is taken to

be representative of the entire phase: we assume the actual, physical wavefunctions will be adia-

batically connected to the trial wavefunctions, and the validity of the trial wavefunctions may be

checked by comparison with numerical exact diagonalization studies.

In the literature there are two main ways to describe a trial wavefunction for the fractional

quantum Hall effect: either as a block of some conformal field theory (CFT), or as the zero-energy

eigenstate of a specially-chosen projection Hamiltonian. Both approaches have strengths and weak-

nesses: with the former definition, topologically-invariant defining characteristics of the phase such

as braiding statistics of quasihole excitations (see section 4.1.4) may easily be read off from the

field content of the CFT, while states defined using the latter definition are easier to realize explic-

itly and work with numerically. Ultimately, it would be desirable to have some tools for translating

between these two methods, and this is the problem I attempt to address in this chapter.

The specific theories studied in this chapter were motivated by a recent result of Simon [52],

who evaluated the conformal block corresponding to the amplitude of an arbitrary number of super-

currents in a superconformal field theory (SCFT) at arbitraryc (see section 4.3.4) and found that it

139



CHAPTER 4. FRACTIONAL QUANTUM HALL WAVEFUNCTIONS

took a form similar to those encountered for clustered FQHE states obtained from several-particle

projection Hamiltonians. Specifically, there are two possible ways the wavefunction can vanish as

three particles are brought together (see section 4.3.1); the Hamiltonian projects out one direction

in this two-dimensional space, and that direction is described by a free parameter which is related

to the central chargec of the CFT.

Simon’s result correctly describes the angular-momentum ground state for anyc. In section

4.3.4 I construct all excited states allowed by the Hamiltonian and find that the resulting basis is,

in fact, independent ofc: although the basis functions themselves change, there are still the same

number of linearly-independent functions at any level of angular momentum. This is confirmed by

counting the states: the character thus obtained is the character of the CFT describing chiral edge

excitations of the state, and for this basis the character is found to agree with that of a non-minimal

SCFT at generic central charge.

Stable quantum Hall phases are described by unitary CFTs [53], and obtaining a unitary mini-

mal theory requires excluding additional states in accordance with the singular vector structure of

the SCFT. I am able to construct basis states and find the additional projection operator needed to

obtain the (non-unitary)SM(2, 8) SCFT. The simplest unitary minimal SCFT appears to be the

tricritical Ising model,SM(3, 5), but here I have been able to make less progress. The necessary

projection operator here appears to require seven-particle interactions.

The new results of this chapter are the basis for translationally-invariant symmetric polynomials

(4.71) (and additionally (4.76)) and proof of its linear independence, the basis of excited states for

theSM(2, 8) minimal SCFT in (4.109), and the computational work on finite-N wavefunctions

derived from the tricritical Ising modelSM(3, 5) at the end of section 4.3.6, in particular the

characters at finite particle number (4.136) and the explicit form of the level three singular vector

(4.137).

Chapter outline

I begin by going through some basic elements of the theory behind the fractional quantum Hall

effect in section 4.1, developing the trial wavefunction formalism in section 4.1.2 and describing the
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most successful and well-studied trial wavefunctions, the Laughlin states, in section 4.1.3. These

states are best thought of as going hand-in-hand with special projection Hamiltonians, constructed

so that the states in question are the densest zero-energy eigenstates. In section 4.1.4 I elaborate

more on the theoretical underpinnings connecting trial wavefunctions to topological field theory,

motivating the choice of trial wavefunctions from among the blocks of CFTs which was pioneered

in [119].

This necessitates introducing conformal field theory into the picture, and section 4.2 is devoted

to an extremely compressed development of that subject. I discuss the consequences of conformal

invariance in field theory at the classical level in section 4.2.1 and at the quantum level in section

4.2.2, arriving at the Virasoro minimal models in section 4.2.3. I come full circle and describe

the relation between topological field theory in2 + 1 dimensions and conformal field theory in

two dimensions underlying the description of the FQHE in section 4.2.4. Finally, in section 4.2.5

I briefly discuss the consequences of adding supersymmetry to conformal invariance, which is

relevant for the specific project I undertake in the following section.

In section 4.3 I turn my attention to the investigation of the problem outlined above. I begin in

section 4.3.1 by describing how projection Hamiltonians may be extended to several-body interac-

tions, following [64]. In section 4.3.2 I discuss a simple argument (originally due to Read in the

context of parafermionic FQHE states [65, 66]) which allows one to count and explicitly construct

trial wavefunctions corresponding to all excitations of a clustered ground state obtained from a

projection Hamiltonian. I refer to this as the “filtration argument,” and use it to obtain the results

of the following sections.

I begin the presentation of new results in section 4.3.3, where I present an alternate basis for

the multi-body projection Hamiltonians which is better suited to use in filtration-type arguments.

In section 4.3.4, I recapitulate relevant results in unpublished notes by Read [67], who uses a filtra-

tion argument to construct a basis for the zero-energy eigenspace projection Hamiltonian described

above and count the number of states in this space at each value of angular momentum. Although

the Hamiltonian isc-dependent, the state counting reproduces the character for a generic supercon-

formal field theory (at arbitraryc), rather than any specific model.
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I then try to modify the Hamiltonian to obtain states that agree with a theory of this type.

In section 4.3.5, using related work by Feigin, Jimbo and Miwa [68], I show that one particular

non-unitary superconformal minimal model (SM(2, 8)) may be recovered by adding additional

inter-cluster couplings to the states obtained for the generic SCFT in the previous section. In

section 4.3.6 I attempt to employ the same procedure to obtain a unitary SCFT, the tricritical Ising

model, and show that this is not possible, at least in the simplest scenario. I present results on an

alternative approach involving a manual construction of the irreducible module from a different,

larger overcomplete basis.

I offer some concluding remarks in section 4.4, along with some proposals for future directions

this project should take.

4.1 Introduction to the fractional quantum Hall effect

The discovery and explanation of the quantum Hall effects is one of the major achievements of

modern condensed matter physics. Reviewing any but the specific topics needed in the discussion

of the results in section 4.3 would take us too far afield: the reader is referred to the reviews [120]

and relevant chapters in [121], upon which the discussion below is largely based.

4.1.1 Integer and fractional effects

The quantum Hall effect (QHE) is a phenomenon observed in a cold (macroscopically coherent)

two-dimensional electron gas with a current (along they axis) applied perpendicular to a strong

magnetic field (along thez axis). Such a system may be realized by,e.g., the interface between

two semiconducting materials with differing bandgaps and closely similar lattice constants. The

QHE is experimentally characterized by a vanishing longitudinal resistivityρxx = 0 and quantized

Hall resistanceRH = ρxy = 1
ν

h
e2 , where the filling fractionν is a rational number. Note thatRH

is independent of the sample geometry only in two dimensions, otherwise the rationality ofρxy

would not be experimentally meaningful.

The physical mechanism behind this phenomenon is remarkable: the QHE states are topolog-

ically ordered states of matter which are incompressible in the bulk. Incompressibility means that
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the chemical potential changes discontinuously with the density of the system — in other words,

there is an energy gap for all excitations.

Integer quantum hall effect

Theoretical understanding of the QHE begins by neglecting the Couloumb interaction between

electrons. The single-particle Hamiltonian is then simply

H1 =
1

2m

(
p− e

c
A
)2

(4.1)

and its eigenvalues are a set of degenerate, equally spaced bands known as Landau levels (as can

be seen by solvingH1 in the Landau gaugeAx = By,Ay = 0). The Landau level spacing is given

by the cyclotron energy~ωc = ~eB
mc .

We consider first electrons in the disk geometry, occupying a droplet of areaA near the origin.

There are thenAnB = AB/Φ0 single-particle states in each Landau level (in all of our discussion

in this chapter we assume our particles are fully spin polarized), where the flux quantumΦ0 =

hc/e. The filling fractionν is then defined asne/nB. The effect of adding an externalE field to

the single-particle Hamiltonian reproduces the classical Drude result

σxy = ne
ec

B
= ν

e2

h
(4.2)

If we exactly fill ν Landau levels,σxy appears to be quantized at integral values ofe2

h , andσxx = 0

since there are no nearby states for electrons to scatter into; however this does not explain the

presence of plateaus of nonzero width whereσxy remains constant. This arises by adding in the

single-particle potential we have neglected so far: the effect of a lattice potential and disorder

will be to broaden the Landau levels into bands of nonzero width, lifting the extensive degeneracy.

However, in the presence of disorder all the states become localized except at the center of the band,

and so the quantized conductance plateaus persist when the chemical potential of the electron gas

lies in between theνth and(ν + 1)th Landau levels. The robustness of this effect is guaranteed by

the fact thatσxy is actually a topological invariant [122].
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We have nonzero Hall conductance even when all accessible states are localized because the

entire current is carried by edge states [123] which are chiral (due to the drift velocity imposed by

the magnetic field) and hence dissipationless (no backscattering can occur if all the motion is in

one direction). Hence localization and chiral edge states form the theoretical basis for the integer

quantum Hall effect.

Fractional quantum hall effect

The preceding arguments should make the observed presence of plateaus atfractional values

of ν all the more mysterious. We again look for the explanation in effects we have neglected:

we are of course only justified in neglecting electron-electron interactions so long as the Landau

level spacing~ωc is much larger than the Coulomb energy scalee2/`B, where the magnetic length

`2B = ~c
eB . When a Landau level is only partially filled, these interactions may become important

and a true many-body treatment of the problem is necessary. This is complicated by the fact that

we don’t have a nondegenerate soluble system to use as a starting point for perturbation theory, due

to the extensive degeneracy of the many-particle basis states for a single Landau level.

Laughlin [50] made progress on the problem by introducing the philosophy of trial wavefunc-

tions: instead of determining the Hamiltonian and writing its eigenfunctions, we instead guess

an appropriate wavefunction which is compared with numerical exact diagonalization studies —

the Hilbert space is finite-dimensional if we work in the lowest Landau level with a fixed number

of electrons and flux quanta. Due to finite-size effects, this method is less than satisfactory: in

particular, two states with different topological properties may not be numerically distinguishable

for small numbers of particles. However, when the system is deep within a quantum Hall phase,

correlation lengths should be small and we should be able to obtain a fair description from few

particles. More support for this procedure was provided by Haldane’s pseudopotential argument

[124], which I summarize in section 4.1.3 after first establishing a framework for discussing trial

wavefunctions.
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4.1.2 Lowest Landau level polynomials

If we adopt the symmetric gaugeA = 1
2B × r and use complex coordinatesz = r1 + ir2

andz = r1 − ir2, the eigenfunctions of the single-particle Hamiltonian in the lowest Landau level

(LLL) are given by

um(z, z) ∝ zm exp−|z|
2

4`2B
, (4.3)

where the magnetic length̀2B = ~c
eB . These are angular momentum eigenstates, localized in a

ring with radius of order
√

2m`B around the origin. In the remainder of our discussion, for conve-

nience I choose units so that`B = 1. Multi-particle states can be expressed in a basis of products

of the single-particle states, so wavefunctions in the lowest Landau level correspond to analytic

polynomials multiplied by the Gaussian factor [125].

Frequently it becomes to consider quantum Hall states on compact manifolds, so that edge

effects are irrelevant. Following [124], we can consider wavefunctions on a sphere of radiusR,

whose surface is penetrated byNφ quanta of magnetic flux (which we can imagine as coming from

a monopole in the interior). In the LLL each particle has angular momentumNφ/2. One may write

wavefunctions on the sphere in terms of homogenous (or spinor) coordinatesu, v defined in terms

of the spherical coordinatesθ, φ asu = eiφ/2 cos θ/2, v = e−iφ/2 sin θ/2. We may eliminate the

redundancy involved in this description by stereographic projection [66], choosingz = 2Rv/u.

The LLL single particle basis states are then

ϕm(z) ∝ zm(
1 + |z|2

4R2

)1+Nφ/2
, for m ≤ Nφ, (4.4)

with the latter constraint added to make the inner product〈ϕi|ϕj〉 =
∫
dz dz∗ ϕ∗i (z)ϕj(z) well-

defined. We see that each particle behaves as a spin, withLz = Nφ/2−m.

We can go from the sphere geometry to the disk by taking the radius of the sphere to be very

large while keeping the flux density constant. WithR → ∞, Nφ/R
2 → const., we recover the

planar single particle functions (4.3). This procedure also defines a shiftS via

Nφ = ν−1N − S. (4.5)
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The discussion to follow will center on states on the plane and sphere, so we may specify a

many-body state as an analytic polynomial in the particle coordinates. Statistics dictate that this

function is (anti)symmetric for (fermions) bosons. The fermionic case may be reduced to the

bosonic case by extracting a Vandermonde determinant:

ψF (z1, . . . , zk) =
∏
i<j

(zi − zj)ψB(z1, . . . , zk). (4.6)

whereψF , ψB are any (anti)symmetric homogenous polynomials, so we need only consider the

bosonic case from here on. The filling fractions in the two cases obey

νF =
νB

νB + 1
(4.7)

Note that quantum Hall states of bosons may be directly experimentally realizable by rapidly ro-

tating condensates of cold atomic gases [126].

4.1.3 Laughlin states and pseudopotentials

Pseudopotential formalism

The many-body Hamiltonian projected to the lowest Landau level consists only of the interac-

tion term, which must be translationally and rotationally invariant. The many-particle wavefunction

may be decomposed into two-particle wavefunctions as

Ψ(r1, . . . , rN ) =
∑

i

ψi(r1, r2)Ψ̃i(r3, . . . , rN ). (4.8)

This two-body function may, in turn, be decomposed in terms of functions depending only on the

center of mass coordinate(r1 + r2)/2 and the relative separationr1 − r2. Since the interaction is

translationally invariant it will only act on the relative piece.

An appropriate basis for the relative wavefunctions is provided, in the lowest Landau level, by

the powers

|L〉 = (z1 − z2)L, (4.9)
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whereL is the relative angular momentum between the two particles in the plane. In order to

reproduce the proper statistics when particles are interchanged,L must be odd (even) for fermions

(bosons). If the interaction is rotationally invariant, it will not couple states of different angular

momentum. Given this basis, we can decompose any interactionV (r1 − r2) as

H12 =
∑
L

|L〉〈L|V (r1 − r2)|L〉〈L| (4.10)

so that the full Hamiltonian may be written as

H =
∑
i<j

∑
L

VLP
L
ij (4.11)

wherePL
ij = |Lij〉〈Lij | projects onto the state where particlesi andj have relative angular mo-

mentumL, andVL are the psedupotential coefficients obtained from the above inner product. Note

that may potentials may give rise to the same set ofVL, so these coefficients may be thought of as

capturing those aspects of the interaction that are relevant to lowest Landau level physics. These

are the eigenenergies of the two-particle system; for more particles relative angular momentum is

no longer a good quantum number since, e.g., the operatorsL12 andL13 do not commute.

Laughlin states

It would appear that these manipulations have brought us no closer to being able to deal with

the presence of two-body interactions. However, as Haldane pointed out [124], if the potential

takes a “hard-core” form withVL = 0 for L ≥M , VL > 0 for L < M , the highest-density (lowest

angular momentum at fixed particle number) eigenstate may be found exactly: since

PL
ij (zi − zj)M = 0 (4.12)

for L ≥M , the Hamiltonian vanishes when acting on

ΨM (z1, . . . , zN ) =
∏
i<j

(zi − zj)Me−
1
4

P
i |zi|2 (4.13)
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whereM odd (even) yields Fermi (Bose) statistics. This is the original trial wavefunction written

down by Laughlin [50], which describes a quantum Hall system at filling fractionν = 1/M . (There

is an important caveat that the particles must be distributed in a macroscopically uniform manner in

order forν to be well defined, which Laughlin argued by appealing to a Coulomb plasma analogy).

Because it is the unique state of minimal total angular momentum (equal to1
2MN(N − 1), which

can be seen from power counting in (4.13)), it is incompressible: shrinking the droplet would

require a reduction of angular momentum.

The pure Couloumb interaction, of course, is not of this hard-core form, but its pseudopotentials

VL decrease rapidly with increasingL, so the hard-core Hamiltonian is a sensible approximation.

Ultimately, though, its validity is established through numerical diagonalization, which displays

remarkably high overlap with the Laughlin state — in fact, it is not even known analytically whether

the Haldane Hamiltonian remains gapped in the thermodynamic limit.

The Laughlin state is well-established at the time of writing as describing the essential physics

of the ν = 1/M states. However, other plateaus are observed at values ofν which are not of

this form. The explanation of these states is less unambiguous, but one well-studied proposal is

provided by the hierarchy construction [127]. Here one begins with a Laughlin state and changesν

by creating an extensive number of quasihole or quasielectron excitations (to be described below),

which then may organize themselves into a Laughlin state. This state may have excitations in turn,

which can organize themselves into still another state, and so on. The reader should be aware that

this is only one of several competing proposals; I do not summarize them here since I will not be

concerned with these states in what follows.

Excitations of the Laughlin states

The Laughlin state is the highest-density zero-energy eigenstate of the hard-core Haldane

Hamiltonian. However, the argument also goes through if we multiply the Laughlin state by any

symmetric polynomial. We may organize these in the form of a quasihole factor

Ψ+
M ;w(z1, . . . , zN ) ∝

∏
i

(zi − w)
∏
i<j

(zi − zj)Me−
1
4

P
i |zi|2 . (4.14)
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(where I have neglected aw-dependent normalization factor which is a matter of convenience).

This describes a quasihole since the wavefunction now vanishes as any particle approachesw.

Because the electron liquid is incompressible, the particles shift radially outward from this position

and the particle density away fromw is unchanged, so the quasihole appears to be a localized region

of fractional chargee/M (if we hadM quasiholes in the same location, they would appear to be

another particle — this may be verified in the Coulomb plasma analogy). Because of this fractional

charge, the quasiholes have fractional statistics [128]: we accumulate an Aharonov-Bohm phase of

θ = π/M when two quasiholes are adiabatically exchanged.

The presence of fractionally charged excitations should not be cause for confusion: again due

to incompressiblity, we may view the excess charge−e/M as accumulating at the edge of the

droplet, since the droplet as a whole is now larger. In this way quasiholes may also be used to

describe the gapless edge excitations of the droplet, by takingw far outside the droplet (whose

radius is
√

2M(N − 1), as can be inferred from the fact that a single-particle state of angular

momentum (degree)m is localized at radius
√

2m) [129].

One can also consider quasiparticle excitations, which would schematically be created by fac-

tors of
∏

i(zi − w)−1. However this factor is non-analytic and hence takes us out of the LLL.

Instead [50] we act on the Jastrow factor with a differential operator:

Ψ−
M ;w(z1, . . . , zN ) ∝

∏
i

(
2
∂

∂zi
− w

)∏
i<j

(zi − zj)M

 e− 1
4

P
i |zi|2 . (4.15)

Note that this wavefunction is not analytic in the quasiparticle coordinate, but it does not need to

be: thews are only static parameters describing the locations of the excitations. As we saw in

section 4.1.2, the wavefunction only has to be analytic in the actual particle coordinates. Because

of the difficulty in dealing with differential operators, I will only concern myself with quasihole

excitations in what follows.
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4.1.4 FQHE states, Chern-Simons theory and conformal blocks

My presentation of the FQHE so far should appear intellectually unsatisfying to the reader:

surely there is more physical content to the subject than simply selecting symmetric polynomials

at random and numerically testing the resulting wavefunction! In fact, the fractional quantum Hall

effect provides a realization of very deep physical concepts, as should be clear from the appearance

of fractional statstics in the preceding section; I have emphasized the trial wavefunction viewpoint

because it forms the foundation for my arguments in the following sections.

Girvin and MacDonald [130] (see also [131]) first proposed that the Laughlin state manifested

long-range order, but with respect to a nonlocal order parameter. A similar argument was given

independently by Read [132], who proposed the following order parameter operator:

Ψ†(z) = ψ†(z)
∏

i

(zi − z)Me−|z|
2/4 (4.16)

whereψ†(z) creates a particle atz. The Laughlin state at filling faction1/M may be obtained

as a Bose condensate ofΨ† (the combination of one particle andM quasiholes, or flux quanta,

has bosonic statistics). The Landau-Ginzburg effective field theory of the order parameter〈Ψ†〉

contains a Chern-Simons (CS) term, which should not be surprising after the discussion of 4.2.4:

there we saw that anyonic statistics necessarily required the presence of such a term.

The full implications of this were developed in [119]. As we will see in section 4.2.4, the

wavefunctions of a CS theory are (chiral) conformal blocks of an associated WZW conformal field

theory. Moore and Read proposed to use these blocks as trial wavefunctions for FQHE states:

particles and quasiparticles would correspond to insertions of various operators of the CFT, with

their statistics being determined by the corresponding braiding operator braiding properties; this

was put on a more rigorous footing in [133].

It was first realized in [119] that, through this correspondence, one could also construct FQHE

states whose excitations possessnon-Abelianstatistics. As an example, a trial wavefunction (the

Moore-Read or Pfaffian state) was given in that paper which was constructed from blocks of the

M(3, 4) conformal field theory (which corresponds to thed = 2 Ising model). There is currently
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some experimental confirmation that this wavefunction correctly describes the state atν = 5/2.

Other physically relevant non-Abelian states have been proposed (e.g., [62]). Non-Abelian FQHE

states currently constitute the most practical scheme for implementing topological quantum com-

puting [134].

4.2 Summary of conformal field theory

In this section I introduce various aspects of conformal field theory that will be useful in the

following discussion. It is beyond the scope of this thesis to give a completely self-contained

review; the discussion that follows will be extremely condensed. Fortunately many introductions

to the subject of varying length and rigor exist; I direct the reader to [135, 136]. Many of the results

of this section were first obtained by Belavin, Polyakov and Zamolodchikov [137].

4.2.1 Conformal invariance

The group of conformal transformations (colloquially speaking, those that preserve angles)

in d dimensions is isomorphic to the (non-compact) groupSO+(d + 1, 1). Since this is larger

than the group of scale, rotation and translation transformations, it places more constraints on the

correlation functions of observables of our theory. Recall (e.g., section 3.3.3) that scale invariance

implies

〈φ1(r1)φ2(r2) · · · 〉 =
∏

i

bxi〈φ1(br1)φ2(br2) · · · 〉. (4.17)

We will define a quasi-primary field (primary fields will be defined below) as one that transforms

as

φ(r) 7→ φ′(r′) =
∣∣∣∣∂r′∂r

∣∣∣∣−x/d

φ(r) (4.18)

under a global conformal transformationr 7→ r′, where|∂r′/∂r| is the Jacobian of that transfor-

mation. This fixes the form of the two-point function of such fields to

〈φi(r1)φj(r2)〉 =
cij

|r1 − r2|2xi
if xi = xj ,

= 0 otherwise.

(4.19)
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By suitable orthonormalization in the space of fields, we may take the constantscij = δij . The

form of the three-point function is also fixed as

〈φi(r1)φj(r2)φk(r2)〉 =
cijk

rx1+x2−x3
12 rx2+x3−x1

23 rx3+x1−x2
31

(4.20)

for undetermined constantscijk, whererij = |ri−rj |. Higher-order correlations will be determined

up to some functions of the conformally-invariant cross-ratiosrijrkl/rikrjl.

Crucially, in two (and only two) dimensions the group oflocal conformal transformations,

which need not be well-defined everywhere, is infinite-dimensional. If we adopt complex coordi-

natesz = r1 + ir2 andz = r1− ir2, the global conformal transformations ind = 2 are the M̈obius

transformations (isomorphic toSL(2,C)/Z2) and any analytic mappingz 7→ w(z), z 7→ w(z) is

locally a conformal transformation. Equation (4.18) becomes

φ(z, z) 7→ φ′(w,w) =
(
dw

dz

)−h(dw
dz

)−h

φ(z, z) (4.21)

for two real numbersh, h which arenot complex conjugates of each other. The scaling dimension

x = h+h, while the differenceh−h describes the (conformal) spin of the field. If equation (4.21)

holds for anylocal conformal transformation, in addition to the global transformations, we refer to

φ as a primary field. These are in some sense the most local objects in a conformal field theory, and

their behavior essentially fixes its structure (in a way to be made more specific in section 4.2.4).

Conformal invariance also fixes the form of the operator product expansion (OPE). Recall that

in any correlation function of a scale invariant theory we have

〈φi(r1)φj(r2) · · · 〉 ∼
∑

k

Ck
ij(r12)〈Ok(r2) · · · 〉 (4.22)

asr1 → r2, for some functionsCk
ij and new operatorsOk. This merely expresses the fact that

two fields acting close together will appear to act as a single operator when viewed from far away;

an example was given by the mass insertion fieldφ2 in percolation (section 3.3.2). Conformal
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invariance in two dimensions makes this relation much more quantitative: we have

〈φi(z, z)φj(w,w) · · · 〉 ∼
∑

k

∑
{p},{p}

cijkβ
{p}
ijk β

{p}
ijk

× (z − w)hk+
P
{p}−hi−hj (z − w)hk+

P
{p}−hi−hj 〈φ{p},{p}k (w,w) · · · 〉 (4.23)

where the structure constantscijk are the same as those appearing in the three-point function (4.20),

and the constantsβ are uniquely defined by fixinghi, hj , hk. The additional sets of integers{p}

and{p} signify that the fieldsφk appearing on the right-hand side are not all primary. The chief

importance of (4.23) is that the OPE now has a finite radius of convergence (up to the insertion of

the next nearest operator).

The stress tensor and Ward identities

Because we wish to study the effects of local coordinate transforms on our theory, we are neces-

sarily led to consider the properties of the stress-energy tensorTµν . Recall that this object describes

the response of the action of the theory to an infinitesimal change in metric, and that translation,

rotation and scale invariance imply that it is a conserved Noether current and that it is a symmetric

traceless tensor (we are considering what is referred to by some sources as the “improved” stress-

energy tensor). This leaves two independent components ind = 2; if we parameterize these as

T = T11 + iT12 andT = T11 − iT12 the conservation laws specify that they are holomorphic and

antiholomorphic, respectively.

We now consider the effect of an infinitesimal conformal transformationz 7→ w = z + ε(z)

(and similarly forz). The definition of a primary field (4.21) implies

δε,εφ(w,w) = hφ(z, z)∂ε(z) + ε(z)∂φ(z, z) + CC, (4.24)

where CC denotes the complex conjugate of the rest of the right-hand side. We can also view this
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transformation as being generated by the stress tensor (as a consequence of its definition), via

δε,εφ(w,w) =
1

2πi

∮
w

[dz T (z)ε(z), φ(w,w)] + CC, (4.25)

where the contour in thez plane is a small circle aroundw. Equating these two expressions gives

the OPE for any conformal field and the stress tensor,

T (z)φ(w,w) ∼ hφ(w,w)
(z − w)2

+
∂φ(w,w)
z − w

(4.26)

and analogously forT (z)φ(w,w). This holds at the level of the integrand of (4.25), since the equal-

ity must hold for arbitrary transformations. Repeating this argument for an infinitesimal conformal

transformation of a bounded region containing a number of primary fields, we obtain

〈T (z)φ1(w1, w1) · · ·φn(wn, wn)〉

∼
n∑

i=1

[
hi

(z − wi)2
+

∂wi

z − wi

]
〈φ1(w1, w1) · · ·φn(wn, wn)〉. (4.27)

This is the conformal Ward identity, which may be taken as axiomatic when dealing with CFTs

that are not defined by a classical action.

We now consider the special case where the transformation in question is a global transforma-

tion. This meansε(z) will be a polynomial of degree less than or equal to two inz, and we can take

the domain of the transformation to be the entire complex plane and sendz →∞ in the integrated

form of (4.27). We require all correlation functions to be invariant under these transformations, so

in order for the right-hand side of (4.27) to vanish we needT (z) to fall off at least as fast asz−4

asz → ∞. Note that this is a stronger constraint than thez−2 behavior dictated by its scaling di-

mension. This means that the stress tensor is not a primary field; it must instead have the following

OPE with itself:

T (z)T (w) ∼
1
2c

(z − w)4
+

2T (w)
(z − w)2

+
∂T (w)
z − w

, (4.28)

and likewise forT , with T (z)T (w) being nonsingular. This is a consequence of the above behavior
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and the fact thatT has weightsh = 2, h = 0 as a consequence of its scaling and rotational

properties. Here the constantc is the central charge of the theory, which is determined by the

actual physical content of the theory rather than considerations of conformal invariance alone.

We then obtain the following consequences of the Ward identity (4.27) for the case of global

conformal transformations:

n∑
i=1

∂zi〈φ1(z1) · · ·φn(zn)〉 = 0 (4.29)

n∑
i=1

(zi∂zi + hi) 〈φ1(z1) · · ·φn(zn)〉 = 0 (4.30)

n∑
i=1

(
z2
i ∂zi + 2zihi

)
〈φ1(z1) · · ·φn(zn)〉 = 0 (4.31)

Note that these also imply the forms of the two- and three-point functions found in (4.19), (4.20).

4.2.2 Radial quantization

We quantize a two-dimensional conformally invariant field theory by capitalizing on its scale

invariance. The exponential map sends the complex plane to an infinite strip of width2π with

periodic boundary conditions. Translations along the infinite (time) direction in the former cor-

respond to scalings in the latter, so the Hamiltonian for our theory will be the generator of scale

transformations. We must thenradially order the action of various operators.

We may expandT (z), T (z) in (operator-valued) Fourier modes

T (z) =
∞∑

n=−∞
Lnz

−n−2; Ln =
1

2πi

∮
0
dz T (z)zn+1, (4.32)

and analogously forT (in what follows I will frequently neglect the antiholomorphic half of the

equations, since the discussion exactly parallels the holomorphic case.) The modesLn are the gen-

erators of infinitesimal conformal transformationsε(z) = zn+1. Their algebra may be determined

by considering the application of two such transformations in turn, under radial ordering, using the
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Ward identity (4.27) and the OPE (4.28). We obtain

[Lm, Ln] = (m− n)Lm+n +
c

12
m(m2 − 1)δm+n,0 (4.33)

and analogously for[Lm, Ln], with [Lm, Ln] = 0. The relations (4.33) define the Virasoro algebra

[138]. BecauseT (z) is a hermitian field, we also have

L†n = L−n. (4.34)

Inspection of (4.33) shows thatL0, L1, L−1 form a closed subalgebra, which generates the global

conformal transformations. The full group of local conformal transformations is generated by the

direct product of two copies of the Virasoro algebra (theLs and theLs), so it will be productive to

express the Hilbert space of our theory in terms of irreducible representation of this algebra. Since

theLs andLs commute, all such representations will be tensor products of two representations of

the Virasoro algebra, so in what follows we may restrict our attention to just the holomorphic half.

Representations of the Virasoro algebra

Scale transformations in the plane are generated byL0 + L0, which therefore plays the role

of Hamiltonian (generator of infinitesimal time translations) for our theory. Because[L0, Ln] =

−nLn, we may regard the half of the Virasoro algebra withn < 0 as raising operators and the half

with n > 0 as lowering operators. We label eigenstates|h〉 of L0 by their eigenvalues, or weights,

h. These states are lowest-weight states ifLn|h〉 = 0 for all n > 0: the entire Hilbert space of the

theory is generated by acting on the lowest-weight states with combinations of the raising operators

L−n (analogously to the treatment of representations ofsu(2) in ordinary quantum mechanics).
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This produces a conformal tower of descendant states, graded by the eigenvalues ofL0:

|h〉

L−1|h〉

L−2|h〉, L2
−1|φ〉

L−3|h〉, L−2L−1|φ〉, L3
−1|φ〉

· · ·

(4.35)

Note that because of the commutation relation (4.33) we may always order the raising operators so

that those with lower indices act first.

Conformal field theory manifests an operator-state correspondence: each of the lowest-weight

states|h〉 corresponds to the insertion of a particular primary fieldφ with weighth at the origin

in the plane (so that it is inserted to the right of all other fields in any radially-ordered correlation

function). The vacuum|0〉 of our theory (which we will assume is nondegenerate) should be

invariant under the global conformal transformations, hence|0〉 should be annihilated byL1, L0

andL−1 — this ensures the invariance of all correlation functions under these transformations.

It may happen that a state|χ〉 at some level of the module is, itself, a highest weight state;

i.e. thatLn acting on that state for alln > 0 vanishes. If this happens,|χ〉 is a null (or singular)

vector, and so are all its descendants under the action of the Virasoro generators. Descendants of

a null vector have zero inner product with all other states in the module, and hence in order to

obtain a unitary theory (with positive definite inner product between all states) all null states must

be removed, yielding an irreducbile representation of the Virasoro module (i.e., one which cannot

be decomposed into submodules).

For example, we have a null state at level two if

Ln

(
L−2 −

1
α
L2
−1

)
|h〉 = 0, n > 0 (4.36)

for some value ofα. We can examine the specific casesn = 1, n = 2 and deduce that this requires
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h =
3α− 2

4
; c =

(3α− 2)(3− 2α)
α

. (4.37)

This sort of argument was extended by Kac [139], who examined the Gram matrix of the Verma

module states at arbitrary level and found that it vanished (i.e., that a null state existed) at levelrs

if

h = hr,s(α) =
(rα− s)2 − (α− 1)2

4α
, (4.38)

with c = c(α) as given in (4.37). This result was proved by Feigin and Fuchs [140].

The presence of singular vectors gives us useful differential equations for correlation functions

of primary operators. As a consequence of the Ward identity (4.27) and the primary field OPE

(4.26), for any set of primary fields we have

〈L−mφ(z)φ1(w1) · · ·φn(wn)〉 = L−m〈φ(z)φ1(w1) · · ·φn(wn)〉 (4.39)

where

L−m =
n∑

i=1

(m− 1)hi

(z − wi)m
− ∂wi

(z − wi)m−1
. (4.40)

If φ is a singular operator, we know any correlation function involving it must vanish, which gives

us a differential equation for correlation functions involving the primary field from which it was

derived (its “ancestor”). For the level two example (4.36), this implies

[
L−2 −

1
α
L2
−1

]
〈φ(z)φ1(w1) · · ·φn(wn)〉 = 0. (4.41)

When these relations are applied to three-point functions, we obtain constraints on the coeffi-

cientscijk defined in (4.20). This in turn limits the possible operators appearing on the right-hand

side of the OPE of the ancestor operator with other primary fields.
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4.2.3 Minimal models

If α is rational and equal top/p′ (with p, p′ relatively prime), the Kac formula (4.38) becomes

hr,s =
(rp− sp′)2 − (p− p′)2

4pp′
(4.42)

for a theory of central charge

c = 1− 6
(p− p′)2

pp′
(4.43)

which has the symmetryhr,s = hp′−r,p−s. Note without loss of generality we may takep > p′. As

a consequence of the singular vector constraints on the OPEs mentioned above, it turns out that the

OPEs of operators in the region1 ≤ r < p′, 1 ≤ s < p only involve other operators from the same

set. This region is called the Kac table, and it follows that, at rational central charge, theories can

be constructed with only a finite number of primary fields. A theory consisting of these fields with

central charge and weights given by (4.43), (4.42) is referred to as a (Virasoro) minimal model, or

more specifically asM(p, p′).

It was shown by Friedan, Qiu and Shenker [141] that, of the Virasoro minimal models, the only

unitary ones havep ≥ 3 and|p − p′| = 1 (this may be seen nonrigorously by requiring the two-

point function (4.19) to vanish for large separations, which requires allhr,s to be positive). This is

the series of Virasoro unitary minimal models, and they completely classify the unitary CFTs with

0 < c < 1. No unitary theories exist withc < 0; the set of unitary theories atc = 1 has also been

classified (see [142]). The classification of unitary theories withc > 1 is still an open problem, to

which the formalism of rational conformal field theory (section 4.2.4) provides a partial answer.

Note that we obtained these conclusions as a consequence of the Virasoro algebra. If our

theory may be classified according to representations of some larger algebra containing (4.33) as a

subalgebra, we will obtain different OPE constraints and a different set of possible minimal models;

an example will be given below.
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Character formulae

Having constructed representations of the Virasoro algebra in terms of Verma modules, a nat-

ural thing to do is count the dimension of the space of states at a given level. This information

is encoded in a generating function known as the character of the module. For a generic Verma

module (one without singular vectors) it follows from (4.35),

χ(q) =
∞∑

n=0

d(n)qn =
∞∏

m=1

1
1− qm

≡ 1
(q)∞

. (4.44)

The fact that the coefficient ofqn on the right-side of (4.44) count the number of integer partitions

of n (see section 4.3.1) can be seen from writing each factor1/(1 − qm) as an infinite geometric

series inqm and expanding out all terms.

The presence of singular vectors significantly complicates this counting exercise. The process

of constructing the irreducible representations of the Virasoro algebra for the minimal models is

quite technically involved: as it turns out, the modules generated by a singular vector contain

singular vectors of their own in turn, so all of these must be removed by an inclusion-exclusion

process [140]. I simply quote the result obtained in [143]: the character for the irreducible Verma

module of the highest-weight state|hr,s〉 of theM(p, p′) Virasoro minimal model (withhr,s defined

in (4.42)) is

χp,p′
r,s (q) = Kp,p′

r,s (q)−Kp,p′

r,−s(q). (4.45)

where I have defined

Kp,p′
r,s (q) =

q−1/24

(q)∞

∞∑
n=−∞

q(2pp′n+pr−p′s)2/(4pp′). (4.46)

Fermionic characters

The result (4.45) applies to all primary fields of all Virasoro minimal models, but that very fact

may also be seen as a weakness: it tells us very little about the actual physics behind each model.

An improvement is offered in the form of fermionic characters, which are expressed in terms of a

sum of terms which are all manifestly positive.
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4.2.4 TQFT, RCFT and all that

As I noted in section 4.2.3, the most useful conformal field theories are those with a finite

number of primary fields;i.e., a finite number of irreducible highest-weight representations under

some extended algebra including the Virasoro algebra. One powerful way to classify these theories

was provided by Moore and Sieberg [144, 145] based on results of Witten [146], by appealing to

topological field theories living in2 + 1 dimensions.

The application to fractional quantum Hall states was developed, essentially completely, in

[119], and will be discussed later in section 4.1.4. These results are summarized in the recent

review [134], which I will follow closely below.

Anyons and the braid group

The concept of particle statistics, familiar from elementary quantum mechanics, deals with the

effect on a wavefunction of several identical particles when the positions of two of those particles

are exchanged. In a space-time formalism, a continuous (in fact, this needs to be adiabatic) motion

of two particles that exchanges their positions has the effect of topologically braiding their world-

lines. This means that, under exchange, the wavefunction must transform as some (projective)

representation of the braid group. The braid group onN strands (particle worldlines) is generated

by exchanges of adjacent particles and is non-Abelian.

In one spatial dimension, particle statistics is not a well-defined concept since the exchange of

identical particles is not well-defined either. In three and higher dimensions, if we perform two

exchanges of the same chirality we may always deform the resulting braid to the trivial one. This

has the effect of imposing an additional relation on the generators of the braid group, causing it

to reduce to the permutation group (onN objects). There are only two possible one-dimensional

representations of the permutation group, and these yield the familiar Bose and Fermi statistics.

Higher-dimensional representations (parastatistics) are possible, but this may be reduced to bosons

and fermions carrying extra quantum numbers.

The situation is much richer in two dimensions. Here we cannot make the deformation de-

scribed, which has important consequences: while the permutation group is of finite order for finite
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N , the braid group is of infinite order for any number of particles. It was first realized in [147] that

the allowed one-dimensional representations of such a group could yield an arbitrary phase under

exchange, a situation referred to as anyonic statistics.

Furthermore, higher-dimensional representations of the braid group cannot be related to the

one-dimensional representations. This is the case of nonabelian statistics [144, 146]. Here there is

a finite-dimensional space of wavefunctions for fixed particle positions, and a braiding operation

has the effect of a linear transformation on that space. Perhaps the most amazing aspect of the

fractional quantum Hall effect is that this seemingly abstract representation-theoretic concept is

apparently implemented in nature.

Chern-Simons theory and TQFT

It then becomes natural to ask how anyonic statistics may be implemented in a field theory.

We can do this by making use of the Aharonov-Bohm effect: if we couple ordinary particles to a

gauge field, they will pick up an additional phase as they are exchanged adiabatically. This means

that the gauge flux must be rigidly coupled to the particles and follow their positions when they

are exchanged, which means the usual Maxwell term is unsuitable. Instead we must introduce a

Chern-Simons (CS) term [146]: given a LagrangianL0 with a conserved currentjµ, we add the

terms

L = L0 +
k

4π
εµνρaµ∂νaρ + aµj

µ (4.47)

wherea is (for now) aU(1) gauge field. The equation of motion fora is k
2π ε

µνρ∂νaρ + jµ = 0;

the density of a collection of stationary particles isj0, so this means that each particle has a flux of

2π/k attached to it. Under adiabatic exchange, this leads to an Aharonov-Bohm phase ofθ = π/k.

Adding the CS term has no other dynamical consequences for the theory; two components ofa

may be fixed in2+1 dimensions by a gauge choice and the final component is fixed by the equation

of motion. The fielda has no dynamics and no local degrees of freedom. This means that the pure

CS theory is an example of a topological field theory, where all observables are diffeomorphism-

invariant (i.e., do not depend on the choice of coordinates). This can be seen from the fact that

indices are contracted in the CS term without use of the metricgµν and the combinationd3r εµνρ
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is a tensor density of weight zero (so no factors of
√
−g enter).

Rational CFTs from CS theory

We may obtain a two-dimensional conformal field theory (in fact, all known two-dimensional

conformal field theories) from a topological field theory as follows (following Witten [146]). We

start with a pure Chern-Simons (CS) action on a three-dimensional manifoldM :

S =
k

4π

∫
M
d3r εµνρ

(
aα

µ∂ν a
α
ρ +

2
3
fαβγa

α
µa

β
νa

γ
ρ

)
(4.48)

where the gauge fielda takes values in the Lie algebra of some (not necessarily Abelian) group

G, with structure constantsfαβγ . This is a topological field theory, since it may be constructed

without reference to a metric tensor (the densityd3r εµνρ is a diffeomorphism invariant).

The fielda behaves asaµ 7→ g(aµ + ∂µ)g−1 under gauge transformations, whereg is any

function defined on the manifoldM taking values inG. As with any pure gauge theory, observables

will correspond to Wilson loopsΓ:

WR(Γ) = Tr P exp i
∮

Γ
Tα

Ra
α
µdx

µ (4.49)

whereP denotes a path-ordering operation andTα are the generators of the algebra in some repre-

sentationR. Correlation functions of several Wilson loops

〈∏
i

WRi(Γi)
〉

=
∫
Da eiS

∏
i

WRi(Γi) (4.50)

will be diffeomorphism invariant: they will be pure numbers depending only on the way in which

the various loopsΓi are knotted and braided with respect to each other, and on the various repre-

sentationsRi carried by each loop. Hence field theory can be used to obtain many classes of knot

invariants [146] (but this will not be our interest here).

We will be interested in quantizing this theory on a space-time manifold, which we write as

M = Σ × R, with µ = 0 denoting the time direction. Selecting the gaugea0 = 0, the canonical
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Hamiltonian can be seen to be

H =
k

4π
Tr a2∂0a1 − a1∂0a2 − L = 0. (4.51)

The Hamiltonian vanishes, but the theory is not completely trivial since we must still identify its

Hilbert space:i.e., we must solve the gauge constraint. Switching to complex coordinates onΣ,

we obtain a simple form if we work in the holomorphic gaugeaz = 0. This field only appears in

the action linearly, so the gauge constraint is that thet, z components of the field strength tensor

vanish:

∂ia
α
j − ∂ja

α
i + fαβγaβ

i a
γ
j (4.52)

wherei, j = t, z. This may be solved by lettingaα
i = (∂ig)g−1 whereg takes values inG.

Imposing this constraint on the action gives

S =
k

4π

∫
Σ

Tr (∂g−1)(∂g) +
k

12π

∫
M
εµνρ Tr (∂µg)g−1(∂νg)g−1(∂ρg)g−1. (4.53)

Here the second term, despite appearances, only takes values on the boundary ofM . This is the

(chiral) Wess-Zumino-Witten (WZW) action [148], defined on the2 + 0 dimensional manifoldΣ.

The ground-state wavefunction of the CS theory is the partition function of the WZW model, and

likewise if some Wilson lines were present which terminated onΣ we would obtain a conformal

block of corresponding operators in the WZW model.

This result is important for many reasons, but perhaps chief among them is that all rational

conformal field theories can be obtained as a WZW model for some suitably chosen groupG.

Frequently one needs to quotient out by a subgroup ofG; in this way one obtains what are called

coset models via the GKO construction [149]. For example, the Virasoro unitary models of section

4.2.3 may be obtained as the series of cosetssu(2)k ⊕ su(2)1/su(2)k+1, k ≥ 1.

While this provides a method of constructing all known rational conformal field theories, it is

important to note that many features of the theory are difficult to compute in this representation,

such as singular vectors and correlation functions.
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4.2.5 Superconformal symmetry

One possible symmetry we can add to the conformal group is supersymmetry [69, 150], which

has the effect of exchanging bosons and fermions. This may be formulated in terms of theories

living on supermanifolds, where some of the coordinates are anticommuting Grassman numbersθ.

The stress tensorTB will then have a conserved fermionic counterpartTF , which we refer to as the

supercurrent.

When we perform radial quantization, there are two possible boundary conditions for fermionic

fields (such asTF ). This means the Hilbert space of this theory separates into two subspaces: the

Neveu-Schwarz subspace, with periodic boundary conditions, and the Ramond subspace with an-

tiperiodic boundary conditions. Note that our theory must include both types of boundary condi-

tions, since it will turn out to contain operators (called spin fields) which switch between them.

Repeating the arguments of section 4.2.1, we may obtain the mode expansion of the stress

tensor and supercurrent,

TF (z) + θTB(z) =
∑
r,n

1
2

Gr

zr+3/2
+
θLn

zn+2
(4.54)

and obtain

[Lm, Ln] = (m− n)Lm+n +
ĉ

8
m(m2 − 1)δm+n,0,

[Lm, Gr] =
(m

2
− r
)
Gm+r,

{Gr, Gs} = 2Lr+s +
ĉ

2

(
r2 − 1

4

)
δr+s,0.

(4.55)

Hereĉ = 3/2c. Here we get the Neveu-Schwarz algebra forr, s half-integer and the Ramond alge-

bra forr, s integer. The group of global superconformal transformationsOSP (2|1) is generated by

L±1, L0, G±1/2 and conjugates; we see thatG2
−1/2 = L−1, meaning that a supersymmetry trans-

formation is a “square root” of a translation in the plane. The analogous expression in the Ramond

sector isG2
0 = L0 − 1

16 ĉ, the generator of translations on the cylinder.

As alluded to above, the operator-state correspondence must be modified due to boundary
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condition issues. The vacuum|0〉, corresponding to the identity operator, belongs to the Neveu-

Schwarz sector, and superfields correspond to states in this sector in the usual way:|h〉 = Φ(0, 0)|0〉.

In the Ramond sector, becauseG0 commutes withL0, any state is doubled: we may define|h−〉

and |h+〉 = G0|h−〉. These states are obtained from the vacuum by the action of boundary-

condition-changing spin fields:|h±〉 = θ±(0)|0〉. These pairs of states are degenerate (and hence

supersymmetry is unbroken) if there exists a spin field in the theory withh = 1
16 ĉ.

Note that the fermionic parts of the superfields are nonlocal with respect to the spin fields, and

the+ and− components of the spin fields are nonlocal with respect to each other, due to square

root branch cuts appearing in the corresponding OPEs. We can obtain a theory in which all fields

are mutually local either by only considering the superfields, or by taking the part of the Neveu-

Schwarz and Ramond sectors with the Witten operatorΓ = (−1)F = 1, whereF is the fermion

number operator. Such a theory is known as a spin model.

We may construct minimal models of the superconformal algebra just as we did for the Virasoro

algebra; such models are denotedSM(p, p′) and are only unitary forp′ = p+ 2.

4.3 Clustered states, residues and filtrations

In this section I present some existing work using new terminology and also give my new

results. We will be concerned with generalizing Haldane’s pseduopotential argument, which we

accomplish by considering a more general projection (or “special”) Hamiltonian whose terms con-

sist of projectors that cause the wavefunction to vanish asr powers of separation whenever any

k + 1 particles approach the same spot.

4.3.1 k-body pseudopotential formalism

The appropriate few-body generalization of Haldane’s argument was investigated by Simon,

Rezayi and Cooper in [64]. Interactions involving more than two particles (which cannot be re-

duced to a set of two-particle interactions) may appear unphysical, but they may arise as effective

couplings obtained by integrating out virtual processes, and they may also be added to the system

explicitly, for example in the case of quantum Hall states realized as cold atomic gases in optical
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traps. Alternatively, we may simply decide to view these Hamiltonians as existence proofs for

particular states of matter.

We recall from the discussion in section 4.1.3 that Haldane’s argument began by expanding

the relative part of the two-particle wavefunction in an appropriate basis, which was simply the

set of projection operators onto translationally invariant polynomials of degree (relative angular

momentum)L. Simonet. al. proceed by doing the same for ak + 1-body wavefunction.

Again, a basis state of relative angular momentumr will be a homogenous polynomial of

degreer in k + 1 variables. An important difference from Haldane’s case is thatk and r by

themselves do not always uniquely determine the polynomial: there may be a finite-dimensional

subspace for a given particle number and relative angular momentum. In order to determine the

dimension and properties of this space, I first need to summarize a few facts from the theory of

symmetric polynomials.

Symmetric polynomials

The starting point for the study of symmetric polynomials (that is, polynomials that are invari-

ant under any permutation of their arguments) is the set ofk elementary symmetric polynomials in

k variables [151]:

e1(z1, . . . , zk) =
k∑

j=1

zj ;

e2(z1, . . . , zk) =
∑

1≤j1≤j2≤k

zj1zj2 ;

e3(z1, . . . , zk) =
∑

1≤j1≤j2≤j3≤k

zj1zj2zj3 ;

· · ·

ek(z1, . . . , zk) =
k∏

m=1

zm;

(4.56)
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These arise, for example, in the expansion of the Laughlin quasihole factor (which serves as the

generating function for the{ei})

k∏
i=1

(zi − w) = (−w)k + (−w)k−1e1 + (−w)k−2e2 + · · ·+ ek, (4.57)

where I have suppressed the arguments of the{ei}. The fundamental theorem of symmetric poly-

nomials [151] states that any symmetric polynomial may be expressed as a linear combination of

products of the{ei}.

In what follows, I define a partitionλ ` r, |λ| = k to be a nonincreasing sequence of integers

λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 0 such that
∑k

i=1 λi = r. I find it useful to define the occupation numbers

µj(λ) as the number of parts ofλ equal toj; then
∑

j jµj(λ) = r.

With these definitions, the fundamental theorem of symmetric polynomials states that any ho-

mogenous symmetric functionψr with fixed number of variablesk and homogeneous degreer

may be written as

ψr(z1, . . . , zk) =
∑
λ`r

λ1≤k

cλ

k∏
j=1

e
µj(λ)
j (z1, . . . , zk) ≡

∑
λ`r

λ1≤k

cλeλ(z1, . . . , zk), (4.58)

for some constants{cλ} (in addition to a constant term, which I neglect in what follows). We

must constrain the largest part ofλ to be less than or equal tok since there are onlyk elementary

symmetric polynomials in this many variables.

From this theorem, we see that the dimension of this spaceDk,r is equal to the number of

integer partitions ofr with no part larger thank. This function cannot be expressed in closed form,

but I may easily give a generating function for it as

Z(q, w) ≡
∞∑

k,r=0

qkwrDk,r =
∞∑
i=0

wi
i∏

j=1

1
1− qj

. (4.59)

Since we’re essentially only doing linear algebra here, we should feel free to choose whatever

basis is most convenient for the problem at hand. Another basis which will come in handy later is
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the set of power sum symmetric functions,

pj(z1, . . . , zk) =
k∑

i=1

zj
i for 1 ≤ j ≤ k (4.60)

from which we can form linear combinations by raising successive power sums to occupation

numbers of some partition, as we did in (4.58).

Translationally-invariant symmetric polynomials

Having characterized the homogenous symmetric polynomials, we now turn our attention to

the subspace of these which is translationally invariant and hence forms an appropriate basis for

the relative part of the few-body wavefunctions. Any such function must be expressible solely in

terms of coordinates relative to the center of mass:

z̃i ≡ zi −
1
k

k∑
j=1

zj , for 1 ≤ i ≤ k. (4.61)

(This is, of course, now an overcomplete set of coordinates). We can now make use of the funda-

mental theorem of symmetric polynomials as before, and determine that any function symmetric

in the{z̃i} must take the form of sums of products ofek(z̃1, . . . , z̃k) as before, and we may index

those products by integer partitions. However, we havee1(z̃1, . . . , z̃k) = 0 for anyk, so we now

have the additional constraint that the partition cannot contain any parts equal to one. Fork > 1,

the otherek(z̃1, . . . , z̃k) remain nonvanishing and linearly independent, which was proved in [64].

Therefore, we have the basis

ẽλ(z1, . . . , zk) =
k∑

j=2

e
µj(λ)
j (z̃1, . . . , z̃k), (4.62)

for admissible partitionsλ, and any translationally invariant symmetric function may be written as

a combination

ψr(z1, . . . , zk) =
∑
λ`r

λ1≤k
λk>1

cλẽλ(z1, . . . , zk). (4.63)
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The dimension of the translationally-invariant subspace is given by the number of partitions ofL

into parts no larger thank and greater than one. The generating function for the dimensions of the

subspaces is then

Z̃(q, w) ≡
∞∑

k,r=0

qkwrD̃k,r =
∞∑
i=0

wi
i∏

j=2

1
1− qj

. (4.64)

Some values ofDk,r andD̃k,r are tabulated in figure 4.1 for the reader’s inspection. The Haldane

pseudopotentials correspond to thek = 2 row of theD̃k,r table: the entries are not all equal to one

since we have restricted ourselves to bosonic statistics.

r = 0 1 2 3 4 5 6 7 8 9 10 11 12
Dk,r : k = 2 1 1 2 2 3 3 4 4 5 5 6 6 7

k = 3 1 1 2 3 4 5 7 8 10 12 14 16 19
k = 4 1 1 2 3 5 6 9 11 15 18 23 27 34
k = 5 1 1 2 3 5 7 10 13 18 23 30 37 47

D̃k,r : k = 2 1 0 1 0 1 0 1 0 1 0 1 0 1
k = 3 1 0 1 1 1 1 2 1 2 2 2 2 3
k = 4 1 0 1 1 2 1 3 2 4 3 5 4 7
k = 5 1 0 1 1 2 2 3 3 5 5 7 7 10

Figure 4.1: Tabulation of the dimensionsDk,r of the space of symmetric polynomials ink variables
that are homogenous of degreer, and of the subspace of those polynomials which are translation-
ally invariant, which has dimensioñDk,r.

The elements of this basis are orthogonal in the sense of polynomials (where we consider each

distinct monomialzn1
1 zn2

2 · · · znN
N in the polynomial’s expansion to be a distinct basis vector), but

we also have a geometric product with integration measure given by the geometry of the manifold

the wavefunction is defined on. This inner product is given by

〈φ|ψ〉 =
∫
dµk φ(z∗1 , . . . , z

∗
k)ψ(z1, . . . , zk) (4.65)

with the measure in the plane, for example, being given by

dµk =
k∏

i=1

e−|zi|2/2dzi dz
∗
i . (4.66)

Since the polynomials do not know about this measure, in general they will not be orthogonal
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with respect to it (although they will continue to be linearly independent as long as the measure is

nonsingular.) I could orthogonalize them by the standard Gram-Schmidt algorithm, but since we

wish to discuss different geometries, I will put off committing to a given inner product for as long

as possible.

Geneneralized hard-core Hamiltonians

I have now defined the few-particle analogues of Haldane’s projection operators. We can gen-

eralize the next step by considering hard-core cluster Hamiltonians, which for fixedk involve all

projectors up to a certain value ofr. In effect, these Hamiltonians will forbidk + 1 particles to

come together with relative angular momentum less thanr — equivalently, the ground state wave-

function must vanish at least as fast asr powers of the separation when anyk + 1 particles are

brought to the same point. From counting the overall degree the resulting wavefunction must have,

it follows that the zero-energy states of these Hamiltonians describe quantum Hall states at filling

fractionν = k/r (for states of bosonic particles).

As noted above, the Laughlin states correspond to thek = 2 series. The Moore-Read state

[119] is given byk = 3, r = 2, and the Read-Rezayi series [62] is given byr = 2. A number of

other series fork = 3 andr = 3, r = 4 were conjectured by Simon, Rezayi and Cooper [51].

This progress is encouraging, but there are many familiar and seemingly simple CFTs which

are missing from this series. We now arrive at the central question motivating this chapter: given

a CFT whose blocks define a set of CFT states, can we obtain these blocks as polynomials subject

to a projection Hamiltonian? This question is too ambitious to treat in full generality (as of this

writing), so in what follows I will consider a modification of the hard-core formalism: for values of

k, r which define a subspace with̃Dk,r > 1, I examine one particular Hamiltonian that projects out

all states withr′ < r andall but oneof the states atk, r. A different Hamiltonian of this same type

was studied in [63]. Hamiltonians of this type will have a number of continuous parameters corre-

sponding to the allowed state in this space. I now introduce a powerful and simple technique for

studying such Hamiltonians and (perhaps more importantly) generating a basis of wavefunctions

for their excited states.
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4.3.2 The filtration method

The filtration method was introduced by Read [65, 66] in the context of counting excitations

of the parafermion states [62], but it has general applicability to any clustered state arising from a

special Hamiltonian.

As described above, we consider zero-energy states of a projection Hamiltonian requiringk+1

particles to vanish asr powers when they are brought together. I letVN,M,k denote the space of

symmetric functions ofN variables of degree at mostM in each variable which vanish whenk+1

particles are brought together.

We first consider the behavior of an element ofVN,M,k when onlyk of its coordinates are

identified. If it vanishes, this function also belongs toVN,M,k−1. If not, we can define

Ck
1 ΨN,M,k(z1, . . . , zN ) = ψ(Z1)ΨN−k,M,k−1(zk+1, . . . , zN ). (4.67)

where I use the notationΨN,M,k for members of the setVN,M,k and I define the clustering operator

Ck
1 which identifies the firstk coordinates:z1 7→ Z1, . . . zk 7→ Z1. We refer toΨN−k,M,k−1 as the

“residue” of this procedure (following the terminology of [66], in which this procedure was defined

on wavefunctions with the Laughlin factors omitted andψ was a singular function).

We may now repeat the procedure onΨN−k,M,k−1(zk+1, . . . , zN ), since it remains a symmetric

function, and so on, stopping only when we obtain a function that vanishes (or we run out of

coordinates). This may be described in terms of clustering operatorsCk
m which map the firstm

groups ofk particles to identical valuesZ1, . . . , Zm. We can do this without loss of generality since

the {Ck
m} act on symmetric functions, mapping them to linear combinations of other symmetric

functions of the unpairedzs and the cluster coordinates{Zi}. If we denote the space of symmetric

polynomials inm variables asΛm, we haveCk
m : ΛN → ΛN−mk ⊗ Λm.

It may happen that the wavefunction in question vanishes when some of the particles are clus-

tered,i.e. the wavefunction is a member of the kernel of someCk
m. If this is the case, it certainly

vanishes if we cluster more particles, sokerCk
m−1 ⊆ kerCk

m. If we start off by acting on states

that are a member of the idealIN ⊂ ΛN of states allowed by the Hamiltonian, we can define the
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spacesF k
m = kerCk

m ∩ IN . Since the kernels have a nested structure, this gives a filtration

F0 = {0} ⊆ F1 ⊆ F2 ⊆ · · · ⊆ FN/k ⊂ IN = FN/k+1. (4.68)

We now invoke details of the specific Hamiltonian and the behavior it allows. We first stream-

line notation by numbering our particles according to what cluster they will be in: we label them

as{zi,j}, with 1 ≤ i ≤ N/k and1 ≤ j ≤ k; then under action of theCks all coordinates with the

same value ofi will be mapped toZi. Then we may characterize the properties of polynomials in

the kernel ofCk
m using the properties of our Hamiltonian: we must have

Ck
m : ΨN,M,k →

∏
i<i′

(Zi − zi′,j)r ·
∏

i<i′;j

(Zi − Zi′)rk ·
∏
i,l

(Zi − wl)ΨN−mk,M−rm,k−1 (4.69)

Here we have reused indices in factors separated by dots·. The first factor must be present ac-

cording to our Hamiltonian: if ak + 1st particle is brought towards a cluster ofk particles, any

zero-energy state allowed by the Hamiltonian must vanish at least as fast as(Z − z)r. The second

factor also arises as a consequence of the projection requirement: we may bring two clusters by

first making one atZ1 and then assembling the other by successively bringing ink particles to a

locationZ2 close toZ1. Since the leading behavior as any one particle approachesZ1 goes as

(Z1 − z)r, we obtaink such factors when the second cluster is fully assembled. The third factor

introduces auxiliary parameterswl which will correspond to quasihole coordinates in a manner that

will be made clear below.

At the end of this clustering, we are left with a residue that must necessarily vanish if any more

coordinates are grouped intok-clusters (hence the third subscriptk − 1). The residue is a function

of theN −mk remaining unclustered coordinates, whose maximum degree is reduced byrm due

to the coordinates appearing in the first factor. We may then inductively repeat this procedure on

ΨN−mk,M−rm,k−1, and so forth, until the complete residue is built up.

The residue corresponds to the maximally clustered version ofΨN,M,k. The next step is to

construct a basis of functions, each of which yields one of the set of residues we have just obtained.
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4.3.3 Filtrations and symmetric polynomials

Particle-cluster behavior

The filtration is set up in terms of the clustering conditions: we require the wavefunction to

vanish asr powers whenk + 1 particles are brought together, but the filtration recursively builds

clusters which, additionally, do not vanish when the firstk, k − 1, . . . , 2 particles are brought

together. In what follows it will be useful to work in a basis of symmetric polynomials chosen to

accommodate this behavior: we do this by first defining

ϑλ(z1, . . . , zk; zk+1) =
k∏

j=1

(zj − zk+1)λj (4.70)

for numbersλ1, λ2, . . . , λk such that
∑k

i=1 λi = r. Eq. (4.70) clearly is nonvanishing asz1, . . . , zk

are brought together and vanishes asr powers when thek + 1st particle is brought in. We obtain

symmetric polynomials by explicitly symmetrizing with the operatorS defined as follows:

θλ(z1, . . . , zk+1) = Sϑλ(z1, . . . ; zk+1)

=
1

(k + 1)!

∑
π∈Sk+1

ϑλ(zπ(1), zπ(2), . . . ; zπ(k+1)).
(4.71)

Because of the explicit symmetrization, without loss of generality we may takeλ to be a partition

of r with ≤ k parts — this follows from only considering permutations which exchange the firstk

particles. Becauseϑ, and henceθ, are translationally invariant by definition, the polynomialsθ are

members of the set of translationally-invariant symmetric polynomials defined in section 4.3.1. I

claim that, for a givenr, k, we can obtain a basis for that space as follows (see figure 4.2). Starting

from an admissible partitionλ which defines a basis polynomial in the sense of section 4.3.1, we

take its transpose (interchanging rows and columns). Fork + 1 particles, the transpose partition

will have≤ k + 1 parts. If it hask + 1 parts, we perform the additional step of appending the last

row to the first row, otherwise we do nothing. This procedure defines a new partitionw(λ) = λ′.

I now show that the functionsϑw(λ) defined from the admissible partitionsλ constitute a basis for

the translationally-invariant polynomials.
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! k

a) : !

! k

b) : !! = !!

d) : !! e) : !!c) : !

k + 1

k + 1
k

Figure 4.2: Example of various partitions involved in defining translationally-invariant symmetric
polynomials, here ink + 1 = 5 variables. Partsa), b) illustrate the first case discussed in the text,
in which the new partitionw(λ) = λ′ is the transpose of the admissible partitionλ. Partsc), d) and
e) illustrate the extra rule we adopt when the width ofλ is equal to the number of variables.

Proof of linear independence

It was proven in [64] that the polynomials̃eλ defined in (4.62) are a complete and linearly-

independent basis when the partitionsλ ranged over the set of partitions with width≤ k+1 and no

parts of width one — “admissible” partitions in the terminology of section 4.3.1 and this section.

Elementary symmetric polynomials may be expanded in an alternative basis for symmetric

polynomials (the monomial basis) as follows [151]:

eλ = mλᵀ +
∑

µ<λᵀ

Mλ,µmµ (4.72)

where< is a total ordering on the set of partitions which I will not need to specify (technically,

it can be any ordering compatible in a certain sense with the dominance ordering) andλᵀ is the

transpose ofλ. I have introduced the monomial symmetric polynomials

mλ(z1, . . . , zk+1) ∝ Szλ1
1 zλ2

2 · · · zλk+1

k+1 (4.73)

(the exact normalization is not important for my purposes). The fact that the change of basis matrix
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Mλ,µ is upper triangular means that we have an automorphismeλ 7→ mλᵀ on the set of degree-r

symmetric polynomials ink + 1 variables. A similar map may be defined for the translationally-

invariant subspace simply by treating thez̃i as the independent variables, rather than thezi:

ẽλ(z1, . . . , zk+1) = eλ(z̃1, . . . z̃k+1) 7→ mλᵀ(z̃1, . . . z̃k+1) ≡ S̃ z̃
λᵀ
1

1 z̃
λᵀ
2

2 · · · z̃λᵀ
k+1

k+1 . (4.74)

Recall the definition (4.61) that̃zi = zi − 1
k+1

∑k+1
j=1 zj .

If the admissible partitionλ has width≤ k, we may define another bijection to obtain our basis

functions by shifting variables bỹzk+1:

mλᵀ(z̃1, . . . z̃k+1) 7→ mλᵀ(z̃1 − z̃k+1, z̃2 − z̃k+1, . . . , 0)

= mλᵀ(z1 − zk+1, z2 − zk+1, . . . , 0) = θλ′(z1, . . . , zk+1).
(4.75)

where the functionθλ′ appearing in the second line is our goal, defined in (4.71). The fact that this is

a bijection can be established by settingz̃k+1 = 0 on both sides of the first line:mλᵀ(z̃1, . . . z̃k) 6=

mµᵀ(z̃1, . . . z̃k) for λ 6= µ.

If, on the other hand,λ has widthk+1, the associated monomial is in the kernel of the mapping

defined above, since we would encounter a factor of(z̃k+1 − z̃k+1)λᵀ
k+1 . We need to construct a

partition λ′ from λᵀ which has≤ k parts and is distinct from the transpose of any admissible

partition. I choose to do this by appending thek + 1th row of λᵀ to its first row (figure 4.2, part

e)): this results in a partition whose first two rows are unequal. The partitionsw(λ) = λ′ obtained

in this way are distinct from each other and those obtained in the previous paragraph: because

admissible partitionsλ have no part of width one, the first two rows of their transpose of their

transpose have the same width. Again, the fact that these are distinct can be shown by settingz̃k+1

to zero and comparing the monomialmλ′(z̃1, . . . z̃k).

The preceding argument establishes that the mappingw : λ 7→ λ′ is a bijection from the set of

admissible partitions, and the mappingẽλ 7→ θw(λ) is a bijection on the space of translationally-

invariant polynomials. Note that I do not need to orthogonalize this basis, for reasons explained

in [64]: the remainder of our discussion can be conducted without having to introduce an inner
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product.

Cluster-cluster behavior

The polynomialsθλ offer a complete description of any allowed behavior when one particle

approaches a cluster of particles. Specifying this behavior also induces an interaction between

clusters, since clusters are composed of particles, and this wavefunction can be built out of factors

of ϑλ as follows. The most general case to consider concerns two clusters ofk1 ≥ k2 particles. I

label coordinates by their clusteri = 1, 2 and their number within the clusterj = 0, . . . ; ki − 1 as

{zi,j}. Then I define the cluster-cluster coupling

θλ({z1,i}, {z2,j}) = Sϑλ(z1,0, . . . , z1,k1−1; z2,0, . . . , z2,k2−1)

≡ S
k2−1∏
m=0

ϑλ(z1,m, . . . , z1,k1−1+m; z2,m),
(4.76)

where I take thej subscript ofzi,j to be understood modki; i.e. the interaction “wraps around” to

earlier coordinates, as I illustrate in figure 4.3. This is necessary for the wavefunction to vanish in

the same degree as every particle approaches a cluster. Also note that the product is cut off by the

width of the narrower row. Finally, note that in what follows I useϑ, θ to refer to particle-cluster

couplings andϑ, θ to refer to the corresponding induced cluster-cluster coupling.

a) b) c)

Figure 4.3: Schematic illustration of the pattern of connections involved in the various symmetric
polynomials. Here the particle coordinates occupy boxes of a Young diagram and each diagonal
or vertical line stands for a factor of(z1,i − z2,j). Figurea) depictsϑ{3,1,1} for k = 5 particles.
Figuresb) andc) showϑ{3,1,1} for the case of rows of equal and unequal width, respectively.

When we perform the clustering operationzi,j → Zi, we have

Ck2
1 Ck1

1 θλ(Z1, Z2) ∝ (Z1 − Z2)k2r, (4.77)
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(recall that
∑

i λi = r), which establishes the minimal degree with which the wavefunction can

vanish as two clusters are brought together.

In this chapter, I assume that all behavior is specified by the particle-cluster interactions (the

functionsϑλ); as a consequence the cluster-cluster behavior (4.76) is built entirely out of these

functions, and this means that when many clusters are present we only have two-body interactions

between them, again induced by the particle-cluster interaction. The most general case is when the

filtration procedure identifies clusters ofk1 ≥ k2 ≥ · · · ≥ k` particles, by which I mean that in

this maximally clustered state no more particles may be brought together without the wavefunction

vanishing. I take these cluster numbers to define another integer partitionκ = {k1, k2, . . . , k`},

with the total particle numberN =
∑

i ki. Then the couplings between these clusters are given by

Ψκ
λ(z1,0, . . . , z1,k1−1; z2,0, . . . , z2,k2−1; . . . ; z`,0, . . . , z`,k`−1)

≡ S
∏

1≤i<j≤`

ϑλ(zi,0, . . . , zi,ki−1; zj,0, . . . , zj,kj−1)

= S
∏

1≤i<j≤`

kj−1∏
m=0

ϑλ(zi,m, . . . , zi,ki−1+m; zj,m).

(4.78)

When the functionΨκ
λ is maximally clustered by sendingzi,j 7→ Zi, the behavior we obtain is

CκΨκ
λ(Z1, . . . , Z`) ∝

∏
1≤i<j≤`

(Zi − Zj)kjr (4.79)

As mentioned above, we may obtain a spaceV κ
λ of symmetric polynomials with this behavior

by multiplying Ψκ
λ by any symmetric function of thè center of mass coordinates1ki

∑
j zi,j of

the clusters. In the following sections I will use this functional basis to build sets of clustered

wavefunctions describing ground and excited states of various quantum Hall systems.

In the following sections we will need to consider expressions that are more elaborate thanΨκ
λ,

and displaying the explicit coordinate dependence of each function becomes cumbersome. In order

to simplify our expressions, I add superscripts toϑ andϑ which identify the row (cluster) that they

operate on:

ϑ
(i,j)
λ ≡ ϑλ(zi,0, . . . , zi,ki−1; zj,0, . . . , zj,kj−1). (4.80)
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ϑ
(i)
λ (X) ≡

∏
zi′,j∈X

ϑλ(zi,j , . . . , zi,ki−1+j ; zi′,j); (4.81)

HereX stands for any set of coordinates inκ and, again, the column index in rowi is understood

modki. In this notation, (4.78) may be abbreviated as

Ψκ
λ = S

∏
1≤i<j≤`

ϑ
(i,j)
λ = S

∏
1≤i<j≤`

ϑ
(i)
λ ({zj}). (4.82)

where I introduce the additional notation that{zi} (with the column index suppressed) refers to the

set of all coordinates in rowi.

4.3.4 Superconformal theories at genericc

As mentioned above, a number of generalized ground states have been worked out or postulated

for various values ofk andr in [51, 62]. As a less trivial example, I am led to examine the case

where there are multiple states at fixed angular momentum, and the Hamiltonian projects out only

some of these (and all states with less angular momentum). A simple case to consider is that of

three particles at degree six, which has two linearly-independent basis states.

This choice is motivated by the recent result of Simon [52], who found a Read-Rezayi-like

form for the correlator of an arbitrary number of superconformal currents: defining

CM = 〈G(z1)G(z2) · · ·G(zM )〉 , (4.83)

the use of the superconformal OPEs (4.55) and the conformal Ward identity (4.27) implies

CM =
M∑
i=2

(−1)i

[ 2
3c

(z1 − zi)3
+

2
z1 − zi

∑
j 6=1,i

(
3/2

(zi − zj)2
− 1
zi − zj

∂

∂z

)]
CM−2(1̂, î), (4.84)

whereCM−2(1̂, î) is the correlator with the insertions atz1 andzi removed. Simon’s result was
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that this recursion could be solved in closed form for arbitraryc: defining

χ4(z1, z2; z3, z4) = Az3
13z

3
24z

3
14z

3
23 + z4

13z
4
24z

2
14z

2
23 (4.85)

wherezij = (zi − zj) andA = c/3− 1 we have, up to ac-dependent normalization,

CM ∝
∏

(i,j)<(i′,j′)

(zi,j − zi′,j′)−3 S
∏
i>i′

χ4(zi,1, zi,2; zi′,1, zi′,2). (4.86)

Up to the Jastrow factor, this is similar to the form of the functionsθλ defined above. This suggests

that we consider paired Hall states derived from superconformal field theories, where the electron

operator is the product ofG and a chiral boson. The ground state would then be given by (a suitable

Jastrow factor times) (4.86). We might guess that such states would be given by a projection

Hamiltonian which selects one of two ways for three particles to vanish as six powers when they

approach each other, since this is the effect of the factorsχ4. Note that the allowed behavior of the

polynomials is specified byc, the central charge of the SCFT. Since Simon has obtained the ground

state, we now construct the excited states.

Filtration argument

Acting on the above hypothesis, we may write down a basis for all zero-energy excited states of

such a Hamiltonian using a filtration argument [67]. Simon’s wavefunction describes a set of clus-

ters of two particles, such that when any additional particle approaches a pair the wavefunction van-

ishes as six powers of the separation. Here there are two admissible partitions,{3, 3} and{2, 2, 2}.

According to the procedure defined in the previous section, we havew({2, 2, 2}) = {3, 3} and

w({3, 3}) = {4, 2} (where we used the extra rule in the latter case), so the two-dimensional space

of potentially allowed behavior for three particles at degree six is spanned by

θ{3,3}(z1, z2, z3) = Sz3
13z

3
23 = −5e23(z̃1, z̃2, z̃3) + 27e32(z̃1, z̃2, z̃3) (4.87)
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and

θ{4,2}(z1, z2, z3) = Sz4
13z

2
23 =

27
2
e23(z̃1, z̃2, z̃3)− 7e32(z̃1, z̃2, z̃3), (4.88)

in my basis, where I write the polynomials in terms of coordinate differenceszij = (zi − zj) to

make the translation invariance explicit. On the right-hand side I expressed these in the basis of

(4.63). In my basis, Simon’s cluster-cluster coupling (4.85) is

χA(z1, z2; z3, z4) = Aϑ{3,3} + ϑ{4,2} (4.89)

with the particle-cluster coupling obtained from this relation by taking all particles in the second

cluster except one to be very far away:

χA(z1, z2; z3) = lim
z4→∞

z−6
4 χA(z1, z2; z3, z4)

= Aϑ{3,3}(z1, z2; z3) + ϑ{4,2}(z1, z2; z3).
(4.90)

When the first two particles inχA are paired we have

C2
1χA(Z1, z2,0) = (1 +A)(Z1 − z2,0)6, (4.91)

which vanishes asA = −1 which corresponds toc = 0 (recallA = c/3− 1). When this happens,

the three-particle interaction is reducible to the product of two-particle interactions only, andχA

reduces to a Jastrow factor:

Sχ−1 = z2
12z

2
13z

2
23. (4.92)

This means that atA = −1 we obtain the Laughlin state for bosons atν = 1/2. This was discussed

in section 4.1.3, so in what follows I assumeA 6= −1.

When all the particles are maximally clustered, the considerations of section 4.3.2 dictate that

we should have a residue of the form (4.69) withr = 6 andk = 2, i.e. we should have factors of

the form ∏
i≤N−2m

∏
k≤m

(zi − Zk)6 ·
∏

1≤k<l≤m

(Zk − Zl)12, (4.93)
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for some maximal numberm of clustered pairs of particles. In this and what follows I use dots

· to separate terms in which indices are reused. We know that forA 6= −1 the polynomials in

the kernel ofC2
1 should beD2 times some polynomial vanishing when three particles coincide.

However, the set of polynomials vanishing when three particles coincide is precisely the set of

zero-energy states of the Moore-Read projection Hamiltonian [129], which defines a polynomial

ideal IMR (if a polynomial is inIMR, so is the product of that polynomial and any symmetric

polynomial). The same argument applies for any number of preexisting paired particles, so we see

that themth residue must actually be of the form

∏
2m<i<j

(zi − zj)2 ·
∏

2m<i

∏
k≤m

(zi − Zk)6 ·
∏

k<l≤m

(Zk − Zl)12 · IMR
N−2m ⊗ Λm. (4.94)

Again, for this residue the maximally clustered state involvesm pairs of particles with coordinates

Zi, leavingN − 2m particles unpaired. We can also have an arbitrary charge excitation of the

clusters, which is an element of the space of symmetric polynomials in the cluster coordinates (the

Λm factor).

Basis states in the plane

Based on this residue, I now construct a basis for excitations following the arguments of the

previous section, with each element of the basis corresponding to a unique residue. The structure

of polynomials inIMR was determined in [66, 129] (see also [65, 152, 153] for the generalization

of the construction to the Read-Rezayi series): in my notation they involve a partitionκ with n1

rows of width two (the paired clusters) andn2 rows of width one (the unpaired particles). In my

terminology, particle coordinates are associated with entries ofκ and labeled aszi,j , with i labeling

the cluster.

The projection Hamiltonian for the Moore-Read state [129] requires the state to vanish as at

least two powers of separation when any three particles coincide. A maximally clustered state will

then consist ofn1 ≤ N/2 clusters of two particles at positionsZi andn2 = N − 2n1 unpaired

particles at positionszi,0, such that the wavefunction vanishes if any other coordinates are forced

to coincide. The residue obtained is of the form (4.69) with degreer = 2 and clusters ofk = 2
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particles:

C2
n1

ΨMR
κ;λ(1),λ(2) =

∏
1≤i<j≤n1

(Zi − Zj)4 ·
∏

1≤i≤n1<j≤n1+n2

(Zi − zj,0)2

× eλ(1)(Z1, . . . , Zn1) · eλ(2)(zn1+1,0, . . . , zn1+n2,0). (4.95)

Again, the essential part of the filtration argument is that the basis states are in one-to-one cor-

respondence with the residues, and the set of residues completely enumerates the way a set of

particles can behave subject to the constraints imposed by the Hamiltonian. The states are then

given by

ΨMR
κ;λ(1),λ(2) = S

∏
i<j≤n1

ϑ
(i,j)
{1,1}(zi,0, zi,1; zj,0, zj,1) ·

∏
i≤n1<j

ϑ
(i)
{1,1}(zi,0, zi,1; zj,0)

× eλ(1)

(
1
2(z1,0 + z1,1), . . . , 1

2(zn1,0 + zn1,1)
)

× eλ(2)(zn1+1,0, . . . , zn1+n2,0). (4.96)

Here all rows are coupled to each other withϑ{1,1}, the only possible choice of translationally-

invarant polynomial at degreer = 2, and the partitionsλ(i) with λ(i)
1 ≤ ni describe charge excita-

tions in the clusters(i = 1) and unpaired particles(i = 2). When this state is maximally clustered,

we recover (4.95).

We may now combine this description ofIMR with the form (4.94) of the residues for the

superconformal state to obtain a set of basis polynomials in the plane. This is given by a partition

κ ` N with two blocks of widthr1, r2 = 2 and lengthm1,m2 and one block of widthr3 = 1 and

lengthm3. I introduce an additional, superscripted index to the particle coordinates to label which
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block they belong to — see parta) of figure 4.4. The functions for this partition are [67]

ΨSCFT
κ;λ(1),λ(2),λ(3) [A] = S

∏
i<j≤m1

χ
(i,j)
A ·

∏
i≤m1

χ
(i)
A ({z(2), z(3)}) ·D2({z(2), z(3)})

×
∏

m1<i<j≤m2

ϑ
(i,j)
{1,1} ·

∏
m1<i≤m2

ϑ
(i)
{1,1}({z

(3)}) ·
∏

m2<i<j≤m3

ϑ
(i,j)
{1,1}

× eλ(1)({Z(1)}) · eλ(2)({Z(2)}) · eλ(3)({Z(3)}). (4.97)

In order to keep this expression manageable, I use the abbreviations defined in (4.80), (4.81). The

notation{z(α)} refers to the set of all coordinates in blockα, and I have introduced the cluster

center of mass coordinates

Z
(α)
i =

1
rα

rα∑
j=0

zα
i,j . (4.98)

The functionD2 is a discriminant or Jastrow factor, arising from the first factor in the residue

(4.94):

Dn(X) =
∏

zi,zj∈X
i<j

(zi − zj)n. (4.99)

Physically, the particles in block one correspond to fully paired clusters, those in block two

correspond to excited, “half-broken” pairs, and those in the third block to further excited, fully

broken pairs. A schematic depiction of the factors of (4.97) is given in partb) of figure 4.4. Note

that ifm2 = m3 = 0 we recover Simon’s result for the ground state, (4.86) (up to a Jastrow factor):

in this case only the first product (over theχAs) contributes.

Character formulae

We can now easily compute the character function counting number of states of the form (4.97)

for each value of total angular momentum. As I have noted above, this is a sum over all basis

polynomials ofq raised to the overall degree of the polynomial. The degree of the factor in the first
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· · ·
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charge
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unpaired
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“half-broken”
pairs

paired
particles

Figure 4.4: Diagram of the organization of factors in the state (4.97). Parta) labels the organization
of the coordinates, each of which occupies a box in the diagram ofκ. Partb) depicts each product
appearing in (4.97): here for clarity I only draw the first factor in each product, using thin lines to

stand for factors of coordinate differences(z(α)
i,j − z

(α′)
i′,j′ ).

two lines of (4.97) is

dSCFT(κ) = 6m1(m1 − 1) + 6m1(2m2 +m3) + (2m2 +m3)(2m2 +m3 − 1)

+ 2m2(m2 − 1) + 2m2m3 +m3(m3 − 1) (4.100)

which means the overall character is

ch ISCFT
N =

∑
m1,m2,m3:

2m1+2m2+m3=N

qdSCFT(κ)

(q)m1(q)m2(q)m3

. (4.101)

Here the factors of1/(q)mi =
∏mi

j=1 1/(1 − qj) arise from counting the charge excitations,i.e.

those partitionsλ(i) with λ(i)
1 ≤ mi (recall eq. (4.59)).
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Connection with conformal field theory

To make contact with conformal field theory, I take the limitN →∞ of (4.101). Because

dSCFT =
3
2
N(N − 2) + 2m2 +m3 +

1
2
m2

3 (4.102)

the ground state will be obtained by takingm2 = 0 andm3 = 0 or 1 depending on the parity of

N : we put as many particles as possible into the first block in order to minimize the overall angular

momentum (degree). This is referred to as “filling the Bose sea” in [152]. Then

lim
N→∞

q−
3
2
N(N−2)ch ISCFT

N =
1

(q)∞

∑
m2,m3

(−1)m3=(−1)N

q2m2+m3+ 1
2
m2

3

(q)m2(q)m3

, (4.103)

where the sum is restricted to either even or odd values ofm3 depending on the parity ofN : this,

in effect, selects the vacuum sector of the theory.

This is the character of the Kac module for a superconformal field theory at a generic value

of c [67] (times a factor of1/(q)∞ arising from the charge excitations). In other words, we have

constructed the Verma module obtained by removing the vacuum sector singular vectors at lev-

els 1/2 and 1, corresponding to the invariance of the vacuum under the global superconformal

transformations (section 4.2.5). In particular, whenA corresponds to the central charge of a su-

perconformal minimal model our module is still reducible: our construction (and, by extension,

our Hamiltonian) doesnot take into account thesec-dependent, non-generic singular vectors. This

should be surprising, as our projection Hamiltonian (choice ofA in χA) did depend onc; on the

other hand, eliminating the non-generic singular vectors would require that the spectrum of the

Hamiltonian would depend in a very complicated, highly discontinuous way on the parameterc,

which is unfeasible.

I note in passing that basis states and characters for the states on the sphere were also obtained

in [67] (one makes the basis states homogenous in eachz by introducing quasihole factors); I do

not discuss them here because at the time of writing I have not been able to advance beyond these

results.
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4.3.5 TheM(3, p) series

We have seen, as a consequence of our filtration argument, that the projection Hamiltonian

which eliminates three-particle states with angular momentum less than six and allows one such

state at angular momentum six only reproduces the vacuum module of a generic superconformal

theory;i.e. one with no non-trivial singular vectors. To obtain one of the superconformal minimal

models, we need to remove more states by adding more projection operators to the Hamiltonian.

Unfortunately, determining these operators from the SCFT itself appears difficult, and as of this

writing I have made limited progress in this area.

One point of comparison is provided by Fegin, Jimbo and Miwa [68], who studied theM(3, p)

series of Virasoro minimal models using arguments similar to the filtration method described above.

TheM(3, p) series includesM(3, 8), which is isomorphic to the superconformal minimal model

SM(2, 8) and so should be describable with the above technique. Because we are now working at

fixed values ofc, the functionsϑ coupling the blocks together will be derived from the four-point

functions of the corresponding CFTs, which may be obtained as the solutions to hypergeometric

differential equations [135]. In particular, for the quantum Hall state derived from theM(3, p)

model (by the addition of a chiral boson) we have [68]

ϕ4[p] ≡ 〈0|φ2,1(z1)φ2,1(z2)φ2,1(z3)φ2,1(z4)|0〉
∏

1≤i<j≤4

(zi − zj)(p−2)/2

= (z14z23)(p−2)
2F1

[
1− p

3
, 2− p, 2− 2p

3
;
z12z34
z14z23

]
.

(4.104)

Hereφ2,1 is an operator in theM(3, p) theory and the Jastrow factor
∏

(zi− zj)(p−2)/2 arises from

the correlator of suitably chosen vertex operators of the chiral boson (and ensures that the overall

correlator is nonsingular for any choice of coordinates). The Gauss hypergeometric function is
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denoted by2F1. The function (4.104) has the first few special cases

ϕ4[4] = 3θ{1,1};

ϕ4[5] = 3θ{2,1};

ϕ4[7] = 3θ{3,2};

ϕ4[8] = S −12
7

(
ϑ{4,2} − 11

4 ϑ{3,3}
)
∝ S χA=−11/4.

(4.105)

The overall normalizations are not important; note also that the last line agrees with Simon’s result

(4.89) evaluated atc = c3,8 = −21/4 (recall thatA = c/3− 1).

The residues for theM(3, p) series obtained in [68] are

∏
2m<i<j

(zi − zj)2 ·
∏

2m<i

∏
k≤m

(zi − Zk)p−2 ·
∏

k<l≤m

(Zk − Zl)2(p−2) · I [3,p−3]
N−2m ⊗ Λm. (4.106)

Forp = 8 andM(3, 8) = SM(2, 8), the first three factors are in agreement with the residue of the

generic superconformal theory (4.94). The important difference arises in the idealI [3,5] describing

the behavior of the unpaired particles: this isnot the idealIMR = I [3,4] encountered above, but

instead describes zero-energy states of the Gaffnian state [154], a nonunitary state constructed

from M(3, 5); it can be derived from a Hamiltonian requiringk + 1 = 3 particles to vanish as

r = 3 powers as they come together. Again, this means that the residues are of the form (4.69)

with degreer = 3 and clusters ofk = 2 particles:

C2
n1

ΨG
κ;λ(1),λ(2) =

∏
1≤i<j≤n1

(Zi − Zj)6 ·
∏

1≤i≤n1<j≤n1+n2

(Zi − zj,0)3

× eλ(1)(Z1, . . . , Zn1) · eλ(2)(zn1+1,0, . . . , zn1+n2,0), (4.107)
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which implies a corresponding set of basis states

ΨG
κ;λ(1),λ(2) = S

∏
i<j≤n1

ϑ
(i,j)
{2,1}(zi,0, zi,1; zj,0, zj,1) ·

∏
i≤n1<j

ϑ
(i)
{2,1}(zi,0, zi,1; zj,0)

× eλ(1) ((z1,0 + z1,1)/2, . . . , (zn1,0 + zn1,1)/2)

× eλ(2)(zn1+1,0, . . . , zn1+n2,0). (4.108)

via arguments given previously (see also [154], footnote 19). This result should be compared with

the Moore-Read states and residues obtained above: since we now work at degree three instead of

two, clusters must be coupled with the functionϑ{2,1}, which is the unique function in my basis

for k = 2, r = 3. Here{2, 1} = w({3}).

This means that in order to obtain the basis states of theM(3, 8) theory, we simply replace the

Moore-Read states with the Gaffnian in (4.97):

ΨM(3,8)
κ;λ(1),λ(2),λ(3) = S

∏
i<j≤m1

χ
(i,j)
−11/4 ·

∏
i≤m1

χ
(i)
−11/4({z

(2), z(3)}) ·D2({z(2), z(3)})

×
∏

m1<i<j≤m2

ϑ
(i,j)
{2,1} ·

∏
m1<i≤m2

ϑ
(i)
{2,1}({z

(3)}) ·
∏

m2<i<j≤m3

ϑ
(i,j)
{1,1}

× eλ(1)({Z(1)}) · eλ(2)({Z(2)}) · eλ(3)({Z(3)}). (4.109)

Again, the partitionκ is the same as in the generic superconformal case (4.97) (two blocks of width

two and heightm1,m2 and one block of width one and heightm3); the only difference between

this state and (4.97) occurs in the second line, where clusters in block two are coupled to each other

usingϑ{2,1} instead ofϑ{1,1} and coupled to the unpaired particles usingϑ{2,1} instead ofϑ{1,1}.

The situation is depicted in figure 4.5.

I emphasize that the validity of the basis (4.109) is ensured by the fact that the functions are

in one-to-one correspondence with the known residues (4.106) — beyond that, the specific details

of which functions are used amount to an arbitrary choice which is up to us. Because the residues

(4.106) are so similar to those from the generic superconformal case (4.94), the proof given in [67]

carries through essentially unchanged: because of the pattern of couplings, the only nonvanishing
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way to pair two particles is if they are in the same row of blockα = 1. Once these particles have

been paired, we may strip off the remaining Jastrow factorD2 and obtain a Gaffnian wavefunction

in I [3,5], as described above. As always, charge excitations are in one-to-one correspondence with

symmetric polynomials in the cluster center of mass coordinates.

!
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...

· · ·
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· · ·
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entries
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Figure 4.5: Diagram of the organization of factors in the state (4.109), which should be compared
with figure 4.4 showing the analogous situation for the generic superconformal theory. Here for
clarity I only draw the first factor in each product, using thin lines to stand for factors of coordinate

differences(z(α)
i,j − z

(α′)
i′,j′ ).

Characters

The replacementϑ{1,1}, ϑ{1,1} → ϑ{2,1}, ϑ{2,1} changes the overall degree of the polynomials

and hence the character; we now have

dM(3,8)(κ) = dSCFT(κ) +m2m3 +m2(m2 − 1) (4.110)

and the character at finiteN is now

ch IM(3,8)
N =

∑
m1,m2,m3:

2m1+2m2+m3=N

qdM(3,8)(κ)

(q)m1(q)m2(q)m3

. (4.111)
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TheN →∞ limit of this is

q−
3
2
N(N−2)ch IM(3,8)

N =
1

(q)∞

∑
m2,m3

(−1)m3=(−1)N

q
1
2
m2

3+m2m3+m2
2+m2+m3

(q)m2(q)m3

, (4.112)

which agrees with the fermionic characters forM(3, 8) (that is,χ(3,8)
1,1 (q) for N even andχ(3,8)

2,1 (q)

for N odd) in the existing literature [155], so my basis contains the proper number of states and

I conclude that I have accounted for all the singular vectors appearing in the vacuum sector of

SM(2, 8).

Additional projection terms

What is the additional term we need to add to our Hamiltonian to obtain this basis? The

constraint we need to impose was found at the operator level by Fiegin, Jimbo and Miwa [68]

(their proposition 2.5), but really there is only one possible choice: namely, the allowed behavior

must be of the form̃e2ϕ4[p = 8], otherwise we will no longer have a polynomial ideal. Specifically,

the Hamiltonian we have permits one three-particle state at degree six. There is one possible charge

excitation from that state to the space of states at degree eight (namely, multiplication byẽ2), and

this must be allowed otherwise we will not recover the proper contribution to the character for

charge excitations (the factor of1/(q)∞ appearing in (4.103)). This is confirmed numerically: the

allowed polynomial is

S − 5
81ϑ{5,3}− 2

81ϑ{4,4} = 9ẽ23ẽ2 − ẽ42. (4.113)

As I explained above, the state orthogonal to that depends on the geometry of the surface the

wavefunctions are defined on; for the plane the state we must remove is

S 44
9 ϑ{5,3}−43

9 ϑ{4,4} = 11ẽ42 + 54ẽ23ẽ2. (4.114)

I mention that a possible way to impose constraints of this form while maintaining the poly-

nomial ideal structure would be by placing restrictions on how the clusters may approach each

other. As we saw in section 4.3.3, any particle-cluster interaction induces a cluster-cluster inter-

191



CHAPTER 4. FRACTIONAL QUANTUM HALL WAVEFUNCTIONS

action of Jastrow form, but clusters may potentially vanish faster than this; in addition, we might

imagine adding multiple-cluster interactions. For example, we can also produce theM(3, 8) states

by multiplyingΨSCFT by

∏
i,j

(Z(2)
i − Z

(2)
j )2 ·

∏
i,j

(Z(2)
i − Z

(3)
j ) (4.115)

under the symmetrization, where, again,Z
(α)
i is the center of mass coordinate of theith cluster in

blockα. This reproduces the character (4.111).

4.3.6 Remarks on the tricritical Ising model

In the previous section, we obtained states in theSM(2, 8) minimal model by adding extra

couplings to the states of the generic superconformal theory (the replacementϑ{1,1}, ϑ{1,1} →

ϑ{2,1}, ϑ{2,1} implemented in (4.109)). One might guess that this would be a recipe for obtaining

the states of any rational superconformal theory: in the generic states (4.97), the clusters and par-

ticles vanish in the lowest degree consistent with superconformal symmetry, and a specific super-

conformal minimal model would be obtained by adding extra couplings to make the wavefunction

vanish faster in certain situations.

Fermionic characters

A promising model to test this hypothesis on is the tricritical Ising model, which is described

by M(4, 5) or SM(3, 5) and is unitary. Importantly, unitarity means that, unlikeSM(2, 8), this

theory has a chance of describing a physical QHE state [53]. Again, we can gain some idea of

which states need to be removed by inspecting fermionic characters. One form of the character for

the vacuum sector of this model is [156]

χ̂
(3,5)
1,1 =

∑
n1,n2≥0

q
1
2
n2

1+2n2
2−n1n2

(q)2n2

n2

n1


q

, (4.116)
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which appears problematic, due to the presence ofq-binomial terms
[

n2

n1

]
q

= (q)n2
(q)n1 (q)n2−n1

. My

understanding at the time of writing is that factors of1/(q)n arise from charge excitations of a

certain species of clusters, and I cannot currently obtain character functions with factors of(q)n in

the numerator from counting basis states in the plane.

An alternate, equivalent form of the fermionic character may be derived by using this model’s

construction as the(E(1)
7 )1 ⊗ (E(1)

7 )1/(E
(1)
7 )2 coset model [157]:

χ̂
(3,5)
1,1 =

∑
~m≥0

q ~mA~m∏7
i=1(q)mi

, (4.117)

where we sum over seven indices~m = {m1, . . . ,m7} and the matrixA is the inverse Cartan matrix

of E7,

A =



3
2 1 3

2 2 2 5
2 3

1 2 2 2 3 3 4

3
2 2 7

2 3 4 9
2 6

2 2 3 4 4 5 6

2 3 4 4 6 6 8

5
2 3 9

2 5 6 15
2 9

3 4 6 6 8 9 12



. (4.118)

Here the vacuum sector (corresponding to the parity ofN in the polynomial formalism) is selected

by whetherm1 +m3 +m6 is even or odd, as can be seen by the presence of half-integer entries.

This implies that the partitionκ should now consist ofeight blocks (including one for the “Bose

sea” of unbroken clusters), three of which have odd width. The logical guess would be to have five

blocks of width two and three of width one, which would be obtained from subdividing the three

blocks of the partitionκ used in the generic superconformal states.

Unfortunately, it is impossible to reproduce the character (4.117) using this assumption for the

structure ofκ and the assumption that the residues have a structure like the examples we have seen

((4.69) or (4.94)). Specifically, the latter assumption means that at levelα of the filtration we form

clusters ofrα particles; the wavefunction is taken to vanish asdα powers as two clusters approach,
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d′α powers as one of the remaining particles approach a cluster, andd′′α powers as two remaining

particles approach each other, for some sets of numbersd, d′, d′′. My result is that no choice of

integersd, d′, d′′ reproduces the degree~mA~m for a partitionκ of this form.

I can obtain a solution if we relax some of these assumptions, for example if we let the widths

of some blocks be wider than two or if we allow clusters in a block to interact with couplings

of different degree with particles from different blocks. At this point, though, we clearly need to

abandon the simple hypothesis set forth at the start of this section and reconsider how the filtration

argument is to be set up in this situation.

Manual construction of the finite-N characters

However, we do not need to explicitly construct the basis states in order to count them; instead

we may capitalize on the fact that the minimal SCFTsSM(2, 8) andSM(3, 5) (and only these

two) are identical to the Virasoro minimal modelsM(3, 8) andM(4, 5). An overcomplete basis

for the descendants of these states under the action of Virasoro and chiral boson modes is provided

by the functional model first given in [158] — here I follow the specific presentation given in [68].

Particle operators in conformal block wavefunctions are given by the tensor product of a chiral

vertex operator and the simple current of some rational CFT. Here I take this CFT to be a Vira-

soro minimal model (section 4.2.3)M(p, p′), whose only simple currents are the identityφ1,1 and

φ1,p′−1 = φp−1,1 [159]. I choose the latter, since this operator is the supercurrent in bothM(3, 8)

andM(4, 5). The chiral vertex operator then needs to have chargeβ, with β2 = (p− 2)(p′− 2)/2;

a background charge of
√

2(β − 1/β) is placed at infinity.

We saw before how the presence of singular vectors in a Verma module led to differential

equations for amplitudes of the corresponding operator (equations (4.39), (4.40)). This action may

be translated to the case of FQHE states built out of those operators by introducing

`m =
N∑

j=1

zm+1
j

∂

∂zj
, m ≥ −1, (4.119)

194



CHAPTER 4. FRACTIONAL QUANTUM HALL WAVEFUNCTIONS

pm =
N∑

j=1

zm
j , m ≥ 0. (4.120)

Here thè ms implement half of the Virasoro algebra (4.33), with[`m, `n] = (m−n)`m+n, and the

power sum symmetric polynomials arise from the chiral vertex operators.

For the modelSM(2, 8) = M(3, 8), the supercurrent is theφ2,1 Virasoro operator which has

a null vector at level two given by (e.g., [135])

[
8L−2 − 3L2

−1

]
|φ2,1〉 = 0. (4.121)

In terms of polynomial wavefunctions, when the contribution of the chiral boson is added this

becomes the differential equation

[
16`2 − 6`21 + 36(N − 2)p1`1 − (54N2 − 216N + 240)p2

1 − 6(5N − 18)p2

]
ϕN = 0. (4.122)

(this agrees with equation (3.6) of [68] forp = 8, N = 3). In the tricritical Ising modelSM(3, 5) =

M(4, 5), the supercurrent is the Virasoro fieldφ3,1 which has the singular vector [135]

[
15L−3 − 20L−2L−1 + 4L3

−1

]
|φ3,1〉 = 0, (4.123)

which translates into the following differential equation:

[
15`3 − 20`2`1 + 4`31 + 60(N − 2)p1`2 − 36(N − 2)p1`

2
1

+ 6(18N2 − 72N + 77)p2
1`1 + 12(2N − 9)p2`1 − 18(N − 2)(6N2 − 24N + 29)p3

1

−9(8N2 − 52N + 77)p2p1 − 9(N − 12)p3

]
ϕN = 0. (4.124)

This implies that we have a linear relation between the ten basis states (`3ϕN , `2`1ϕN , . . . , p3ϕN )

at level three. In fact, we already know that for smallN there aremore relations than that: the

number of linearly-independent states is given by the character formula for our polynomial basis at

finiteN , equation (4.101) — note that although this counting was done for a different basis, both

195



CHAPTER 4. FRACTIONAL QUANTUM HALL WAVEFUNCTIONS

span the same spaces with the same dimensions. The characters in the odd vacuum sector have the

following expansions:

ch ISCFT
3 = 1 + 2q + 4q2 + 6q3 + 8q4 + 10q5 + 13q6 + · · · (4.125)

ch ISCFT
5 = 1 + 2q + 5q2 + 9q3 + 16q4 + 24q5 + 36q6 + · · · (4.126)

ch ISCFT
7 = 1 + 2q + 5q2 + 10q3 + 19q4 + 32q5 + 54q6 + · · · (4.127)

ch ISCFT
∞, odd = 1 + 2q + 5q2 + 10q3 + 20q4 + 36q5 + 66q6 + · · · (4.128)

We may compare these with the character for the tricritical Ising model, for example in the forms

(4.116) or (4.117), after adding in the contribution of the chiral boson:

χ
(4,5)
3,1

(q)∞
= 1 + 2q + 5q2 + 9q3 + 17q4 + 29q5 + 50q6 + · · · (4.129)

Inspection confirms that in order to obtain the tricritical Ising model, states must be removed from

the Kac module starting at level three. The analogues of (4.128) and (4.129) forN even are

ch ISCFT
∞, even= 1 + q + 3q2 + 5q3 + 11q4 + 18q5 + 35q6 + · · · , (4.130)

χ
(4,5)
1,1

(q)∞
= 1 + q + 3q2 + 5q3 + 10q4 + 16q5 + 29q6 + · · · . (4.131)

In what follows, I will concentrate on theN odd, since a singular vector appears at lower level

there (three versus four) and must be dealt with first.

It is unclear from the above considerations how many states need to be removed at smallN :

strictly speaking, equation (4.129) only applies in theN →∞ limit, when we can use an arbitrarily

large number of modes to construct states in our basis. In the absence of an explicit basis, we may

still use the functional model given above to compute the dimension of the irreducible module of

the tricritical Ising model, starting with the amplitudeϕN , computing its descendants under the

operators̀ m and pm, and counting the number of linear relations between the resulting set of

polynomials, level by level. In fact, we can do this forall SCFTs, since the state at level zero for
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arbitraryc is given by Simon’s result (4.86), so we may leavec as a free parameter.

We can only carry out this computation so far, though, because we are only working with

Virasoro and chiral boson modes, and the character of the basis used in the functional model (all

combinations of thepms and̀ ms acting onϕN , modulo their mutual commutation relations) is

ch IVir
∞ =

1
(q)2∞

= 1 + 2q + 5q2 + 10q3 + 20q4 + 36q5 + 65q6 + · · · . (4.132)

At level six and higher there are more states inISCFT
∞ than we can create in the functional model,

so the calculation is only valid up to level five. In practice, going to high levels with even moderate

numbers of particles proved prohibitive with the computer resources I had available.

Numerical results

With three particles, at any level I only obtained linear relations beyond those implied by

(4.125) for values ofA corresponding to theM(3, 8) model (and thec = 0 model, which is a

Laughlin state without true three-body interactions and hence uninteresting for our purposes, as

noted above). Since the finite-N character for this model has already been found in equation

(4.111), I do not need to elaborate on theN = 3 case.

ForN = 5 and7, I simplify the calculations by working within the translationally-invariant

subspace of the functional model’s basis. I do this by constructing states from the following trans-

lationally invariant verisons of (4.119), (4.120):

p̂m({zi}) = pm

(
{zi −

1
N

N∑
j=1

zj}
)
, (4.133)

ˆ̀
m = `m +

m∑
k=1

(−1)k

N

(
m+ 1
k

)
pk`m−k. (4.134)

Both of these vanish when acted on by`−1 =
∑N

j=1 ∂zj , the generator of translations in the plane.

We cannot encounter a singular vector in the finite-N module of the tricritical Ising model

before level three. Here there are five translationally-invariant basis states in the functional model,
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which I took to be

v̂1 = ˆ̀
3ϕN , v̂2 = ˆ̀

2
ˆ̀
1ϕN , v̂3 = ˆ̀3

1ϕN , v̂4 = p̂2
ˆ̀
1ϕN , v̂5 = p̂3ϕN . (4.135)

We may check for linear relations among these by simply evaluating them at five distinct sets of

coordinatesz1, . . . , zN and finding the zeros of the determinant of the resulting matrix. Performing

this confirms that the singular vector relation (4.124) is redundant with the finite-size constraints

atN = 5: we do not “see” the singular vector with this many particles. However, the extra linear

relation is present atN = 7, as we can tell from comparing the characters (4.127) and (4.129).

Therefore, we have the following results for the finite-N version of (4.129):

(q)−1
3 χ

(4,5)
3,1

∣∣∣
N=3

= 1 + 2q + 4q2 + 6q3 + · · ·

(q)−1
5 χ

(4,5)
3,1

∣∣∣
N=5

= 1 + 2q + 5q2 + 9q3 + · · ·

(q)−1
7 χ

(4,5)
3,1

∣∣∣
N=7

= 1 + 2q + 5q2 + 9q3 + · · ·

(4.136)

The fact that the singular vector is only seen atN = 7 implies that the extra term in the projection

Hamiltonian required to remove it from the generic superconformal basis will involve interactions

among seven particles, presumably in some sort of clustered configuration. At the time of writing

I have no way to further constrain what form this interaction must take.

I also performed the calculation forN = 7 by projecting the basis states onto translationally-

invariant combinations of states in the generic superconformal basis in an attempt to shed light on

the form of the states that must be removed at level three and higher. In that basis, I found that the

singular vector at level three,N = 7 is given by

Vsing = −101680Φ(3,0,1)p
(1)
3 + 51480Φ(3,0,1)p

(1)
21 − 5760Φ(3,0,1)p

(1)
111

− 3840Φ(3,0,1)p
(1)
2 p

(3)
1 + 720Φ(3,0,1)p

(1)
11 p

(3)
1 − 480Φ(3,0,1)p

(1)
1 p

(3)
11 + 960Φ(3,0,1)p

(3)
111

+ 147Φ(2,1,1)p
(1)
1 − 392Φ(2,1,1)p

(2)
1 + 196Φ(2,1,1)p

(3)
1 . (4.137)

Herep(α)
λ is the power-sum symmetric polynomial in the center-of-mass coordinates of the clusters
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in block α of (4.97), andΨ is ΨSCFT
κ evaluated at the value ofA corresponding to the central

charge of the tricritical Ising model. The partitionκ is specified by the lengths{m1,m2,m3} of

the blocks. Equation (4.137) must be a solution of the singular vector differential equation (4.124),

but other than that no useful features are evident.

4.4 Discussion

As the reader doubtlessly already surmised, much work remains to be done on this topic. The

partial results on the tricritical Ising model discussed in the previous section should imply that the

structure of states for a given superconformal minimal model will look very different than those

for the generic theory (4.97). The fact that seven-particle interactions are necessary to obtain the

tricritical Ising SCFT hints strongly that some scenario involving clusters of clusters is taking place.

Constructing the finite-N characters and singular vectors by hand, as was done in the last sec-

tion, may or may not be a productive enterprise. While we are limited in the maximum level of

the module that we can construct, I could conceivably extend the characters (4.136) to higherN

by formulating the calculation in terms of the algebra of symmetric functions, rather than repre-

senting each polynomial as an explicit function of coordinates. Any real advance will come from

constructing a basis with the singular vector conditions built in in some way.

A situation intermediate in difficulty betweenSM(2, 8) and the tricritical Ising model may be

provided by theSM(2, 4k) series of superconformal minimal models withk ≥ 2, whose characters

were shown to have a simple form withoutq-binomials [160]:

χ̂
(2,4k)
1,1 (q) =

∑
m1,...,m2k−2

q
1
2
(M2

1 +M2
2 +···+M2

2k−2)+M1+M3+···+M2k−3

(q)m1(q)m2 · · · (q)m2k−2

(4.138)

with Mj = mj + mj+1 + · · · + m2k−2. The casek = 2 reproduces the character forSM(2, 8)

given above (4.112). Fork = 3 we appear to run into the same sorts of problems encountered in

examining the tricritical ising character: namely, that no consistent set of integer powersd, d′, d′′

reproduces the degree of the polynomial implied by (4.138) for a partitionκ with blocks of width

two or one.
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The simplicity of the characters (4.138) reflect a simplicity in the structure of the irreducible

modules of these theories: in [161] it was shown how to construct all modules of this theory using

modes of the supercurrent subject to simple exclusion conditions. This points to the fundamental

matter underlying this project: there still lacks some understanding of how to extract the necessary

information from the CFT in question. Clustering properties are obviously related to OPEs of

the corresponding fields, but because of the chiral boson the OPEs of the particle operators are

entirely nonsingular; we have to know this OPE to high order — exactly how high is unclear.

This is how the constraint (2.5) is derived in [68], but their main argument makes use of different

(filtration) methods. Nevertheless, in [159] an iterative procedure was obtained to construct all

descendant operators appearing in the OPE of the simple current fieldφ1,p−1 with itself in any

Virasoro minimal model, and this argument may be useful for the tricritical Ising case.
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